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CËμ·³Ê²¨·Ê¥³ μ¸μ¡μ ¢ ¦´Ò¥ μ¶·¥¤¥²¥´¨Ö ¨ ´ ¶μ³´¨³ ¤¢¥ ¨§¢¥¸É´Ò¥
¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ëμ·³Ê²¨·μ¢±¨ § ¤ Î¨ É·¥Ì ¶μ¶ ·´μ ¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì
±¢ ´Éμ¢ÒÌ Î ¸É¨Í p1, p2 ¨ p3.

�Ê¸ÉÓ H0 ¨ E Å ¸¢μ¡μ¤´Ò° £ ³¨²ÓÉμ´¨ ´ ¨ ¶μ²´ Ö Ô´¥·£¨Ö ÔÉ¨Ì É·¥Ì
Î ¸É¨Í,   V1, V2, V3 Å ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Í¥´É· ²Ó´Ò¥ ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê
Î ¸É¨Í ³¨ p2 ¨ p3, p1 ¨ p3, p1 ¨ p2. �Ê¸ÉÓ H ≡ H0 +V ¨ V ≡ V1 +V2 +V3 Å
¶μ²´Ò° £ ³¨²ÓÉμ´¨ ´ ¨ ¶μ²´μ¥ ¢§ ¨³μ¤¥°¸É¢¨¥. �μ¤ ¶μ²´Ò³ ´ ¡μ·μ³ ε ¸μ-
Ì· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥², ± ± μ¡ÒÎ´μ, ¶μ´¨³ ¥É¸Ö ¸μ¢μ±Ê¶´μ¸ÉÓ ¸μ¡-
¸É¢¥´´ÒÌ Î¨¸¥² ¢¸¥Ì μ¶¥· Éμ·μ¢, ±μ³³ÊÉ¨·ÊÕÐ¨Ì ¸ ¶μ²´Ò³ £ ³¨²ÓÉμ´¨ ´μ³
H . „ ²¥¥, Aε Å ±² ¸¸ ËÊ´±Í¨°, ¸μ¡¸É¢¥´´ÒÌ ¤²Ö ± ¦¤μ£μ ¨§ É ±¨Ì μ¶¥· Éμ-
·μ¢,   A Å ¡μ²¥¥ Ï¨·μ±¨° ±² ¸¸ ËÊ´±Í¨°, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥ μ¡² ¤ ÕÐ¨Ì
´¨± ±¨³¨ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨, ±·μ³¥ ¶μ²´μ° Ô´¥·£¨¨.

‚ Ëμ·³Ê²¨·μ¢±¥ ˜·¥¤¨´£¥·  [1] ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ É·¥Ì Î ¸É¨Í μ¶·¥-
¤¥²Ö¥É¸Ö ± ± ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 

(H − E)Ψ = 0 , H ≡ H0 + V , V ≡ V1 + V2 + V3. (1)

‚ Ëμ·³Ê²¨·μ¢±¥ ” ¤¤¥¥¢  [2] ¸´ Î ²  ¢ÒÎ¨¸²ÖÕÉ¸Ö É·¨ ±μ³¶μ´¥´ÉÒ Ψ1,
Ψ2 ¨ Ψ3 ·¥Ï¥´¨Ö {Ψ1, Ψ2, Ψ3} ¸¨¸É¥³Ò É·¥Ì Ê· ¢´¥´¨° ” ¤¤¥¥¢ 

(H0 − E)Ψi = −Vi Ψ = −Vi

3∑
k=1

Ψk , i = 1, 2, 3, (2)

  § É¥³ μÉ¢¥Î ÕÐ Ö ÔÉμ³Ê ·¥Ï¥´¨Õ ¢μ²´μ¢ Ö ËÊ´±Í¨Ö Ψ ¢μ¸¸É ´ ¢²¨¢ ¥É¸Ö
± ± ¸Ê³³  ¥¥ Ë ¤¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É:

Ψ =
3∑

k=1

Ψk . (3)

