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1 Introduction and results:

The four dimensional solutions with spherical symmetry of the Einstein
equations coupled to Born-Infeld fields have been well studied in the liter-
ature [1,2,9,10]. In particular, the electromagnetic field of the Born Infeld
monopole, in contrast to Maxwell counterpart, contributes to the ADM mass
of the system (it is, the four momentum of assymptotic flat manifolds). B.
Hoffmann was the first who studied such static solutions in the context of the
general relativity with the idea of to obtain a consistent particle-like model
[2]. Unfortunately, these static Einstein-Born-Infeld models generate conical
singularities at the origin {2,9]. This type of singularities cannot be removed
as in global monopoles or other non-localized defects of the spacetime [6,8].
In this work a new static spherically symmetric solution with Born-Infeld
charge is obtained. The new metric, when the intrinsec mass of the system
is zero, is regular anywhere in the sense that was given by B. Hoffmann
and L. Infeld in 1937[9], it is, without discontinuities and singularities in
the electromagnetic fields. the metric tensor and their derivatives in all the
manifold. The fundamental feature of this solution is the lack of conical sin-
gularities at the origin. A distant observer will associate with this solution
an electromagnetic mass that is a twice of the mass of the electromagnetic
geon founded by M. Demianski in 1986 [10]. The energy-momentum tensor
and the electric field are both regular with zero value at the origin and new
parameters appear, given to the new metric surprising behaviours. The used
convention is the spatial of Landau and Lifshitz (1974), with signatures of
the metric, Riemann and Einstein all positives (+-++) [4,5].

2 The Born-Infeld theory:

The most significative non-linear theory of electrodynamics is, by excellence,
the Born-Infeld theory [1,3]. Among its many special properties is an exact
S0(2) electric-magnetic duality invariance. The Lagrangian density describ-
ing Born-Infeld theory (in arbitrary spacetime dimensions) is

Lgr = \/§LBI = LIL)_Z {\/— - Idet(gﬁw + bF#V)[} (1)

where b is a fundamental parameter of the theory, with dimensions of field.
In open superstring theory, for example, loop calculations lead to this La-



grangian with b = 27¢/ (o' = inverseo fthestringtension) . In four spacetime
dimensions the determinant in (2) may be expanded out to give
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which coincides with the usual Maxwell Lagrangian in the weak field limit.
It is useful to define the second rank tensor P*” by
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(so that P = F* for weak fields) and satisfies the electromagnetic equa-
tions of motion

VP =0 (3)

which are highly non linear in F},,. The energy-momentum tensor may be
written as
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Although it is by no means obvious, it may verified that equations (3)-(5) are
invariant under electric-magnetic duality F' +— *G. We can show that the

SO(2) structure of the Born-Infeld theory is more easy to see in quaternionic
form [13,14]
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L =P —io,P

the pseudoescalar of the electromagnetic tensor F#
1. =~
P= —ZF‘“’FW

and og, o3 the well know Pauli’s matrix.
In flat space, and for purely electric configurations, the Lagrangian (2)

reduces to
47
Loi=1; {1 - \/1+b255}

~ so0 there is an upper bound on the electric field strength ﬁ
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3 Statement of the problem:

We propose the following line element for the static Born-Infeld monopole

d82 = —€2Adt2 + 624)(17"2 + eZF(r)d92 + e2G(r) sin2 9d(p2 (6)

where the components of the metric tensor are

— 2A — —2A
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Grr = e® Grr = e 2 (7)
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For the obtention of the Einstein-Born-Infeld equations system we use the
Cartan s structure equations method [11], that is most powerful and direct
where we work with differential forms and in a orthonormal frame (tetrad).
The line element (6} in the 1-forms basis takes the following form

45 = = () + (@) + () @) ®)



were the forms are

W = etdt = dt = e~Aw0
w! = etdr = dr = e ®w!
w? = eFlndp = df = e Flr) 2 (9)

w? = eMsinfdy

= dp=e"%" (sing) P

Now, we follow the standard procedure of the structure equations (Ap-

pendix}):

dw® = —w® g A WP (10)

R =dw® s+ w®\ Aw? 11
B 8 8

The components of the Riemann tensor are easily obtained from the well
" know geometrical relation of Cartan:

Raﬁ:Ragpa w? Aw?

where we obtain explicitly

R° 1o = €72 (8,0,A — 8,0 8,A + (8,A)%) (12)

R? 1y = e (8,0,F - 8,8 8,F + (3, F)%)

R’ 113 =¢7**(8,0,G - 8,2 9,G + (8,G)%)

RPyy = e P9 (G — ) 50

sin 8
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Ry =e 8- (G—F) =

sin g
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From the components of the Riemann tensor we can construct the Einstein
equations

G° 0= (Rlz 12 + R® 23 + Rsl 31) (13)
G'1 =~ (R®0+R% 3+ R® ) (14)
G =R, +R%®; (15)
G'y=RY g + RB (16)

explicitly

L Fee)©80
Gy e sinBar (G-F) (17)
Gly =209 — g™ %F (18)
where

¥ =[8,0.(F+G) - 8,20, (F+G) + (6,F)’ + (8,G)* + 8,F 6,G|

G'y=e®[0,A8, (F+G)+0,F3,G] — e (19)

Gy =€ 0,0, (A+G) - 8,20, (A+G) + (8:A)° + (3,G)* + 3,4 5,G]
(20)

G5 =€ (0,0, (F+A) = 0,28, (F + A) + (O,A)° + (8,F)* + 3, F 5,A]
(21)

G13:G23:G03=G022601=O (22)



4 Energy-momentum tensor of the Born-Infeld
monopole

In the tetrad that was selected by us, the energy-momentum tensor takes a
diagonal form, being its components the following

: 2 /R-1
T =11, = = <T) (23)
b2
Ty =Ty = - (1-R) (24)
T

~ where we have been defined

R=4/1- 5912 (25)
(%)

in this manner, one can see from the Einstein equation (16) the characteristic
property of this spacetime

2 = —e —0F — = —4 = 6
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5 Equations for the electromagnetic fields of
Born-Infeld in the tetrad

The equations that describe the dynamic of the electromagnetic fields of
Born-Infeld in a curved spacetime are

Fo P -
b i = rpab — . :
V.JF* =V, [ R + bQRF } 0 (field equations) (27)
v, F® =0 ( Bianchis identity) (28)
where we was defined )
=--F, Fob 2
7 Fas (29)
=1 P8 (30)
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28 (P\®
r= -2 (5) o
The above equations can be expressed geometrically of the following manner
dF =0 (32)
dF=0 (33)

in explicit form

dF =d (meo A wl) - 89 (€A+QF()1) dIANdtAdr =0=> F()1 =A (7‘) (34)

dIF = d (—]me3 AW?) =0, (—eF+GF01 sinf) dr Adp Adf =0
= ¢*Fy = f(6) . (35)
we can see from equation (25) and (27) that
Fon
— .2
1— (Fo1)

FOI =

where we obtains the following form for the electric field of the self-gravitating
B-I monopole

b
F01 = 3 (36)
1/ (%em) +1
we can to associate (see reference [1])
b
fO)=tr5(0)=Q = Fpn=—r— (37)

4
G
(£) +1
Where ry is a constant, that in principle we put dependent of §, with units
of longitude. This election of a constant #-dependent is because Fp; , well

know problem in many solutions of electromagnetic configurations in General
Relativity, not necesarilly will be have the same symmetry of the spacetime.



6 System of equations for the self-gravitating
BI-monopole

From the Einstein equations we have

F=G (38)
G =e??[28,0,G - 0,828,G +3(5,G)*] —e2¢

G'1=e[28,A0,G+ (5,G)*] —e™ (39)

G'y=G*3=eZ (40)

2=[80,(A+G) = 8,80, (A+G) + (8,A)* + (8,G)* + 3,4 8,G]

and the components of the energy-momentum tensor takes its explicit form
reemplacing the Fy;that we was found in equations (37)

b2 To 4
b? 1
Ty =Ty = e (1 - —4') (42)
() +1
and from
Gab = 87TTab

we obtains the Einstein ‘s tensor components for our problem.

