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ˆ¸¸²¥¤µ¢ ´¨¥ ±· ¥¢ÒÌ § ¤ Î ¤²Ö Ê· ¢´¥´¨Ö ¢Ò¸µ±µ£µ ¶µ·Ö¤± 
¸ ³ ²Ò³ ¶ · ³¥É·µ³ ¶·¨ ¸É ·Ï¨Ì ¶·µ¨§¢µ¤´ÒÌ

‚ · ¡µÉ¥  ´ ²¨É¨Î¥¸±¨ ¨ Î¨¸²¥´´µ ´ °¤¥´Ò ·¥Ï¥´¨Ö · §²¨Î´ÒÌ ±· ¥¢ÒÌ § -
¤ Î ¤²Ö Ê· ¢´¥´¨Ö ¢Ò¸µ±µ£µ ¶µ·Ö¤±  ¸ ³ ²Ò³ ¶ · ³¥É·µ³ ¶·¨ ¸É ·Ï¨Ì ¶·µ¨§-
¢µ¤´ÒÌ. „ ´  ´ ²¨§ ÔÉ¨Ì ·¥Ï¥´¨°. “¸É ´µ¢²¥´µ, ÎÉµ ¤²Ö ´¥±µÉµ·ÒÌ ¢ ·¨ ´Éµ¢
¸¨³³¥É·¨Î´ÒÌ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ·¥Ï¥´¨Ö ±· ¥¢µ° § ¤ Î¨ ¤²Ö Ê· ¢´¥´¨° Î¥-
É¢¥·Éµ£µ, Ï¥¸Éµ£µ ¨ É. ¤. ¶µ·Ö¤±µ¢ ¶¥·¥Ìµ¤ÖÉ ¢ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 
¶·¨ ε → 0 (ε Å ³ ²Ò° ¶ · ³¥É·). � °¤¥´´Ò¥ ·¥Ï¥´¨Ö ¸ · §²¨Î´Ò³¨ Ê§² ³¨
µ·Éµ£µ´ ²Ó´Ò ³¥¦¤Ê ¸µ¡µ°. �·¨¢¥¤¥´Ò ·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ · ¸Î¥Éµ¢.

� ¡µÉ  ¢Ò¶µ²´¥´  ¢ ‹ ¡µ· Éµ·¨¨ ¨´Ëµ·³ Í¨µ´´ÒÌ É¥Ì´µ²µ£¨° �ˆŸˆ.

Cµµ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´µ£µ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤µ¢ ´¨°. „Ê¡´ , 2004
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Investigation of Boundary-Value Problems for the Equation
of High Order with Small Parameter at a Higher Derivative

In this work the solutions of different boundary-value problems are retrieved
analytically and numerically for the equation of high order with small parameter at
a higher derivative. The analysis of these solutions is given. It is found that for
some variants of symmetric boundary conditions the solutions of a boundary-value
problem for the equations of the 4th, 6th, . . . orders transfer into the solution of
a Schréodinger equation at ε → 0 (ε is small parameter). The retrieved solutions
with different knots are orthogonal among themselves. The results of numerical
calculations are given.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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1. ‚‚…„…�ˆ…

�¤´µ° ¨§  ±ÉÊ ²Ó´ÒÌ § ¤ Î É¥µ·¨¨ Ô²¥³¥´É ·´ÒÌ Î ¸É¨Í Ö¢²Ö¥É¸Ö ¶µ¸É·µ-
¥´¨¥ ³µ¤¥²¨ ¤²Ö ¥¤¨´µµ¡· §´µ£µ µ¶¨¸ ´¨Ö ¸¶¥±É·  ¨ Ëµ·³Ë ±Éµ·µ¢ ¢§ ¨³µ-
¤¥°¸É¢¨Ö ²¥£±¨Ì ¨ ÉÖ¦¥²ÒÌ ³¥§µ´µ¢, É ± ´ §Ò¢ ¥³ÒÌ ±¢ ·±µ´¨¥¢, · ¸¸³ É·¨-
¢ ¥³ÒÌ ± ± ¸¢Ö§ ´´Ò¥ ¸µ¸ÉµÖ´¨Ö ±¢ ·±  ¨  ´É¨±¢ ·± . ’Ö¦¥²Ò¥ ±¢ ·±µ´¨¨ ¢
´¥±µÉµ·µ³ ¶·¨¡²¨¦¥´¨¨ Ê¸¶¥Ï´µ µ¶¨¸Ò¢ ÕÉ¸Ö ´¥·¥²ÖÉ¨¢¨¸É¸±µ° ±¢ ´Éµ¢µ°
³¥Ì ´¨±µ° (·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ´  ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö) [1].
�·¨ µ¶¨¸ ´¨¨ ²¥£±¨Ì ³¥§µ´µ¢ ¢µ§´¨± ¥É ´¥µ¡Ìµ¤¨³µ¸ÉÓ ÊÎ¥É  ·¥²ÖÉ¨¢¨¸É-
¸±¨Ì ÔËË¥±Éµ¢.

�¥²ÖÉ¨¢¨¸É¸±µ¥ µ¡µ¡Ð¥´¨¥ ¶µÉ¥´Í¨ ²Ó´µ° ³µ¤¥²¨ ±¢ ·±µ´¨Ö ¶·¨¢µ¤¨É ±
·¥Ï¥´¨Õ ¸¶¥±É· ²Ó´µ° § ¤ Î¨ ¤²Ö Ê· ¢´¥´¨Ö �¥É¥Ä‘µ²¶¨É¥·  ¨ · §²¨Î´ÒÌ
¢ ·¨ ´Éµ¢ ±¢ §¨¶µÉ¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° [2Ä6].

‚ ¤ ´´µ° · ¡µÉ¥, É ± ¦¥ ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¨Ì ¨¸¸²¥¤µ¢ ´¨ÖÌ [9Ä11], ³Ò
· ¸¸³ É·¨¢ ¥³ ±¢ §¨¶µÉ¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ [3, 4] ¢ ·¥²ÖÉ¨¢¨¸É¸±µ³ ±µ´Ë¨-
£Ê· Í¨µ´´µ³ ¶·µ¸É· ´¸É¢¥. ‚ Î ¸É´µ¸É¨, ¤²Ö · ¤¨ ²Ó´ÒÌ ¢µ²´µ¢ÒÌ ËÊ´±Í¨°,
µ¶¨¸Ò¢ ÕÐ¨Ì µÉ´µ¸¨É¥²Ó´µ¥ ¤¢¨¦¥´¨¥ ¤¢ÊÌ ¸± ²Ö·´ÒÌ Î ¸É¨Í ¸ ¨³¶Ê²Ó¸µ³
q, ³µ³¥´Éµ³ l ¨ · ¢´Ò³¨ ³ ¸¸ ³¨ m, µ´µ ¨³¥¥É ¢¨¤[

2c
√

q2 + m2c2 − H0 − V (r)
]
ψql(r) = 0, (1.1)

H0 = 2mc2 ch
(

i�

mc

d

dr

)
+

�
2l (l + 1)

mr
(
r + i�

mc

) exp
(

i�

mc

d

dr

)
,

£¤¥ H0 Å ·¥²ÖÉ¨¢¨¸É¸±¨° £ ³¨²ÓÉµ´¨ ´, V Å ±¢ §¨¶µÉ¥´Í¨ ², c Å ¸±µ·µ¸ÉÓ
¸¢¥É . …¸²¨ ¢ Ê· ¢´¥´¨¨ (1.1) ¢¥²¨Î¨´Ê c Ëµ·³ ²Ó´µ Ê¸É·¥³¨ÉÓ ± ¡¥¸±µ´¥Î-
´µ¸É¨ (c → ∞), Éµ ÔÉµ Ê· ¢´¥´¨¥ ¶¥·¥Ìµ¤¨É ¢ ´¥·¥²ÖÉ¨¢¨¸É¸±µ¥ Ê· ¢´¥´¨¥
˜·¥¤¨´£¥· : [

d2

dr2
− l(l + 1)

r2
− V (r) + q2

]
ψql(r) = 0. (1.2)