“· ¢´¥´¨Ö ˜·¥¤¨´£¥·  ¨ ” ¤¤¥¥¢  § ¶¨¸Ò¢ ÕÉ¸Ö ¢ ¸¨¸É¥³¥ Í¥´É·  ³ ¸¸
É·¥Ì Î ¸É¨Í ¢ ¢¨¤¥ Ï¥¸É¨³¥·´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨°. �¥¤Ê±Í¨Ö
Ï¥¸É¨³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ± ¤¢Ê³¥·´Ò³ ¨´É¥£·μ¤¨ËË¥·¥´Í¨ ²Ó´Ò³
Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥ ¢ ¸²ÊÎ ¥ É·¥Ì Éμ¦¤¥¸É¢¥´´ÒÌ
Î ¸É¨Í μ¶¨¸ ´  ¢ [2],   ¢ ¸²ÊÎ ¥ · §´ÒÌ Î ¸É¨Í ¥¥ ¶μ¤·μ¡´μ¥ μ¶¨¸ ´¨¥ ¤ ´μ ¢
μ¡§μ·¥ [3]. Š ± ¢¶¥·¢Ò¥ ¶μ± § ´μ ¢ · ¡μÉ¥ [4], Ï¥¸É¨³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤-
¤¥¥¢  ¸ Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³ ¶μÉ¥´Í¨ ² ³¨ ¶·μ¥±É¨·μ¢ ´¨¥³ ´  ¡ §¨¸ ¨§
μ¡ÒÎ´ÒÌ D-ËÊ´±Í¨° ‚¨£´¥·  [5] ¸¢μ¤ÖÉ¸Ö ± ±μ´¥Î´Ò³ ¸¨¸É¥³ ³ É·¥Ì³¥·´ÒÌ
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¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢ ¶·¥¤¸É ¢²¥´¨¨ ¶μ²´μ£μ Ê£²μ¢μ£μ ³μ³¥´É ,
É. ¥. ± Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢  ¢ D-¡ §¨¸¥.

ƒ² ¢´Ò° μ¡Ñ¥±É ´ Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° Å μ¸μ¡Ò¥,   ¨³¥´´μ: ²μ¦´Ò¥ ·¥Ï¥-
´¨Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢ . ˆ¸¶μ²Ó§Ê¥³μ¥ ´ ³¨ μ¶·¥¤¥²¥´¨¥ ²μ¦´μ£μ ·¥Ï¥´¨Ö
É ±μ¢μ: ´¥É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ {Ψ1, Ψ2, Ψ3} Ê· ¢´¥´¨° ” ¤¤¥¥¢ , ¸Ê³³  (3)
¢¸¥Ì ±μ³¶μ´¥´É ±μÉμ·μ£μ Éμ¦¤¥¸É¢¥´´μ · ¢´  ´Ê²Õ,   ± ¦¤ Ö ¨§ ´¨Ì ¶·¨´ ¤-
²¥¦¨É ¢Ò¡· ´´μ³Ê ±² ¸¸Ê ËÊ´±Í¨°, ´ §Ò¢ ¥É¸Ö ²μ¦´Ò³ ·¥Ï¥´¨¥³ Ê· ¢´¥´¨°
” ¤¤¥¥¢  ¢ ÔÉμ³ ±² ¸¸¥.

—Éμ¡Ò μÉ²¨Î ÉÓ ²μ¦´Ò¥ ·¥Ï¥´¨Ö μÉ ¢¸¥Ì μ¸É ²Ó´ÒÌ, ±μ³¶μ´¥´ÉÒ Ψ1,
Ψ2 ¨ Ψ3 ²μ¦´μ£μ ·¥Ï¥´¨Ö μ¡μ§´ Î¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³¨ ¸¨³¢μ² ³¨ S1, S2

¨ S3. �μ μ¶·¥¤¥²¥´¨Õ ²μ¦´μ³Ê ¢ ¤ ´´μ³ ±² ¸¸¥ ËÊ´±Í¨° ·¥Ï¥´¨Õ Ê· ¢´¥-
´¨° ” ¤¤¥¥¢  μÉ¢¥Î ¥É É·¨¢¨ ²Ó´μ¥ ·¥Ï¥´¨¥ (Ψ ≡ 0) Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· .
�μÔÉμ³Ê Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (2) ¤²Ö ²μ¦´ÒÌ ·¥Ï¥´¨° · ¸Ð¥¶²ÖÕÉ¸Ö ´  ¸μ¢μ-
±Ê¶´μ¸ÉÓ É·¥Ì ´¥ ¸¢Ö§ ´´ÒÌ ¤·Ê£ ¸ ¤·Ê£μ³ ¸¢μ¡μ¤´ÒÌ Ê· ¢´¥´¨° ˜·¥¤¨´£¥· 
¤²Ö ±μ³¶μ´¥´É ²μ¦´μ£μ ·¥Ï¥´¨Ö ¨ · ¢¥´¸É¢μ ´Ê²Õ ¸Ê³³Ò É ±¨Ì ±μ³¶μ´¥´É:

(H0 − E)Si = 0 , i = 1, 2, 3 ; S1 + S2 + S3 ≡ 0 . (4)

’¥¶¥·Ó ¶μÖ¸´¨³, § Î¥³ ´¥μ¡Ìμ¤¨³μ §´ ´¨¥ ²μ¦´ÒÌ ·¥Ï¥´¨° ¢ Ö¢´μ³ ¢¨¤¥.
„²Ö ÔÉμ£μ μ¡¸Ê¤¨³ É·¨ ¶·μ¡²¥³Ò.

�¥·¢ Ö ¨§ ´¨Ì Å · ¸Î¥É Î¥ÉÒ·¥ÌÎ ¸É¨Î´ÒÌ ¸¨¸É¥³ ³¥Éμ¤μ³ ±² ¸É¥·-
´μ° ·¥¤Ê±Í¨¨ [6Ä8]. ‚ ÔÉμ³ ³¥Éμ¤¥ ±μ³¶μ´¥´ÉÒ Î¥ÉÒ·¥ÌÎ ¸É¨Î´μ° ¢μ²´μ¢μ°
ËÊ´±Í¨¨ ¶μ¤Î¨´ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢ ÄŸ±Ê¡μ¢¸±μ£μ,   § É¥³ § ³¥´Ö-
ÕÉ¸Ö ±μ´¥Î´Ò³¨ ¶μ¤¸Ê³³ ³¨ ¨Ì ·Ö¤μ¢ ¶μ ¨§¡· ´´Ò³ ¸μ¡¸É¢¥´´Ò³ ËÊ´±Í¨Ö³
£ ³¨²ÓÉμ´¨ ´μ¢ É·¥ÌÎ ¸É¨Î´ÒÌ ¶μ¤¸¨¸É¥³. Š É ±¨³ ¡ §¨¸´Ò³ ËÊ´±Í¨Ö³ μÉ-
´μ¸ÖÉ¸Ö ¨ ²μ¦´Ò¥ ·¥Ï¥´¨Ö É·¥ÌÎ ¸É¨Î´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ .

‚Éμ· Ö ¨ ³ ²μ¨§ÊÎ¥´´ Ö ¶·μ¡²¥³  Å  ´ ²¨§  ¸¨³¶ÉμÉ¨± ·¥Ï¥´¨° Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ¢ ¶·¥¤¥² Ì μ¤´μ°, ¤¢ÊÌ ¨ É·¥Ì ¡μ²ÓÏ¨Ì ¶μ ³μ¤Ê²Õ ±μ´¸É ´É
¸¢Ö§¨ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°. „²Ö ¶·¨³¥·  · ¸¸³μÉ·¨³ ¸²ÊÎ ° É·¥Ì μ¤¨´ -
±μ¢ÒÌ ±μ´¸É ´É, · ¢´ÒÌ ¶ · ³¥É·Ê λ. �Ê¸ÉÓ Vi = λ vi, Éμ£¤  ¸¨¸É¥³  (2)
Ô±¢¨¢ ²¥´É´  ¸¨¸É¥³¥

(1/λ) (H0 − E)Ψi = vi Ψ = vi

3∑
k=1

Ψk .