6.1 Reduction and solutions of the system of Einstein-
Born-Infeld equations

Of the above expressions, we can see that G°; = G ,,then
0.0,G + (8,G)* — 8,GO, (D +A) =0 (43)
This equation (43) we can to reduce it of following manner. First we make

8,G=¢ (44)



with this change of variables, in the equation (43) we have first derivatives
only

O+~ €0, (2+A) =0 (45)
dividing the above expression (45) by ¢ and making the substitution
x=1In¢ (46)

we have been obtained the following inhomogeneous equation
Ox+eX=08(P+A) (47)

the homogeneus part of the last equation is easy to integrate
Xn=—lnr (48)

Now, of the usual manner, we makes in (47) the following substitution

X=xa+Xp=—Inr+Inpg=~Inr+In(l+7) (49)
then
8,ln(1+77)+g = 5 (P+A) = (50)
A In(l+m+FF) - (@+A)] = 0
m(l+n)+F@r)—(P+A) = cte=0
where %ﬁ” = ”(T—T> The constant must be put equal to zero for to obtains

the correct limit. Finally the form of the exponent G is
G=lnr+F(r) (51)

The next step is to put ® in function of A and G in the expression (39).
After of tedious computations and integrations, we obtains

262 Y(r)
e =145 %+ 626—3- - 2626"6/ Y4+ (ro)'dY (52)

Where, we have been defined
Y(r)=¢e"

and a(0) is an integration constant.
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Hitherto, we know that F is an arbitrary function of the radial coordinate
7, but for to be sure of it, we must to introduce the fuction A given for
above equation, in the Einstein equation (40) and to verified that Gep = Gas.
Successfully, this equality is verified and the functions A, ® and G remains
matematically determinate. In this manner the line element of our problem
(6) takes the following form

ds® = —e**dt* + 27 [ (1 47 8,F (1) ) dr? + 72 (df® + sin® 6 d?)]
(53)

6.2 Analysis of the function F (r) from the physical
point of view.
The function F (r) must to have the behaviour in the form that the electric

fleld of the configuration obey the following requirements for gives to us a
regular solution in the sense that was given by B. Hoffmann and L. Infeld [9]

Ftl—y, < b (54)
Forl,—g =0 (55)
Foil, 0o =0 assymptotically Coulomb
(56)

the simplest function F (r) that obey the above conditions, is of the type

P e

where g is an arbitrary constant, and the exponents n and m will obey the
following relation

mn>1 (m,n€eN) (58)

that put in sure a consistent regularization condition not only for the electric
(magnetic) field but for the energy-momentum tensor! (41) and (42) and the
line element (53).

The analysis of the Riemann tensor indicate us that it is regular every

where and its components goes faster than ;13 when 7 — co. With all this

!Will be shown later, that an strongest regularity condition on the energy-momentum
tensor at 7 = ro at the origin is restricted to Fo1|,, <b
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considerations, the metric solution to the problem is

nv2m _
ds? = —e®Mdt? + |1 — To e M dr? !
alr|

( ﬁ}—l) {(mn —1)
- ()]

+r? (d6® +sin’* 6 dy?) } (59)
and the electric field takes the form

b
FOI = (60)

. ny4m 4
- (@) ] (3)
* Note that if in the condition (54) we take Fy;|,., = b (limiting value for the
electric field in BI theory) the energy momentum diverges automatically at
r = ro. Strictely, the regularity conditions for the energy-momentum tensor

{without divergences in the “border” ry of the spherical configuration source
of the non-linear electromagnetic fields) are

Tablr:ra = finite = —1l<a<0 and 0<axl

and
Tabl‘r:() _) O :> R — 1
6.3 Interesting cases for particular values of n and m

wvri - (35)T

is easy to see that for m =0

Because

ev=r

and we obtains the spherically symmetric line element of Hoffmann [2]and

the electric field Fj;and the energy-momentum tensor T,ytake the form of

the well know EBI solution for the electromagnetic geon of Demidnski [10].
For the case: a =1, n =4 and m = } we have

b
For = -2

12



where as is usually taked orf = Q . How we see, with these values of the
exponents and parameters, we obtains as solution the maxwellian linear field.