� ¸¸³µÉ·¨³ ¸²ÊÎ ° S-¢µ²´Ò (l = 0) ¨ ¶µ²µ¦¨³ � = m = 1, ε = 1/c.
’µ£¤  Ê· ¢´¥´¨¥ (1.1) ³µ¦´µ ¶¥·¥¶¨¸ ÉÓ ¢ ¡µ²¥¥ Ê¤µ¡´µ³ ¤²Ö ¤ ²Ó´¥°Ï¨Ì
¨¸¸²¥¤µ¢ ´¨° ¢¨¤¥:

[Eε − Hε − V (r)]ψql (r) = 0, (1.3)

Eε =
2
ε2

[√
1 + ε2q2 − 1

]
=

2q2√
1 + ε2q2 + 1

, (1.4)

Hε =
2
ε2

[
ch

(
iε

d

dr

)
− 1

]
. (1.5)
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“¤µ¡¸É¢µ ÔÉ¨Ì µ¡µ§´ Î¥´¨° ¸¢Ö§ ´µ ¸ ¢ ¦´Ò³ ¸¢µ°¸É¢µ³,   ¨³¥´´µ: ¶·¨ ε → 0

Eε → q2, Hε → d2

dr2
, É. ¥. Ê· ¢´¥´¨¥ (1.3) ¶¥·¥Ìµ¤¨É ¢ Ê· ¢´¥´¨¥ ˜·¥¤¨´-

£¥·  (1.2). � §² £ Ö µ¶¥· Éµ· ch
(

iε
d

dr

)
¢ ·Ö¤, ³µ¦´µ ¶µ²ÊÎ¨ÉÓ ¸²¥¤ÊÕÐ¥¥

¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ¡¥¸±µ´¥Î´µ£µ ¶µ·Ö¤± :[
Eε +

(
d2

dr2
− 2ε2

4!
d4

dr4
+

2ε4

6!
d6

dr6
− · · ·

)
− V (r)

]
ψ (r) = 0. (1.6)

…¸²¨ ¢ Ê· ¢´¥´¨¨ (1.6) µÉ¡·µ¸¨ÉÓ Î²¥´Ò ¢Ò¸Ï¨Ì ¶µ·Ö¤±µ¢, Éµ ¢ ·¥§Ê²ÓÉ É¥
³Ò ¶µ²ÊÎ¨³ µ¡Ò±´µ¢¥´´µ¥ ¤¨ËË¥·¥´Í¨ ²Ó´µ¥ Ê· ¢´¥´¨¥ ±µ´¥Î´µ£µ ¶µ·Ö¤± :

H2mψ(r) =

[
Eε +

( d2

dr2
− 2ε2

4!
d4

dr4
+

2ε4

6!
d6

dr6
− · · ·+

+
2(−1)m−1ε2(m−1)

(2m)!
d2m

dr2m

)
− V (r)

]
ψ(r) = 0, (1.7)

£¤¥ 2m Å ¶µ·Ö¤µ± Ê· ¢´¥´¨° (m = 2, 3, 4, · · · , M).
�¤´µ° ¨§ ¢ ¦´ÒÌ µ¸µ¡¥´´µ¸É¥° Ê· ¢´¥´¨° (1.6) ¨ (1.7) Ö¢²Ö¥É¸Ö ´ -

²¨Î¨¥ ³ ²µ£µ ¶ · ³¥É·  ¶·¨ ¸É ·Ï¨Ì ¶·µ¨§¢µ¤´ÒÌ, É. ¥. ÔÉµ ¸¨´£Ê²Ö·´µ-
¢µ§³ÊÐ¥´´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö. ’·Ê¤´µ¸ÉÓ ¶µ¸É·µ¥´¨Ö  ¸¨³-
¶ÉµÉ¨Î¥¸±µ£µ · §²µ¦¥´¨Ö ·¥Ï¥´¨° É ±¨Ì Ê· ¢´¥´¨° ¨ ´¥¢µ§³µ¦´µ¸ÉÓ ¶·¨³¥-
´¥´¨Ö ± ´¨³ µ¡ÒÎ´µ° ±² ¸¸¨Î¥¸±µ° ¸Ì¥³Ò · §²µ¦¥´¨Ö ¢ ¸É¥¶¥´´µ° ·Ö¤ ¶µ
³ ²µ³Ê ¶ · ³¥É·Ê ¸¢Ö§ ´Ò ¸ É¥³, ÎÉµ ¥¸²¨ ¶µ²µ¦¨ÉÓ §´ Î¥´¨¥ ¶ · ³¥É·  · ¢-
´Ò³ ´Ê²Õ, Éµ ¶µ·Ö¤µ± Ê· ¢´¥´¨Ö ¶µ´¨¦ ¥É¸Ö, ¨ ·¥Ï¥´¨¥ Ê¶·µÐ ¥É¸Ö. ’ ±¨³
µ¡· §µ³, Ê· ¢´¥´¨¥ ´¥ ³µ¦¥É Ê¤µ¢²¥É¢µ·¨ÉÓ ¢¸¥³ ¤µ¶µ²´¨É¥²Ó´Ò³ Ê¸²µ¢¨Ö³,
¶µ¸É ¢²¥´´Ò³ ¤²Ö ¨¸±µ³µ£µ Ê· ¢´¥´¨Ö.

‘¨´£Ê²Ö·´µ-¢µ§³ÊÐ¥´´Ò¥ ±· ¥¢Ò¥ § ¤ Î¨, µÉ´µ¸ÖÐ¨¥¸Ö ± µ¡Ò±´µ¢¥´´Ò³
¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨Ö³ ±µ´¥Î´µ£µ ¶µ·Ö¤±  ¸ ³ ²Ò³ ¶ · ³¥É·µ³ ε
¶·¨ ¸É ·Ï¨Ì ¶·µ¨§¢µ¤´ÒÌ, Ö¢¨²¨¸Ó ¶·¥¤³¥Éµ³ ¨§ÊÎ¥´¨Ö Ï¨·µ±µ£µ ±·Ê£  · -
¡µÉ [12Ä16]. �¤´ ±µ ¢ ¸¢Ö§¨ ¸ Ê· ¢´¥´¨¥³ (1.6) ¢µ§´¨±²  ´¥µ¡Ìµ¤¨³µ¸ÉÓ ¨¸-
¸²¥¤µ¢ ´¨Ö ¸¨´£Ê²Ö·´µ-¢µ§³ÊÐ¥´´Òx ±· ¥¢Òx § ¤ Î ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ
Ê· ¢´¥´¨° ¡¥¸±µ´¥Î´µ£µ ¶µ·Ö¤± .

’ ±¨³ µ¡· §µ³, µ¸µ¡ÊÕ  ±ÉÊ ²Ó´µ¸ÉÓ ¶·¨µ¡·¥É ÕÉ ³¥Éµ¤Ò ¶µ¨¸±  É -
±¨Ì ·¥Ï¥´¨° ¸¨´£Ê²Ö·´µ-¢µ§³ÊÐ¥´´ÒÌ ±· ¥¢ÒÌ § ¤ Î {ψn, λn} (¸µ¡¸É¢¥´´Ò¥
ËÊ´±Í¨¨ ¨ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö), ±µÉµ·Ò¥ ¸µÌ· ´ÖÕÉ ¸¢µ¨ ¸¢µ°¸É¢  ± ± ¤²Ö
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ±µ´¥Î´µ£µ ¶µ·Ö¤± , É ± ¨ ¤²Ö ¤¨ËË¥·¥´Í¨-
 ²Ó´ÒÌ Ê· ¢´¥´¨° ¡¥¸±µ´¥Î´µ£µ ¶µ·Ö¤±  ¶·¨ Ê¸²µ¢¨¨ ¢µ§³µ¦´µ¸É¨ § ¤ ´¨Ö
±· ¥¢ÒÌ Ê¸²µ¢¨°, ¨ ¥¸²¨ ·¥Ï¥´¨¥ ¶µ¸É ¢²¥´´µ° § ¤ Î¨ ¸ÊÐ¥¸É¢Ê¥É. �¤´a
¨§ ¢ ¦´ÒÌ µ¸µ¡¥´´µ¸É¥° ±· ¥¢ÒÌ § ¤ Î ¤²Ö ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°
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¢Ò¸µ±µ£µ ¶µ·Ö¤±  2m (m = 1, 2, 3, · · ·) § ±²ÕÎ ¥É¸Ö ¢ Éµ³, ÎÉµ ´¥µ¡Ìµ¤¨³µ
´ ±² ¤Ò¢ ÉÓ 2m ±· ¥¢ÒÌ Ê¸²µ¢¨° ´  ·¥Ï¥´¨Ö § ¤ Î¨. ’ ± ± ± ÔÉ¨ Ê¸²µ¢¨Ö,
± ± ¶· ¢¨²µ, ´ ² £ ÕÉ¸Ö ¢ ¤¢ÊÌ ÉµÎ± Ì (¤²Ö Ê· ¢´¥´¨° (1.6) ¨ (1.7)) r = 0 ¨
r = r0 (¨²¨ r → ∞), Éµ ±µ²¨Î¥¸É¢µ ¢µ§³µ¦´ÒÌ ±· ¥¢ÒÌ § ¤ Î {ψn, λn}2m