�·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ²Õ¡μ³ λ ¨³¥ÕÉ¸Ö ·¥£Ê²Ö·´Ò¥ ·¥Ï¥´¨Ö, ¤²Ö ±μÉμ·ÒÌ
|H0 Ψi| � ∞, i = 1, 2, 3. ’μ£¤  · ¸¸³ É·¨¢ ¥³μ¥ ¸¥³¥°¸É¢μ Ê· ¢´¥´¨° ³μ¦¥É
¢Ò·μ¦¤ ÉÓ¸Ö ¢ ¸¨¸É¥³Ê (4), μ¶·¥¤¥²ÖÕÐÊÕ ²μ¦´μ¥ ·¥Ï¥´¨¥:

(H0 − E)Ψi → 0 , Ψ1 + Ψ2 + Ψ3 → 0 , |λ| → ∞ .

‚ ÔÉμ³ ¸²ÊÎ ¥ Ψi → Si, i = 1, 2, 3, ¸²¥¤μ¢ É¥²Ó´μ, Si Å ¸É ·Ï¨° Î²¥´  ¸¨³-
¶ÉμÉ¨±¨ ±μ³¶μ´¥´ÉÒ Ψi ¶·¨ |λ| → ∞. �·¨³¥·Ò É ±μ° ¸¨ÉÊ Í¨¨ μ¶¨¸ ´Ò ¢
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· ¡μÉ Ì [9, 10], ¶μ¸¢ÖÐ¥´´ÒÌ ÉμÎ´Ò³ ·¥Ï¥´¨Ö³ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¸ ¶ ·-
´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨ Í¥´É·μ¡¥¦´μ£μ É¨¶ .

’·¥ÉÓÖ ¶·μ¡²¥³  Å É¥¸É¨·μ¢ ´¨¥  ²£μ·¨É³μ¢ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö Ê· ¢-
´¥´¨° ” ¤¤¥¥¢  ¶ÊÉ¥³ ·¥Ï¥´¨Ö ±· ¥¢ÒÌ § ¤ Î ¤²Ö ¨§¢¥¸É´ÒÌ ¢ Ö¢´μ³ ¢¨¤¥
²μ¦´ÒÌ ·¥Ï¥´¨° ¨ ¶μ¸²¥¤ÊÕÐ¥£μ ¸· ¢´¥´¨Ö ¢ÒÎ¨¸²¥´´ÒÌ ·¥Ï¥´¨° ¸ ²μ¦-
´Ò³¨ ± ± ¸ ÔÉ ²μ´´Ò³¨. ’ ± ± ± ²μ¦´Ò¥ ·¥Ï¥´¨Ö ´¥ § ¢¨¸ÖÉ μÉ Ëμ·³Ò ¶ ·-
´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨°, Éμ ¨Ì ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ± ± ÔÉ ²μ´´Ò¥ ¶·¨ ²Õ¡ÒÌ
¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨ÖÌ. ‚ ÔÉμ³ ¸³Ò¸²¥ ²μ¦´Ò¥ ·¥Ï¥´¨Ö μ¸μ¡μ §´ Î¨³Ò
± ± Ê´¨¢¥·¸ ²Ó´Ò¥ ÔÉ ²μ´´Ò¥ ·¥Ï¥´¨Ö.

‹μ¦´Ò¥ ·¥Ï¥´¨Ö ´¥μ¤´μ±· É´μ μ¡¸Ê¦¤ ²¨¸Ó ¢ μ¡§μ· Ì [3, 11Ä14] ¨ ¢μ
³´μ£¨Ì Ê¶μ³Ö´ÊÉÒÌ ¢ ´¨Ì μ·¨£¨´ ²Ó´ÒÌ · ¡μÉ Ì. �μÔÉμ³Ê Ê¶μ³Ö´¥³ ²¨ÏÓ
´ ¨¡μ²¥¥ ¨´É¥·¥¸´Ò¥ ·¥§Ê²ÓÉ ÉÒ, ¶μ²ÊÎ¥´´Ò¥ ¢ ¸É ÉÓÖÌ [15Ä19].

�¡Ð¨¥ ¸¢μ°¸É¢  £ ³¨²ÓÉμ´¨ ´  H , ¶μ·μ¦¤ ÕÐ¨¥ ²μ¦´Ò¥ ·¥Ï¥´¨Ö ±² ¸¸ 
A, ¨ É ±¨¥ μ¡Ð¨¥ ¢μ¶·μ¸Ò, ± ± ¶μ²´μÉ  ¶·μ¸É· ´¸É¢  ²μ¦´ÒÌ ¨ ¢¸¥Ì μ¸É ²Ó-
´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢ , ¨¸¸²¥¤μ¢ ²¨¸Ó ¢ · ¡μÉ Ì [15Ä17].