Note that the values of the exponents m and n that we was taked above,
are particular limiting cases in which the solution loses the regularity.

6.4 Analysys of the metric
We have the metric (53)

ds* = —e*dt? + 70 [ (141 8, F (1)) dr? + r® (d67 + sin® 6 dy?)]

if we make the substitution
Y=ref®

and differentiating it
dY = O (1 +r 8,F (r)) dr
the line element (6) takes the form
ds? = —e**dt? + 7MY ? + Y7 (d6” + sin” 6 d?)

we can see that the metric (in particular the g, coefficient), in the new
coordinate Y (r), takes the similar form like a Demianski solution for the
4
- — gbz'f'z 2F]

Born-Infeld monopole spacetime :
v\ ¢
o 1/4,1/2,5/4; — (—)
Yoo (i) o

here M is an integration constant, which can be interpreted as an intrinsic
mass, and ,F is the Gauss hypergeometric function[12]. We have pass

I 2M 2b%rs

Grr > gYY, 91 (1) = gu (Y)
Specifically, for the form of the F (r) given by (57), Y is

=l (m) T

Now, with the metric coefficients fixed to a assymptotically minkowskian
form, one can study the assymptotic behaviour of our solution. A regular,

13



assymptotically flat solution with the electric field and energy-momentum
tensor both regular, in the sense of B. Hoffmann and L. Infeld is when the
exponent numbers of Y (r) take the following particular values:

n=3 and m=1

In this case, and for 7 >> ry, we have the following assymptotic behaviour

oM 24K 2.4
oy 2 SPRKG) P

r 3rer T
A distant observer will associate with this solution a total mass

40%riK (1/2
| WK (1/2)

Moyr=M
eff 3r,

and total charge
Q?* = 2b%r?
Note that when the intrinsec mass M is zero the line element is regular

everywhere, the Riemann tensor is also regular everywhere and hence the
space-time is singularity free. The electromagnetic mass

4b7r¢K (1/2)

My = 3

and the charge ) are the fwice that the electromagnetic charge and mass of
the Demianski solution [10] for the static electromagnetic geon.

Is not very difficult to check that (for m = 1 and n = 3) the maximum of
the electric field (see figures) is not in » = 0, but in the physical border of the
spherycal configuration source of the electromagnetic fields. It means that
Y (r) maps correctely the internal structure of the source in the same form
that the quasiglobal coordinate of the reference [7] for the global monopole
in general relativity. The lack of the conical singularities at the origin is
because the very well description of the manifold in the neighborod of r =0
given by Y (r). The function Y (r) for the values of the m and n parameters
given above, have two differents behaviours near of r = 0 depending of the
a sign

fora< whenr — 00, Y (r) > o0 and whenr —=0,Y (r) > —c0

fora>0 whenr - o0, Y(r) 200 and whenr—>0, Y (r) >

14



The metric (see figures) and the energy-momentum tensor remains both reg-
ulars at the origin (it is: g4 — —1,7,, — 0 for r — 0).

Because the metric is regular (g4 = —1, at 7 = 0 and at 7 = o0}, its
derivative must change sign. In the usual gravitational theory of general
relativity the derivative of gy is proportional to the gravitational force which
would act on a test particle in the Newtonian approximation. In Einstein-
Born-Infeld theory with this new static solution, it is interesting to note that
although this force is attractive for distances of the order ry << r | it is
actually a repulsion for very small r.

7 Conclusions

In this report a new exact solution of the Einstein-Born-Infeld equations for a
static spherically symmetric monopole is presented. The general behaviour of
the geometry, is strongly modified according to the value that takes ro(Born-
Infeld radius{1,3]) and three new parameters: a, m and n.

The fundamental feature of this solution is the lack of conical singularities
at the origin when: —1 <a <0 or0 <a <1 and mn > 1. In particular,
for m =1 and n = 3, with the parameter a in the range given above and the
intrinsic mass of the system A is zero, the strong regularity conditions given
by B. Hoffmann and L. Infeld in [9], holds in all the spacetime. For the set
of values for the parameters given above, the solution is assymptotically flat,
free of singularities in the electric field, metric, energy-momentum tensor and
their derivatives (with derivative values zero for r — 0); and the electromag-
netic mass (ADM) of the system is a twice that the electromagnetic mass of
other well known [2,10,14] solutions for the Einstein-Born-Infeld monopole.