¸ Ê¢¥²¨Î¥´¨¥³ ¶µ·Ö¤±  Ê· ¢´¥´¨Ö 2m ¸¨²Ó´µ · ¸É¥É. �µÔÉµ³Ê ¢ ¤ ²Ó´¥°Ï¥³
¡Ê¤¥³ ¨¸¸²¥¤µ¢ ÉÓ ±· ¥¢Ò¥ § ¤ Î¨, ±µÉµ·Ò¥ ¤µ¶Ê¸± ÕÉ ¶·¨ ε → 0 ¶·¥¤¥²Ó´Ò°
¶¥·¥Ìµ¤ ¢ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¢Éµ·µ£µ ¶µ·Ö¤±  (Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· ), É. ¥.

{ψn, λn}2m −−−→
ε→0

{ψn, λn}2 . (1.8)

’µ£¤  · §´µ¸ÉÓ ¸µ¡¸É¢¥´´ÒÌ §´ Î¥´¨° ∆ = |λn,2m − λn,2| ³µ¦´µ ¨´É¥·¶·¥É¨-
·µ¢ ÉÓ ± ± ¶µ¶· ¢±¨ (·¥²ÖÉ¨¢¨¸É¸±¨¥ ¶µ¶· ¢±¨) ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥· . Š·µ³¥ Éµ£µ, ¢ ¦´µ ¨¸¸²¥¤µ¢ ÉÓ ¶µ¢¥¤¥´¨¥ ·¥Ï¥´¨° ±· ¥¢ÒÌ § ¤ Î
{ψn, λn}2m ¶·¨ Ë¨±¸¨·µ¢ ´´µ³ ε, ´µ ¶·¨ ¢µ§· ¸É ´¨¨ ¶µ·Ö¤±  Ê· ¢´¥´¨°
2m.

�¥±µÉµ·Ò¥ ¢µ¶·µ¸Ò µ ¸Ìµ¤¨³µ¸É¨ ·¥Ï¥´¨° ·¥²ÖÉ¨¢¨¸É¸±µ£µ Ê· ¢´¥´¨Ö
(1.1) ± ·¥Ï¥´¨Õ Ê· ¢´¥´¨Ö (1.2) · ¸¸³µÉ·¥´Ò ¢ · ¡µÉ¥ [17]. ‘ ¶µ³µÐÓÕ
 ´ ²¨É¨Î¥¸±¨Ì ¨ Î¨¸²¥´´ÒÌ ³¥Éµ¤µ¢ ¢ ÔÉµ° µ¡² ¸É¨ ¡Ò²¨ ¶·µ¢¥¤¥´Ò ¨¸¸²¥-
¤µ¢ ´¨Ö ¤²Ö ±µ´±·¥É´ÒÌ ¶µ¸É ¢²¥´´ÒÌ § ¤ Î [6Ä11].

‚ ´ ¸ÉµÖÐ¥° · ¡µÉ¥ ¶·µ¢µ¤¨É¸Ö ¨¸¸²¥¤µ¢ ´¨¥ · §²¨Î´ÒÌ ±· ¥¢ÒÌ § ¤ Î
¤²Ö ¡¥¸±µ´¥Î´µ° ¶µÉ¥´Í¨ ²Ó´µ° Ö³Ò

V (r) =
{

0, r � r0,
∞, r > r0.

(1.9)

’µÎ´µ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  (1.2) ¸ ¶µÉ¥´Í¨ ²µ³ (1.9) (l = 0)
¨ ¸ ±· ¥¢Ò³¨ Ê¸²µ¢¨Ö³¨

ψ (0) = 0 ¨ ψ (r0) = 0 (1.10)

¨³¥¥É ¢¨¤
{ψn, qn}2 , (1.11)

£¤¥ ψn =
√

2
r0

sin qnr, qn =
nπ

r0
, n = 1, 2, 3, · · · ,   ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨

ψ(0) = 0 ¨ ψ′(r0) = 0 ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (1.2) ¨³¥¥É ¢¨¤

ψn =
√

2
r0

sin qnr, qn =
(2n − 1)π

2r0
, £¤¥ n = 1, 2, 3, · · · (1.12)

„²Ö Ê· ¢´¥´¨Ö (1.7) 2m-¶µ·Ö¤±  ±· ¥¢Ò¥ Ê¸²µ¢¨Ö ´¥µ¡Ìµ¤¨³µ ¢Ò¡· ÉÓ
É ±¨³ µ¡· §µ³, ÎÉµ¡Ò ¶·¨ ε → 0 ¢Ò¶µ²´Ö²µ¸Ó Ê¸²µ¢¨¥ (1.8). Š·µ³¥ Éµ£µ,
¢Ò¡· ´´Ò¥ ±· ¥¢Ò¥ Ê¸²µ¢¨Ö ¤µ²¦´Ò µ¡¥¸¶¥Î¨¢ ÉÓ ¸ÊÐ¥¸É¢µ¢ ´¨¥ ·¥Ï¥´¨Ö
¨¸Ìµ¤´µ£µ Ê· ¢´¥´¨Ö (1.1).
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2. Š��…‚›… ‡�„�—ˆ ‘ ‘ˆŒŒ…’�ˆ—�›Œˆ ƒ���ˆ—�›Œˆ
“‘‹�‚ˆŸŒˆ ��ˆ r = 0 ˆ r = r0

‚ ÔÉµ³ · §¤¥²¥ · ¸¸³ É·¨¢ ¥³ Ê· ¢´¥´¨Ö 2m-¶µ·Ö¤±  (1.7) ¶·¨ m = 2, 3, 4
¸ ¸¨³³¥É·¨Î´Ò³¨ ±· ¥¢Ò³¨ Ê¸²µ¢¨Ö³¨

ψ(r)|r=0 = 0,

d2

dr2
ψ(r)|r=0 = 0,

..........................
d2m−2

dr2m−2
ψ(r)|r=0 = 0,

ψ(r)|r=r0 = 0,

d2

dr2
ψ(r)|r=r0 = 0,

..........................
d2m−2

dr2m−2
ψ(r)|r=r0 = 0.