� ¨¡μ²¥¥ §´ Î¨³μ¥ ¤²Ö ¸¶¥±É· ²Ó´μ° É¥μ·¨¨ Ë ¤¤¥¥¢¸±¨Ì Ê· ¢´¥´¨°
ÊÉ¢¥·¦¤¥´¨¥ ¤μ± § ´μ ¢ · ¡μÉ¥ [17] ¢ ¸²ÊÎ ¥ £ ³¨²ÓÉμ´¨ ´  H ¸ Î¨¸Éμ ¤¨¸-
±·¥É´Ò³ ¸¶¥±É·μ³. ‚ ÔÉμ³ ¸²ÊÎ ¥ ³ É·¨Î´Ò¥ μ¶¥· Éμ·Ò, ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
Ê· ¢´¥´¨Ö³ ” ¤¤¥¥¢  ¨ ¸μ¶·Ö¦¥´´Ò³ Ê· ¢´¥´¨Ö³, ¨³¥ÕÉ ¤¢  É¨¶  ¨´¢ ·¨-
 ´É´ÒÌ ¶·μ¸É· ´¸É¢. �  ¶·μ¸É· ´¸É¢ Ì ¶¥·¢μ£μ É¨¶  ¸¶¥±É· μ¶¥· Éμ·μ¢ ¸μ-
¢¶ ¤ ¥É ¸μ ¸¶¥±É·μ³ £ ³¨²ÓÉμ´¨ ´  H , ´  ¶·μ¸É· ´¸É¢ Ì ¢Éμ·μ£μ É¨¶  ÔÉ¨ ¦¥
μ¶¥· Éμ·Ò Ô±¢¨¢ ²¥´É´Ò £ ³¨²ÓÉμ´¨ ´Ê H0.

„²Ö Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ ¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥ ¨§¢¥¸É´Ò ¤¢  ¸¶μ¸μ¡ 
¶μ¸É·μ¥´¨Ö ¢¸¥Ì ²μ¦´ÒÌ ·¥Ï¥´¨° ¢ Ö¢´μ³ ¢¨¤¥.

�¥·¢Ò° ¨§ ´¨Ì ¶·¥¤²μ¦¥´ ¢ · ¡μÉ¥ [18], ´μ ²¨ÏÓ ¤²Ö ¸¨¸É¥³ ¨§ É·¥Ì
Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¸ ´Ê²¥¢Ò³ ¶μ²´Ò³ Ê£²μ¢Ò³ ³μ³¥´Éμ³. ‚ ÔÉμ³ ¸¶μ-
¸μ¡¥ ²μ¦´μ¥ ·¥Ï¥´¨¥ ¶μ²ÊÎ ¥É¸Ö ± ± ¢¶μ²´¥ μ¶·¥¤¥²¥´´Ò° ¶¥·¥¸É ´μ¢μÎ´Ò°
μ¡· § ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¨ £ ³¨²ÓÉμ´¨ ´  H0. �·μ¸Éμ¥ μ¡μ¡Ð¥´¨¥ É ±μ£μ
¶μ¤Ìμ¤  ± ¶μ¸É·μ¥´¨Õ ²μ¦´ÒÌ ·¥Ï¥´¨° ´  ¸²ÊÎ ° ´¥Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í
¸ ¶·μ¨§¢μ²Ó´Ò³ ¶μ²´Ò³ Ê£²μ¢Ò³ ³μ³¥´Éμ³ Ê¶μ³¨´ ²μ¸Ó ¢ μ¡§μ·¥ [14].

‚Éμ·μ° ¸¶μ¸μ¡ ¶μ¸É·μ¥´¨Ö ¢¸¥Ì ²μ¦´ÒÌ ·¥Ï¥´¨° Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢
¡¨¸Ë¥·¨Î¥¸±μ³ ¡ §¨¸¥ ¢ ±² ¸¸¥ Aε ¢ ¸ ³μ³ μ¡Ð¥³ ¸²ÊÎ ¥ ´¥Éμ¦¤¥¸É¢¥´´ÒÌ
Î ¸É¨Í ¨ ¶·μ¨§¢μ²Ó´μ£μ Ê£²μ¢μ£μ ³μ³¥´É  ¶·¥¤²μ¦¥´ ¢ ¸É ÉÓ¥ [19] ¨ ·¥ ²¨-
§Ê¥É¸Ö ·¥Ï¥´¨¥³ ±μ´¥Î´ÒÌ ¸¨¸É¥³ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°.