This solution have a surprising similitude with the metric for the global
monopole in general relativity given in [7] in the sense that the physic of the
problem have a correct description only by means of a new radial function
Y (r).

Because the metric is regular (g;; = —1, at 7 = 0 and at r = o0), its
derivative (that is proportional to the the force in Newtonian approxima-
tion) must change sign. In Einstein-Born-Infeld theory with this new static
solution, it is interesting to note that although this force is attractive for
distances of the order ry << r, it is actually a repulsive for very small r.
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8.1 Appendix: connections and curvature forms from
the geometrical Cartan’s formulation

-Making the exterior derivatives of w® we computing the connection 1-forms

' w"ﬁ:

Oi=wo=e® 3.A W°
wWwihi=-—w=e® 8.F(r) v
WBlo=—wly=e? 0.G(r)
cosf
w32 = —w23 = €—F(T)w3 (61)
senf

-Making the exterior derivatives of w® g we computing the curvature 2-forms
Re B
R’ =€ (0,6,A — 8,89, A + (B,A)%) w' AW°
R =€ (8,0,F — 0,8 0,F + (8, F)%) w! A w?
cos @

Ry =e P, (G = F) 22w Awd + (€7°0,G 9 F — ™) w? Ao

R = e2(0,8,G - 8,928,G + (6,G)%) w AN +

+e~F+®) 5 (G — F) cos 6 WwWAwd
senf
Ry = —e2®9,A 8, F W' A2
Ry =—e"229,A 8,G W’ A WP (62)
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Figure 1l : electric fieldF,;; of the EBI - monopole in function of r,
forM=0, ro=1, m=1, n=3 and a=-0.9
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Figure 2 : coefficient - g.. of the EBI - monopole in function of r,
for M=0, rg =1, m=1, n=3 and a=-0.9
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Cupuiio Jlombapao 1. E2-2003-221
CraTuyeckye U BpAlLAIOUIMECS YEPHBIE NBIPHI
B TeopuH DitHmTeiiHa-bopHa-Hudenbna

[Tosy4eHO HOBOE aCHMIITOTHYECKH-IUTIOCKOE pellieHHe AN cepHyecKu-CUuM-
METPHYHOIO [POCTPAaHCTBa-BpeMeHH. IIpH BHYTpeHHeH Macce CHCTeMbl, PaBHOH
HYJ/II0, BO3HUKAIOLLEE IIPOCTPAHCTBO-BPEMS BE3JIE PETYASAPHO B CMBICTIE, yKa3aHHOM
XoddmarHoM u Hubensiaom B 1937 rogy. B1o 03HaYaeT, YTO METPHKA, JIEKTPO-
MArHUTHOE TOJIe U UX [POH3BOIHbIE HE UMEIOT CHHTYISAPHOCTEH H Pa3spbhIBHOCTEH
Ha MHOrood6pasuu. B yacTHOCTH, OTCYTCTBYET KOHHYECKas CHHIY/ISPHOCTh B Haya-
fle KOOPAUHAT, B OTJIMYHE OT XOPOLIO H3BECTHOTO MOHOIIO/IBHOTO PELIEHHS, JAHHO-
ro XogdmanHoMm B 1935 roay.

Pa6ora BeinosHeHa B JlaGopatopuu teopetuyeckoit ¢pusuxu um. H. H. boro-
nobosa OMSIH.
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Cirilo Lombardo D. E2-2003-221
Static and Rotating Black Holes
in Einstein—-Born-Infeld Theories

In this work a new asymptotically flat solution of the coupled
Einstein—-Born-Infeld equations for a static spherically symmetric space-time is
obtained. When the intrinsic mass of the system is zero the resulting space-time is
regular anywhere in the sense given by B. Hoffmann and L. Infeld in 1937. This
means that the metric, the electromagnetic field and their derivatives have not sin-
gularities and discontinuities in all the manifold. In particular, there are no conical
singularities at the origin, in contrast to well-known monopole solution studied by
B. Hoffmann in 1935.
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