(2.1)

2.1. � ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ Î¥É¢¥·Éµ£µ ¶µ·Ö¤±  (m = 2). ’µ£¤  Ê· ¢´¥´¨¥
(1.7) ¨ ±· ¥¢Ò¥ Ê¸²µ¢¨Ö ¶·¨´¨³ ÕÉ ¢¨¤[

Eε +
d2

dr2
− 2ε2

4!
d4

dr4

]
ψ (r) = 0, (2.2)

ψ (0) = 0,

d2

dr2
ψ (r) |r=0 = 0,

ψ (r0) = 0,

d2

dr2
ψ (r) |r=r0 = 0. (2.3)

�¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (2.2) ¨³¥¥É ¢¨¤

ψ (r) = c1 sin (k1r) + c2 cos (k1r) + c3 sh (k2r) + c4 ch (k2r) , (2.4)

£¤¥

k2
1 =

6
ε2

[√
1 +

ε2Eε

3
− 1

]
, k2

2 =
6
ε2

[√
1 +

ε2Eε

3
+ 1

]
. (2.5)

‡ ³¥É¨³, ÎÉµ k1 ¶·¨ ε → 0 ¸É·¥³¨É¸Ö ± q,   k2 ¶·¨ ε → 0 ¸É·¥³¨É¸Ö ± ∞.
ˆ§ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¨ r = 0 ¶µ²ÊÎ ¥³

W2B2 = 0, (2.6)

£¤¥ W2 =
∣∣∣∣ 1 1

−k2
1 k2

2

∣∣∣∣ Å ³ É·¨Í  ¨ B2 =
(

c2

c4

)
Å ¢¥±Éµ·. �¶·¥¤¥²¨-

É¥²Ó ³ É·¨ÍÒ detW2 �= 0 ¤²Ö ²Õ¡µ£µ Ë¨±¸¨·µ¢ ´´µ£µ ε. �µÔÉµ³Ê Ê· ¢´¥´¨¥
(2.6) ¨³¥¥É É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥, É. ¥. c2 = 0 ¨ c4 = 0.

’µ£¤  µ¡Ð¥¥ ·¥Ï¥´¨¥ ¨³¥¥É ¢¨¤

ψ(r) = c1 sin (k1r) + c3 sh (k2r). (2.7)
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ˆ§ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¨ r = r0 ¶µ²ÊÎ ¥³

W2B2r0 = 0, (2.8)

£¤¥ W2 Å ³ É·¨Í  ¶·¥¤Ò¤ÊÐ¥£µ ¶Ê´±É  ¨ ¢¥±Éµ· B2r0 =
(

c1 sin (k1r0)
c3 sh (k2r0)

)
.

’ ± ± ± Ê· ¢´¥´¨¥ (2.8) É ±¦¥ ¨³¥¥É Éµ²Ó±µ É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö, É. ¥.

c1 sin (k1r0) = 0,
c3 sh (k2r0) = 0,

(2.9)

Éµ c3 = 0, c1 �= 0, sin (k1r0) = 0. �É¸Õ¤  ¶µ²ÊÎ ¥³

kn =
nπ

r0
, n = 1, 2, 3, · · · (2.10)

ˆ§ ¸µµÉ´µÏ¥´¨° (2.10) ¨ (2.5) ¨³¥¥³

Eεn = k2
n +

2ε2

4!
k4

n. (2.11)

ˆ§ ¸µµÉ´µÏ¥´¨Ö (1.4) ¶µ²ÊÎ ¥³

q2
n = Eεn +

ε2

4
E2

εn, (2.12)

¨²¨

q2
n =

(
k2

n +
2ε2

4!
k4

n

)
+

ε2

4

(
k2

n +
2ε2

4!
k4

n

)2

. (2.13)

’ ±¨³ µ¡· §µ³, ·¥Ï¥´¨¥ ¶µ¸É ¢²¥´´µ° § ¤ Î¨ ¨³¥¥É ¢¨¤


ψ = c1 sin (knr) , kn =
nπ

r0
, n = 1, 2, 3, · · · ,

Eεn = k2
n +

2ε2

4!
k4

n

q2
n = Eεn +

ε2

4
E2

εn.

¨²¨ (2.14)

‡¤¥¸Ó c1 ´ Ìµ¤¨É¸Ö ¨§ Ê¸²µ¢¨Ö ´µ·³¨·µ¢±¨ c1 =
√

2/r0.
�¥Ï¥´¨¥ (2.14) ¶·¨ ε → 0 ¶¥·¥Ìµ¤¨É ¢ ·¥Ï¥´¨¥ (1.11) Ê· ¢´¥´¨Ö ˜·¥-

¤¨´£¥· .
2.2. � ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ Ï¥¸Éµ£µ ¶µ·Ö¤±  (m = 3). ’µ£¤  Ê· ¢´¥´¨¥

(1.7) ¨ ±· ¥¢Ò¥ Ê¸²µ¢¨Ö (2.1) ¡Ê¤ÊÉ ¨³¥ÉÓ ¢¨¤[
Eε +

d2

dr2
− 2ε2

4!
d4

dr4
+

2ε4

6!
d6

dr6

]
ψ (r) = 0, (2.15)
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ψ (0) = 0,

d2

dr2
ψ (r) |r=0 = 0,

d4

dr4
ψ (r) |r=0 = 0,

ψ (r0) = 0,

d2

dr2
ψ (r) |r=r0 = 0,

d4

dr4
ψ (r) |r=r0 = 0.

(2.16)

�¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (2.15) ¨³¥¥É ¢¨¤

ψ(r) = c1 sin (k1r) + c2 cos (k1r) + c3 sh (k2r)+
+ c4 ch (k2r) + c5 sh (k3r) + c6 ch (k3r), (2.17)

£¤¥ k2
1 = −

(
u + v +

10
ε2

)
, u = 3

√
−q +

√
q2 + p3, v = 3

√
−q −

√
q2 + p3,

q =
800
ε6

+
180Eε

ε4
, p =

20
ε4

,

k2
2 = ε1u + ε2v +

10
ε2

, (2.18)

ε1 = −1
2

+ i

√
3

2
, ε2 = −1

2
− i

√
3

2
,

k2
3 = ε2u + ε1v +

10
ε2

.

ˆ§ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¨ r = 0 ¶µ²ÊÎ ¥³

W3B3 = 0, (2.19)

£¤¥

W3 =

∣∣∣∣∣∣∣
1 1 1
−k2

1 k2
2 k2

3

k4
1 k4

2 k4
3

∣∣∣∣∣∣∣ Å ³ É·¨Í , (2.20)

B3 =


 c2

c4

c6


 Å ¢¥±Éµ·. (2.21)

�¶·¥¤¥²¨É¥²Ó detW3 �= 0 ¤²Ö ²Õ¡µ£µ Ë¨±¸¨·µ¢ ´´µ£µ ε, ¶µÔÉµ³Ê Ê· ¢-
´¥´¨¥ (2.19) ¨³¥¥É É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö, É. ¥. c2 = 0, c4 = 0, c6 = 0.

’µ£¤  µ¡Ð¥¥ ·¥Ï¥´¨¥ ¶·¨´¨³a¥É ¢¨¤

Ψ(r) = c1 sin (k1r) + c3 sh (k2r) + c5 sh (k3r) . (2.22)
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ˆ§ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ¶·¨ r = r0 ¨³¥¥³

W3B3r0 = 0, (2.23)

£¤¥ W3 Å ³ É·¨Í  ¶·¥¤Ò¤ÊÐ¥£µ ¶Ê´±É  ¨ ¢¥±Éµ·

B3r0 =


 c1 sin (k1r0)

c3 sh (k2r0)
c5 sh (k3r0)


 . (2.24)

’ ± ± ± Ê· ¢´¥´¨¥ É ±¦¥ ¨³¥¥É Éµ²Ó±µ É·¨¢¨ ²Ó´µ¥ ·¥Ï¥´¨¥, É. ¥.

c1 sin (k1r0) = 0,
c3 sh (k2r0) = 0,
c5 sh (k3r0) = 0,

Éµ µÉ¸Õ¤  ¸²¥¤Ê¥É, ÎÉµ c3 = 0, c5 = 0, c1 �= 0, sin (k1r0) = 0 ¨, ¸²¥¤µ¢ É¥²Ó´µ,

kn =
nπ

r0
, n = 1, 2, 3, · · · (2.25)

ˆ§ ¸µµÉ´µÏ¥´¨° (2.18) ¶µ²ÊÎ ¥³

Eεn = k2
n +

2ε2

4!
k4

n +
2ε4

6!
k6

n. (2.26)

’ ±¨³ µ¡· §µ³, ·¥Ï¥´¨¥ ¶µ¸É ¢²¥´´µ° § ¤ Î¨ ¨³¥¥É ¢¨¤


ψ = c1 sin (knr) , kn =
nπ

r0
, n = 1, 2, 3, · · · ,

Eεn = k2
n +

2ε2

4!
k4

n +
2ε4

6!
k6

n

q2
n = Eεn +

ε2

4
E2

εn.