‹μ¦´Ò¥ ·¥Ï¥´¨Ö É·¥Ì³¥·´ÒÌ ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢ 
¥Ð¥ ´¥ ¨¸¸²¥¤μ¢ ²¨¸Ó. 	ÉμÉ ¶·μ¡¥² ¢μ¸¶μ²´Ö¥É ´ ¸ÉμÖÐ Ö · ¡μÉ . ‚ ´¥° ¸´ -
Î ²  ¢Ò¢μ¤ÖÉ¸Ö É·¥Ì³¥·´Ò¥ ¤¨ËË¥·¥´Í¨ ²Ó´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ ¶·¥¤-
¸É ¢²¥´¨¨ ¶μ²´ÒÌ Ê£²μ¢μ£μ ³μ³¥´É  ¨ ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨, § É¥³ μ¶¨-
¸Ò¢ ¥É¸Ö ¶·¥¤² £ ¥³Ò° ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö ²μ¦´ÒÌ ·¥Ï¥´¨° É ±¨Ì Ê· ¢´¥´¨°
¢ Ö¢´μ³ ¢¨¤¥ ¨ ¶·¨¢μ¤ÖÉ¸Ö ¶·μ¸ÉÒ¥ ¶·¨³¥·Ò ¨¸¶μ²Ó§μ¢ ´¨Ö ²μ¦´ÒÌ ·¥Ï¥´¨°
¢ ± Î¥¸É¢¥ ÔÉ ²μ´´ÒÌ.
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Šμμ·¤¨´ ÉÒ. ‚ É·¥Ì³¥·´μ³ ±μμ·¤¨´ É´μ³ ¶·μ¸É· ´¸É¢¥ R3 Ë¨±¸¨·Ê¥³
¶· ¢ÊÕ ¤¥± ·Éμ¢Ê ¸¨¸É¥³Ê ±μμ·¤¨´ É S3 ¸ ´ ¶· ¢²ÖÕÐ¨³¨ ±μ¢ ·¨ ´É´Ò³¨
μ·É ³¨ e1, e2 ¨ e3 = e1 × e2 ¨ ´ Î ²Ó´μ° ÉμÎ±μ° O, ¸μ¢¶ ¤ ÕÐ¥° ¸ Í¥´É·μ³
³ ¸¸ ¨¸¸²¥¤Ê¥³μ° ¸¨¸É¥³Ò {p1, p2, p3} É·¥Ì Î ¸É¨Í p1, p2 ¨ p3 ¸ ³ ¸¸ ³¨
m1, m2 ¨ m3.

‚ ¸¨¸É¥³¥ S3 cÉ ´¤ ·É´Ò³ μ¡· §μ³ [2] ¢¢¥¤¥³ É·¨ (i = 1, 2, 3) ¶ ·Ò
¶·¨¢¥¤¥´´ÒÌ É·¥Ì³¥·´ÒÌ ¢¥±Éμ·μ¢ Ÿ±μ¡¨ xi, yi. ‚¥±Éμ·Ò xi ¨ yi μ¡Ñ¥¤¨´¨³
¢ ¤¢ÊÌ±μ³¶μ´¥´É´Ò° ¢¥±Éμ·-¸Éμ²¡¥Í (xi,yi)T ¨ ¢ Ï¥¸É¨³¥·´Ò° ¢¥±Éμ· ri ≡
(xi,yi) ∈ R6 ¸ μ¡ÒÎ´Ò³¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨³¨ ±μμ·¤¨´ É ³¨ (r, Ωi), £¤¥ r ≡
(x2

i + y2
i )1/2 Å £¨¶¥·· ¤¨Ê¸,   Ωi ≡ (x̂i, ŷi, ϕi) Å ´ ¡μ· ¨§ ¶ÖÉ¨ Ê£²μ¢:

x̂i ≡ (θxi , ϕxi) ¨ ŷi ≡ (θyi , ϕyi) Å ¶ ·Ò ¸Ë¥·¨Î¥¸±¨Ì Ê£²μ¢ ¢¥±Éμ·μ¢ xi, yi ¢
¸¨¸É¥³¥ S3,   ϕi ≡ arctg (yi/xi).