¨²¨ (2.27)

‡¤¥¸Ó c1 ´ Ìµ¤¨É¸Ö ¨§ Ê¸²µ¢¨Ö ´µ·³¨·µ¢±¨ c1 =
√

2/r0.
�¥Ï¥´¨¥ (2.27) ¶·¨ ε → 0 ¶¥·¥Ìµ¤¨É ¢ ·¥Ï¥´¨¥ (1.11) Ê· ¢´¥´¨Ö ˜·¥-

¤¨´£¥· .
2.3. ’¥¶¥·Ó · ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ ¢µ¸Ó³µ£µ ¶µ·Ö¤±  (m = 4). ’µ£¤ 

Ê· ¢´¥´¨¥ (1.7) ¨ ±· ¥¢Ò¥ Ê¸²µ¢¨Ö (2.1) ¡Ê¤ÊÉ ¨³¥ÉÓ ¢¨¤

[
Eε +

d2

dr2
− 2ε2

4!
d4

dr4
+

2ε4

6!
d6

dr6
− 2ε6

8!
d8

dr8

]
ψ (r) = 0, (2.28)
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ψ (0) = 0,

d2

dr2
ψ (r) |r=0 = 0,

d4

dr4
ψ (r) |r=0 = 0,

d6

dr6
ψ (r) |r=0 = 0,

ψ (r0) = 0,

d2

dr2
ψ (r) |r=r0 = 0,

d4

dr4
ψ (r) |r=r0 = 0,

d6

dr6
ψ (r) |r=r0 = 0.

(2.29)

�¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (2.28) ¸²¥¤ÊÕÐ¥¥:

ψ(r) = c1 sin (k1r) + c2 cos (k1r) + c3 sh (k2r) + c4 ch (k2r)+
+ c5 sh (k3r) + c6 ch (k3r) + c7 sh (k4r) + c8 ch (k4r) . (2.30)

�µ¸²¥ Ê¤µ¢²¥É¢µ·¥´¨Ö £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³ ·¥Ï¥´¨¥ ¶µ¸É ¢²¥´´µ° § ¤ Î¨
¨³¥¥É ¢¨¤ 



ψ = c1 sin (knr) , kn =
nπ

r0
, n = 1, 2, 3, · · · ,

Eεn = k2
n +

2ε2

4!
k4

n +
2ε4

6!
k6

n +
2ε6

8!
k8

n,

q2
n = Eεn +

ε2

4
E2

εn.

(2.31)

‡¤¥¸Ó c1 ´ Ìµ¤¨É¸Ö ¨§ Ê¸²µ¢¨Ö ´µ·³¨·µ¢±¨ c1 =
√

2/r0.
�¥Ï¥´¨¥ (2.31) ¶·¨ ε → 0 ¶¥·¥Ìµ¤¨É ¢ ·¥Ï¥´¨¥ (1.11) Ê· ¢´¥´¨Ö ˜·¥-

¤¨´£¥· .
ˆ§ ·¥§Ê²ÓÉ Éµ¢, ¶µ²ÊÎ¥´´ÒÌ ¢ · §¤. 2.1, 2.2, 2.3, ³µ¦´µ c¤¥² ÉÓ ¸²¥¤Ê-

ÕÐ¨° ¢Ò¢µ¤: ¤²Ö ¸¨³³¥É·¨Î´ÒÌ £· ´¨Î´ÒÌ Ê¸²µ¢¨° (2.1) ¢¨¤ ¸µ¡¸É¢¥´´µ°
ËÊ´±Í¨¨ ψ(r) = c1 sin (knr) ´¥ ³¥´Ö¥É¸Ö,   ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö En ³¥´Ö-
ÕÉ¸Ö ¶·¨ Ê¢¥²¨Î¥´¨¨ 2m-¶µ·Ö¤±  Ê· ¢´¥´¨°.

2.4. ‚ ÔÉµ³ · §¤¥²¥ · ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ ¡¥¸±µ´¥Î´µ£µ ¶µ·Ö¤±  (1.6).
�¥Ï¥´¨¥ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥

ψ(r) = c sin (knr) . (2.32)

Š· ¥¢Ò¥ Ê¸²µ¢¨Ö ¡Ê¤ÊÉ ¨³¥ÉÓ ¢¨¤ (2.1), ¶·¨Î¥³ m = 2, 3, 4, · · · . �µ¤¸É -
¢²ÖÖ ¢Ò· ¦¥´¨¥ (2.32) ¢ Ê· ¢´¥´¨¥ (1.6) ¨ Ê¤µ¢²¥É¢µ·ÖÖ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³,
¶µ²ÊÎ ¥³

Eεn =
2
ε2

[ch (knε) − 1] , (2.33)

£¤¥ kn =
πn

r0
, n = 1, 2, 3, · · · , ¨ c =

√
2/r0.

’ ±¨³ µ¡· §µ³, ËÊ´±Í¨Ö (2.32) ¨ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö (2.33) Ö¢²ÖÕÉ¸Ö
·¥Ï¥´¨Ö³¨ Ê· ¢´¥´¨Ö ¡¥¸±µ´¥Î´µ£µ ¶µ·Ö¤±  ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (2.1), ¨
¶·¨ ε → 0 ÔÉ¨ ·¥Ï¥´¨Ö ¶¥·¥Ìµ¤ÖÉ ¢ ·¥Ï¥´¨¥ (1.11) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .
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3. Š��…‚�Ÿ ‡�„�—� ‘ �…‘ˆŒŒ…’�ˆ—�›Œˆ ƒ���ˆ—�›Œˆ
“‘‹�‚ˆŸŒˆ ��ˆ r = 0 ˆ r = r0

‚ ÔÉµ³ · §¤¥²¥ ³Ò · ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ 2m-¶µ·Ö¤±  ¸µ ¸²¥¤ÊÕÐ¨³¨
£· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨:

ψ(r)|r=0 = 0,

d2

dr2
ψ(r)|r=0 = 0,

..........................
d2m−2

dr2m−2
ψ(r)|r=0 = 0,

d

dr
ψ(r)|r=r0 = 0,

d3

dr3
ψ(r)|r=r0 = 0,

..........................
d2m−1

dr2m−1
ψ(r)|r=r0 = 0.

(3.1)

‚¸¥ · ¸¸Ê¦¤¥´¨Ö, ¶·µ¤¥² ´´Ò¥ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ³µ¦´µ ¶µ¢Éµ·¨ÉÓ
¤²Ö £· ´¨Î´ÒÌ Ê¸²µ¢¨° (3.1) ¨ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ·¥Ï¥´¨¥ ¶µ¸É ¢²¥´´µ° § ¤ Î¨
¨³¥¥É ¢¨¤

ψ(r) = c sin (knr) , (3.2)

£¤¥

kn =
(2n − 1)π

2r0
, n = 1, 2, 3 . . . , (3.3)

¨ c =
√

2/r0.
�·¨ ε → 0 ÔÉ¨ ·¥Ï¥´¨Ö É ±¦¥ ¶¥·¥Ìµ¤ÖÉ ¢ ·¥Ï¥´¨¥ (1.12) Ê· ¢´¥´¨Ö

˜·¥¤¨´£¥· .

4. Š��…‚›… ‡�„�—ˆ „‹Ÿ “��‚�…�ˆŸ —…’‚…�’�ƒ� ���Ÿ„Š�

‚ ÔÉµ³ · §¤¥²¥ ¨¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ Î¥É¢¥·Éµ£µ ¶µ·Ö¤±  (2.2) ¸ · §²¨Î-
´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ¨ ¶µ¢¥¤¥´¨¥ ¥£µ ·¥Ï¥´¨° ¶·¨ ε → 0.

4.1. ‘´ Î ²  · ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ (2.2) ¸µ ¸²¥¤ÊÕÐ¨³¨ £· ´¨Î´Ò³¨
Ê¸²µ¢¨Ö³¨:

ψ(0) = 0,

d

dr
ψ(r)|r=0 = 0,

ψ(r0) = 0,

d

dr
ψ(r)|r=r0 = 0.

(4.1)

�¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ¨³¥¥É ¢¨¤ (2.4). ˆ§ £· ´¨Î´ÒÌ Ê¸²µ¢¨° (4.1)
¶·¨ r = 0 ¶µ²ÊÎ ¥³

c4 = −c2, c3 = −k1

k2
c1. (4.2)

’µ£¤  µ¡Ð¥¥ ·¥Ï¥´¨¥ ¨³¥¥É ¢¨¤

ψ(r) = c1k1

[
1
k1

sin (k1r) −
1
k2

sh (k2r)
]

+ c2 [cos (k1r) − ch (k2r)] . (4.3)
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ˆ§ £· ´¨Î´ÒÌ Ê¸²µ¢¨° (4.1) ¶·¨ r = r0 ´ Ìµ¤¨³ Ê· ¢´¥´¨¥

2k1k2 +
(
k2
2 − k2

1

)
sin (k1r0) sh (k2r0)− 2k1k2 cos (k1r0) ch (k2r0) = 0. (4.4)

’ ±¨³ µ¡· §µ³, ·¥Ï¥´¨¥ ¨¸Ìµ¤´µ° § ¤ Î¨ (Ê· ¢´¥´¨¥ (2.2) ¸ £· ´¨Î´Ò³¨
Ê¸²µ¢¨Ö³¨ (4.1)) ³Ò ¸¢¥²¨ ± ·¥Ï¥´¨Õ É· ´¸Í¥´¤¥´É´µ£µ Ê· ¢´¥´¨Ö (4.4),
±µÉµ·µ¥ ³µ¦¥É ¡ÒÉÓ ·¥Ï¥´µ Î¨¸²¥´´µ. �É³¥É¨³, ÎÉµ, ±µ£¤  k2 � 1, ¶·¨
¢ÒÎ¨¸²¥´¨¨ ËÊ´±Í¨° sh (k2r0) ¨ ch (k2r0) ´  �‚Œ ¢µ§´¨± ÕÉ É¥Ì´¨Î¥¸±¨¥
É·Ê¤´µ¸É¨. —Éµ¡Ò ¨§¡¥¦ ÉÓ ÔÉ¨Ì É·Ê¤´µ¸É¥°, Ê· ¢´¥´¨¥ (4.4) Í¥²¥¸µµ¡· §´µ
¶¥·¥¶¨¸ ÉÓ ¢ ¡µ²¥¥ Ê¤µ¡´µ³ ¢¨¤¥:

f1 (E, ε) + f2 (E, ε) sin (k1r0) − f3 (E, ε) cos (k1r0) = 0, (4.5)

£¤¥ f1 (E, ε) =
ε
√

E√
3

1
ch (k2r0)

, f2 (E, ε) = th (k2r0), f3 (E, ε) =
ε
√

E√
3

.

„²Ö ²Õ¡µ£µ Ë¨±¸¨·µ¢ ´´µ£µ ε ÔÉ¨ ËÊ´±Í¨¨ µ¡² ¤ ÕÉ ¸²¥¤ÊÕÐ¨³¨ ¸¢µ°-
¸É¢ ³¨:

f1 (E, ε) −−−→
E→0

0, f1 (E, ε) −−−−→
E→∞

0, −1 � f2 (E, ε) � 1

¶·¨ ²Õ¡ÒÌ 0 � E < ∞, f3(E, ε) −−−→
E→0

0.

� ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ (4.5) ´  ¶µ²Ê¨´É¥·¢ ²¥ EM � E < ∞, £¤¥ EM Å
± ± Ê£µ¤´µ ¡µ²ÓÏµ¥ Î¨¸²µ, ´µ ±µ´¥Î´µ¥ (ÎÉµ¡Ò ¢Ò¶µ²´Ö²µ¸Ó Ê¸²µ¢¨¥ k1 � 1,
k2 � 1).

’ ± ± ± f1 (EM , ε) � 1, f2 (EM , ε) ∼ 1, Éµ Ê· ¢´¥´¨¥ (4.5) ³µ¦´µ ¶¥·¥-
¶¨¸ ÉÓ ¶·¨¡²¨¦¥´´µ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

f1 (EM , ε) + f2 (EM , ε) sin (k1r0) − f3 (E, ε) cos (k1r0) = 0. (4.6)

“Î¨ÉÒ¢ Ö, ÎÉµ sin (k1r0), cos (k1r0) Å ¶¥·¨µ¤¨Î¥¸±¨¥ ËÊ´±Í¨¨ E, ³µ¦´µ
Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ´  ¶µ²Ê¨´É¥·¢ ²¥ EM � E < ∞ Ê· ¢´¥´¨¥ (4.6) (§´ Î¨É, ¨
Ê· ¢´¥´¨¥ (4.5)) ¨³¥¥É ¡¥¸±µ´¥Î´µ¥ Î¨¸²µ ±µ·´¥°. �·¨Î¥³ ±µ·´¨ ´ Ìµ¤ÖÉ¸Ö
¢ ¨´É¥·¢ ²¥(

πn

r0

)2

< En <

(
(2n + 1)π

2r0

)2

, £¤¥ n =
[
EM

π

]
+ m, m = 0, 1, 2, · · ·

(4.7)
‚ ¨´É¥·¢ ²¥ 0 � E � EM Ê· ¢´¥´¨¥ (4.5) ¨³¥¥É ±µ´¥Î´µ¥ Î¨¸²µ ±µ·´¥°.

’ ±¨³ µ¡· §µ³, ¶·¨ 0 � E < ∞ ¨¸Ìµ¤´µ¥ Ê· ¢´¥´¨¥ ¨³¥¥É ¡¥¸±µ´¥Î´µ¥
Î¨¸²µ ±µ·´¥°.

�·¨ ε → 0 ¢¸¥ ±µ·´¨ Ê³¥´ÓÏ ÕÉ¸Ö, ¨ ¢Ò¶µ²´Ö¥É¸Ö Ê¸²µ¢¨¥ En −−−→
ε→0(

πn

r0

)2

.
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‚µ²´µ¢ Ö ËÊ´±Í¨Ö ¸ ÊÎ¥Éµ³ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ´  ¶· ¢µ° £· ´¨Í¥ ¨³¥¥É
¸²¥¤ÊÕÐ¨° ¢¨¤:

ψεn (r) = An

(
sin (k1r) − (k1/k2) sh (k2r)

sin (k1r0) − (k1/k2) sh (k2r0)
− cos (k1r) − ch (k2r)

cos (k1r0) − ch (k2r0)

)
,

£¤¥ ¶µ¸ÉµÖ´´ Ö An µ¶·¥¤¥²Ö¥É¸Ö ¨§ Ê¸²µ¢¨Ö ´µ·³¨·µ¢±¨ ¢µ²´µ¢µ° ËÊ´±Í¨¨.
‚ É ¡². 1 ¶·¨¢¥¤¥´Ò ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö Ô´¥·£¨¨ Eεn ¤²Ö · §´ÒÌ §´ -

Î¥´¨° ³ ²µ£µ ¶ · ³¥É·  ε.

’ ¡²¨Í  1

ε 1,00 0,50 0,10 0,05

E1ε 418366,7563 105514,0473 5393,1137 2244,0150
E2ε 3174219,1256 797008,0905 36289,5174 12486,4311
E3ε 112191248,8747 3055229,8982 131699,0120 40321,7283

ƒ· Ë¨±¨ ¸µ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ¶·¨ · §´ÒÌ §´ Î¥´¨ÖÌ ³ ²µ£µ ¶ · ³¥É· 
ε ¶·¨¢¥¤¥´Ò ´  ·¨¸. 1. � °¤¥´´Ò¥ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ψεn ¸ · §²¨Î´Ò³¨
Ê§² ³¨ µ·Éµ£µ´ ²Ó´Ò ³¥¦¤Ê ¸µ¡µ°.

4.2. � ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ (2.2) ¸µ ¸²¥¤ÊÕÐ¨³¨ ±· ¥¢Ò³¨ Ê¸²µ¢¨Ö³¨:

ψ(0) = 0, ψ(r0) = 0,
ψ′′′(0) = 0, ψ′′′(r0) = 0.