’ ±¨³ μ¡· §μ³, ¢ R6 ¨³¥ÕÉ¸Ö É·¨ (i = 1, 2, 3) Ö±μ¡¨¥¢¸±¨¥ ¨²¨ ¤¥± ·Éμ¢Ò
(〈ri| = 〈xi,yi|) ¨ É·¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨³ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ (〈ri| = 〈ri, Ωi|)
±μμ·¤¨´ É´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö. �¥·¥Ìμ¤ μÉ ¶·¥¤¸É ¢²¥´¨Ö 〈ri| ± ¤·Ê£μ³Ê ¶·¥¤-
¸É ¢²¥´¨Õ 〈rk|, k �= i, ´ §Ò¢ ¥É¸Ö ±¨´¥³ É¨Î¥¸±¨³ ¶·¥μ¡· §μ¢ ´¨¥³ [3,20] ¨
Ì · ±É¥·¨§Ê¥É¸Ö ±¨´¥³ É¨Î¥¸±¨³ Ê£²μ³:

γki ≡ gki arctg [ mj(m1 + m2 + m3)/mkmi ]1/2
. (5)

�μ μ¶·¥¤¥²¥´¨Õ É ±¨Ì Ï¥¸É¨ Ê£²μ¢, ¥¸²¨ (k, i) = (1, 2), (3, 1), (2, 3), Éμ

gki = −gik = 1, γki = −γik, 0 � γki � π/2,
∑
(k,i)

γki = π,
∑
(i,k)

γik = −π.

(6)
„²Ö ±· É±μ¸É¨ § ¶¨¸¨ ¶μ²μ¦¨³ γ ≡ γki, Ê ¢¸¥Ì ±μμ·¤¨´ É μ¶Ê¸É¨³ ¨´¤¥±¸

i,   ¨´¤¥±¸ k § ³¥´¨³ ÏÉ·¨Ìμ³. �Ê¸ÉÓ

r ≡ ri = (x,y) ≡ (xi,yi), r′ ≡ rk = (x′,y′) ≡ (xk,yk), (7)

Ω = (x̂, ŷ, ϕ) ≡ Ω(x̂i, ŷi, ϕi), Ω′ = (x̂′, ŷ′, ϕ′) ≡ Ωk = (x̂k, ŷk, ϕk),

u ¨ u′ Å ±μ¸¨´Ê¸Ò Ê£²μ¢ θ ¨ θ′ ³¥¦¤Ê ¢¥±Éμ· ³¨ x, y ¨ x′, y′,   uxx′ ¨
uyy′ Å ±μ¸¨´Ê¸Ò Ê£²μ¢ θxx′ ¨ θyy′ ³¥¦¤Ê ¢¥±Éμ· ³¨ x, x′ ¨ y, y′.

’ ± ± ± ¸Éμ²¡ÍÒ (x,y)T ¨ (x′,y′)T ±¨´¥³ É¨Î¥¸±¨ ¸¢Ö§ ´Ò:

(
x′

y′

)
= −

(
+c s
−s c

) (
x
y

)
, c ≡ cos γ, s ≡ sin γ, (8)

Éμ ¢¸¥ £¨¶¥·Ê£²Ò ´ ¡μ·  Ω′ ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ËÊ´±Í¨Ö³¨ Ω′ = Ω′(Ω; γ)
¶ · ³¥É·  γ ¨ £¨¶¥·Ê£²μ¢ ´ ¡μ·  Ω. �μ Éμ° ¦¥ ¶·¨Î¨´¥ ¤²¨´Ò x′ ¨ y′