(4.8)

�¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (2.2) É ±¦¥ ¨³¥¥É ¢¨¤ (2.4). ˆ§ £· ´¨Î´ÒÌ Ê¸²µ¢¨°
(4.8) ¶·¨ r = 0 ¨ r = r0 ¶µ²ÊÎ ¥³ É· ´¸Í¥´¤¥´É´µ¥ Ê· ¢´¥´¨¥:

2k3
1k

3
2 +

(
k6
1 − k6

2

)
sin (k1r0) sh (k2r0) − 2k3

1k
3
2 cos (k1r0) ch (k2r0) = 0. (4.9)

�·µ¢µ¤Ö É ± ¦¥, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ ¶Ê´±É¥,  ´ ²¨§, ³µ¦´µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ
Ê· ¢´¥´¨¥ (4.9) ¨³¥¥É ¡¥¸±µ´¥Î´µ¥ Î¨¸²µ ±µ·´¥°, ¨ µ´¨ ´ Ìµ¤ÖÉ¸Ö ¢ ¨´É¥·¢ ²¥
(4.7).

4.3. ’¥¶¥·Ó · ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ (2.2) ¸µ ¸²¥¤ÊÕÐ¨³¨ £· ´¨Î´Ò³¨
Ê¸²µ¢¨Ö³¨:

ψ(0) = 0, ψ(r0) = 0.
ψ′(0) = 0,
ψ′′(0) = 0,

(4.10)

�¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (2.2) É ±¦¥ ¶·¨´¨³ ¥É ¢¨¤ (2.4). ˆ§ £· ´¨Î´ÒÌ
Ê¸²µ¢¨° (4.10) ¶µ²ÊÎ ¥³ ¸²¥¤ÊÕÐ¥¥ É· ´¸Í¥´¤¥´É´µ¥ Ê· ¢´¥´¨¥:(

k2
1 + k2

2

)
(k2 sin (k1r0) − k1 sh (k2r0)) = 0. (4.11)

11



�¨¸. 1. ‘µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨: a Å ¡¥§ Ê§²µ¢; ¢ Å ¸ µ¤´¨³ Ê§²µ³; ¤ Å ¸ ¤¢Ê³Ö Ê§² ³¨;
¡, £, ¥ Å ¸µµÉ¢¥É¸É¢¥´´µ É¥ ¦¥ ËÊ´±Í¨¨ ¢ ¡µ²¥¥ ±·Ê¶´µ³ ³ ¸ÏÉ ¡¥

�¥É·Ê¤´µ Ê¡¥¤¨ÉÓ¸Ö, ÎÉµ ¤²Ö ²Õ¡µ£µ § ¤ ´´µ£µ ε ÔÉµ Ê· ¢´¥´¨¥ ´¥ ¨³¥¥É
·¥Ï¥´¨Ö. ‡´ Î¨É, Ê· ¢´¥´¨¥ (2.2) ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (4.10) ´¥ ¨³¥¥É
´¥É·¨¢¨ ²Ó´µ£µ ·¥Ï¥´¨Ö.

…¸²¨ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (4.10) ¶¥·¥¶¨Ï¥³ ¢ ¢¨¤¥

ψ(0) = 0, ψ(r0) = 0,
ψ′(r0) = 0,
ψ′′(r0) = 0,

(4.12)

Éµ É· ´¸Í¥´¤¥´É´µ¥ Ê· ¢´¥´¨¥ É ±¦¥ ¨³¥¥É ¢¨¤ (4.11). �µÔÉµ³Ê Ê· ¢´¥´¨¥
(2.2) ¸ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (4.12) ´¥ ¨³¥¥É ´¥É·¨¢¨ ²Ó´µ£µ ·¥Ï¥´¨Ö.
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5. Š��…‚›… ‡�„�—ˆ „‹Ÿ “��‚�…�ˆŸ ˜…‘’�ƒ� ���Ÿ„Š�

‚ ÔÉµ³ · §¤¥²¥ ¨¸¸²¥¤Ê¥É¸Ö Ê· ¢´¥´¨¥ Ï¥¸Éµ£µ ¶µ·Ö¤±  (2.15) ¸ · §²¨Î-
´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ ¨ ¶µ¢¥¤¥´¨e ¥£µ ·¥Ï¥´¨° ¶·¨ ε → 0.

5.1. � ¸¸³µÉ·¨³ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö Ï¥¸Éµ£µ ¶µ·Ö¤±  (2.15) ¸µ ¸²¥¤ÊÕ-
Ð¨³¨ £· ´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨:

ψ (0) = 0,

d

dr
ψ (r) |r=0 = 0,

d2

dr2
ψ (r) |r=0 = 0,

ψ (r0) = 0,

d

dr
ψ (r) |r=r0 = 0,

d2

dr2
ψ (r) |r=r0 = 0.

(5.1)

�¡Ð¥¥ ·¥Ï¥´¨¥ ¨³¥¥É ¢¨¤

ψ(r) = c1 sin (k1r) + c2 cos (k1r) + exp (b1r)[c3 sin (b2r)+
+ c4 cos (b2r)] + exp (−b1r)[c5 sin (b2r) + c6 cos (b2r)], (5.2)

£¤¥ k1, k2 µ¶·¥¤¥²¥´Ò ¢ · §¤. 2.2,   b1, b2 ¨³¥ÕÉ ¸²¥¤ÊÕÐ¨° ¢¨¤:

b1 = (α2 + β2)1/4 cos
(

1
2

arctg
β

α

)
, b2 = (α2 + β2)1/4 sin

(
1
2

arctg
β

α

)
,

α = −1
2
(u + v), β =

√
3

2
(u − v).

“¤µ¢²¥É¢µ·ÖÖ £· ´¨Î´Ò³ Ê¸²µ¢¨Ö³ (5.1), ¤²Ö µ¶·¥¤¥²¥´¨Ö ¸µ¡¸É¢¥´´ÒÌ
§´ Î¥´¨° Eεn ¶µ²ÊÎ ¥³ É· ´¸Í¥´¤¥´É´µ¥ Ê· ¢´¥´¨¥

detA =

∣∣∣∣∣∣∣∣∣∣∣∣

A11 A12 A13 A14 A15 A16

A21 A22 A23 A24 A25 A26

A31 A32 A33 A34 A35 A36

A41 A42 A43 A44 A45 A46

A51 A52 A53 A54 A55 A56

A61 A62 A63 A64 A65 A66

∣∣∣∣∣∣∣∣∣∣∣∣
= 0, (5.3)

£¤¥
A11 = 0, A21 = k1, A31 = 0, A41 = sin (k1r0),

A12 = 1, A22 = 0, A32 = −k2
1, A42 = cos (k1r0),

A13 = 0, A23 = b2, A33 = 2b1b2, A43 = exp(b1r0) sin(b2r0),

A14 = 1, A24 = b1, A34 = b2
1 − b2

2, A44 = exp (b1r0) cos (b2r0),

A15 = 0, A25 = b2, A35 = −2b1b2, A45 = exp (−b1r0) sin (b2r0),
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A16 = 1 , A26 = −b1, A36 = b2
1 − b2

2, A46 = exp (−b1r0) cos (b2r0),

A51 = k1 cos (k1r0), A52 = −k1 sin (k1r0),

A53 = exp (b1r0)[b1 sin (b2r0) + b2 cos (b2r0)],

A54 = exp (b1r0)[b1 cos (b2r0) − b2 sin (b2r0)],

A55 = exp (−b1r0)[−b1 sin (b2r0) + b2 cos (b2r0)],

A56 = − exp (−b1r0)[b1 cos (b2r0) + b2 sin (b2r0)],

A61 = −k2
1 sin (k1r0), A62 = −k2

1 cos (k1r0),

A63 = exp (b1r0)[(b2
1 − b2

2) sin (b2r0) − 2b1b2 cos (b2r0)],

A64 = exp (b1r0)[(b2
1 − b2

2) cos (b2r0) − 2b1b2 sin (b2r0)],

A65 = exp (−b1r0)[(b2
1 − b2

2) sin (b2r0) − 2b1b2 cos (b2r0)],

A66 = exp (−b1r0)[(b2
1 − b2

2) cos (b2r0) + 2b1b2 sin (b2r0)].

‚ É ¡². 2 ¶·¨¢¥¤¥´Ò ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö Ô´¥·£¨¨ Eεn ¤²Ö · §´ÒÌ §´ -
Î¥´¨° ³ ²µ£µ ¶ · ³¥É·  ε.

’ ¡²¨Í  2

ε 1,00 0,50 0,10 0,05

E1ε 171504013,4436 10830799,6909 24430,9664 3937,89648
E2ε 1953787118,5429 122893634,9302 241595,0960 27650,5429
E3ε 10953535302,5082 687428299,7294 12551133,4551 116711,6733

�  ·¨¸. 2 ¶·¥¤¸É ¢²¥´Ò ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ
³ ²µ£µ ¶ · ³¥É·  ε ¤²Ö ¤ ´´µ£µ ¸²ÊÎ Ö. � °¤¥´´Ò¥ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨
ψεn ¸ · §²¨Î´Ò³¨ Ê§² ³¨ µ·Éµ£µ´ ²Ó´Ò ³¥¦¤Ê ¸µ¡µ°.

5.2. ’¥¶¥·Ó · ¸¸³µÉ·¨³ Ê· ¢´¥´¨¥ (2.15) ¸µ ¸²¥¤ÊÕÐ¨³¨ £· ´¨Î´Ò³¨
Ê¸²µ¢¨Ö³¨:

ψ(0) = 0, ψ(r0) = 0.
ψ′(0) = 0,
ψ′′(0) = 0,
ψ′′′(0) = 0,
ψIV (0) = 0,

(5.4)

�µ¸ÉÊ¶ Ö É ± ¦¥, ± ± ¨ ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥, ´ Ìµ¤¨³ Î¨¸²¥´´Ò¥ ·¥Ï¥-
´¨Ö (¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨ ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨). ‘µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö
¶·¨¢¥¤¥´Ò ¢ É ¡². 3,   ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ ´  ·¨¸. 3.
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�¨¸. 2. ‘µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨: a Å ¡¥§ Ê§²µ¢; ¢ Å ¸ µ¤´¨³ Ê§²µ³; ¤ Å ¸ ¤¢Ê³Ö Ê§² ³¨;
¡, £, ¥ Å ¸µµÉ¢¥É¸É¢¥´´µ É¥ ¦¥ ËÊ´±Í¨¨ ¢ ¡µ²¥¥ ±·Ê¶´µ³ ³ ¸ÏÉ ¡¥

’ ¡²¨Í  3

ε 1,00 0,50 0,10 0,05

E1ε 964397532,7749 608838333,1829 127413,4047 11341,3246
E2ε 27616635180,9574 1732408678,4581 3094804,1945 252633,7402
E3ε 2345965522971,0510 14689868092,1727 24910102,6959 1825654,2672
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�¨¸. 3. ‘µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨: a Å ¡¥§ Ê§²µ¢; ¡ Å ¸ µ¤´¨³ Ê§²µ³; ¢ Å ¸ ¤¢Ê³Ö Ê§² ³¨;
£, ¤ Å ¸µµÉ¢¥É¸É¢¥´´µ ËÊ´±Í¨¨ ¡, ¢ ¢ ¡µ²¥¥ ±·Ê¶´µ³ ³ ¸ÏÉ ¡¥

…¸²¨ £· ´¨Î´Ò¥ Ê¸²µ¢¨Ö (5.4) ¶¥·¥¶¨Ï¥³ ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

ψ(0) = 0, ψ(r0) = 0,
ψ′(r0) = 0,
ψ′′(r0) = 0,
ψ′′′(r0) = 0,
ψIV (r0) = 0,

(5.5)
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Éµ ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ÔÉµ° § ¤ Î¨ ¶µ²´µ¸ÉÓÕ ¸µ¢¶ ¤ ÕÉ ¸µ §´ Î¥´¨Ö³¨
¶·¥¤Ò¤ÊÐ¥° § ¤ Î¨ (¸³. É ¡². 3),   ¸µ¡¸É¢¥´´Ò¥ ËÊ´±Í¨¨ Ö¢²ÖÕÉ¸Ö §¥·± ²Ó-
´Ò³¨ µÉµ¡· ¦¥´¨Ö³¨ ËÊ´±Í¨°, ¶·¨¢¥¤¥´´ÒÌ ´  ·¨¸. 3.

6. ‡�Š‹�—…�ˆ…

‚ · ¡µÉ¥  ´ ²¨É¨Î¥¸±¨ ¨ Î¨¸²¥´´µ ´ °¤¥´Ò ·¥Ï¥´¨Ö · §²¨Î´ÒÌ ±· ¥¢ÒÌ
§ ¤ Î ¤²Ö Ê· ¢´¥´¨Ö ¢Ò¸µ±µ£µ ¶µ·Ö¤±  ¨ Ê¸É ´µ¢²¥´µ ¸²¥¤ÊÕÐ¥e.

1. „²Ö ´¥±µÉµ·ÒÌ ¢ ·¨ ´Éµ¢ ¸¨³³¥É·¨Î´ÒÌ £· ´¨Î´ÒÌ Ê¸²µ¢¨° ·¥Ï¥´¨Ö
±· ¥¢µ° § ¤ Î¨ ¤²Ö Ê· ¢´¥´¨° Î¥É¢¥·Éµ£µ, Ï¥¸Éµ£µ ¨ É. ¤. ¶µ·Ö¤±µ¢ ¶¥·¥Ìµ¤ÖÉ
¢ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¶·¨ ε → 0 (¸³. · §¤. 2, 3). „²Ö ¤·Ê£¨Ì
£· ´¨Î´ÒÌ Ê¸²µ¢¨° É ±µ° ¶·¥¤¥²Ó´Ò° ¶¥·¥Ìµ¤ ´¥ ¨³¥¥É ³¥¸É  (¸³. · §¤. 4, 5).

2. „²Ö Ê· ¢´¥´¨Ö Î¥É¢¥·Éµ£µ ¶µ·Ö¤±  ¸ ¸¨³³¥É·¨Î´Ò³¨ £· ´¨Î´Ò³¨ Ê¸²µ-
¢¨Ö³¨ (¸³. · §¤. 4.1) ¸µ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¶·¨ ε → 0 Ê³¥´ÓÏ ÕÉ¸Ö, ¨ ¢Ò-

¶µ²´Ö¥É¸Ö Ê¸²µ¢¨¥ En −−−→
ε→0

(
πn

r0

)2

,   ¸ ´¥¸¨³³¥É·¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (¸³.

· §¤. 5.3) ´¥É·¨¢¨ ²Ó´µ£µ ·¥Ï¥´¨Ö ±· ¥¢µ° § ¤ Î¨ µÉ¸ÊÉ¸É¢Ê¥É.
3. ‚ µÉ²¨Î¨¥ µÉ Ê· ¢´¥´¨Ö Î¥É¢¥·Éµ£µ ¶µ·Ö¤±  ¸ ´¥¸¨³³¥É·¨Î´Ò³¨ £· -

´¨Î´Ò³¨ Ê¸²µ¢¨Ö³¨ (¸³. · §¤. 5.3) Ê· ¢´¥´¨¥ Ï¥¸Éµ£µ ¶µ·Ö¤±  ¸  ´ ²µ£¨Î-
´Ò³¨ Ê¸²µ¢¨Ö³¨ (¸³. · §¤. 5.2) ¨³¥¥É ´¥É·¨¢¨ ²Ó´Ò¥ ·¥Ï¥´¨Ö, ´µ ¶·¨ ε → 0
ÔÉ¨ ·¥Ï¥´¨Ö ´¥ ¶¥·¥Ìµ¤ÖÉ ¢ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .

4. � °¤¥´´Ò¥ ·¥Ï¥´¨Ö ¸ · §²¨Î´Ò³¨ Ê§² ³¨ µ·Éµ£µ´ ²Ó´Ò ³¥¦¤Ê ¸µ¡µ°.
� ¡µÉ  ¢Ò¶µ²´¥´  ¶·¨ Ë¨´ ´¸µ¢µ° ¶µ¤¤¥·¦±¥ �””ˆ º 04-01-00490,

º 03-01-00290, º 03-01-00657.
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