¢¥±Éμ·μ¢ x′ ¨ y′, Ê£²Ò θ′, ϕ′ ¨ ±μ¸¨´Ê¸Ò uxx′ ¨ uyy′ ´¥É·Ê¤´μ ¢Ò· §¨ÉÓ ± ±
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ËÊ´±Í¨¨ ¶ · ³¥É·  γ, ¤²¨´ x, y ¢¥±Éμ·μ¢ x, y ¨ Ê£²  θ ¨²¨ ¦¥ ± ± ËÊ´±Í¨¨
£¨¶¥·· ¤¨Ê¸  r, Ê£²  ϕ ¨ ±μ¸¨´Ê¸  u. ‚ ¶¥·¥³¥´´ÒÌ q = (x, y, θ) ¨³¥¥³

x′(q; γ) =
[
(cx)2 + 2cs xy cos θ + (sy)2

]1/2
, (9)

y′(q; γ) =
[
(cx)2 − 2cs xy cos θ + (sy)2

]1/2
,

θ′(q; γ) = arccos
{[

(c2 − s2)xy cos θ − cs (x2 − y2)
]
/[x′(q; γ)y′(q; γ)]

}
uxx′(q; γ) ≡ cos θxx′ = −( cx + sy cos θ )/x′(q; γ),
uyy′(q; γ) ≡ cos θyy′ = ( sx cos θ − cy )/y′(q; γ),

  ¢ ¶¥·¥³¥´´ÒÌ q = (r, ϕ, u) Å

x′(q; γ) = r
[
(c cosϕ)2 + cs u sin 2ϕ + (s sin ϕ)2

]1/2
, (10)

y′(q; γ) = r
[
(c cosϕ)2 − cs u sin 2ϕ + (s sin ϕ)2

]1/2
,

ϕ′(q; γ) = arccos
{
[cos(γ − ϕ)]2 + cs (u − 1) sin 2ϕ

}1/2

u′(q; γ) ≡ cos θx′y′ =
[
(c2 − s2)u sin 2ϕ − 2cs cos 2ϕ

]
/ sin 2ϕ′(q; γ),

uxx′(q; γ) ≡ cos θxx′ = −( c cosϕ + s u sinϕ )/ cosϕ′(q; γ),
uyy′(q; γ) ≡ cos θyy′ = ( s u cosϕ − c sin ϕ )/ sin ϕ′(q; γ).

�·¥¤¶μ²μ¦¨³, ÎÉμ u �= ±1. ‚¢¥¤¥³ ¢ R3 ¤¢¥ (t = x, y) ¶· ¢Ò¥, ¤¥± ·Éμ¢Ò
¨ ®¶μ¤¢¨¦´Ò¥¯ ¸¨¸É¥³Ò ±μμ·¤¨´ É St

3 ¸ μ·É ³¨ et
1, e

t
2, e

t
3. �Ê¸ÉÓ ´ Î ²Ó´Ò¥

ÉμÎ±¨ Ox, Oy ¨ O ¸¨¸É¥³ Sx
3 , Sy

3 ¨ S3 ¸μ¢¶ ¤ ÕÉ ¨

y · ex
1 > 0, y · ex

2 = 0, x · ex
3 = x; x · ey

1 < 0, x · ey
2 = 0, y · ey

3 = y.

’μ£¤  μ·ÉÒ ex
2 ¨ ey

2 ±μ²²¨´¥ ·´Ò ´μ·³ ²¨ N ≡ x × y ± ¶²μ¸±μ¸É¨ P É·¥Ì
Î ¸É¨Í ¨ ÔÉ  ¶²μ¸±μ¸ÉÓ ¸μ¢¶ ¤ ¥É ¸ ¶²μ¸±μ¸ÉÖ³¨ Pt

13 μ·Éμ¢ et
1 ¨ et

3, t = x, y.
‘¨¸É¥³  Sy

3 ¶μ²ÊÎ ¥É¸Ö ¶μ¢μ·μÉμ³ ¸¨¸É¥³Ò Sx
3 ¢μ±·Ê£ μ·É  ex

2 = ey
2 ´ 

Ê£μ² θ ³¥¦¤Ê ¢¥±Éμ· ³¨ x ¨ y. ’ ± ± ± ¢ S3 μ·¨¥´É Í¨Ö ÔÉ¨Ì ¢¥±Éμ·μ¢ § ¤ ´ 
Ê£² ³¨ x̂ = (θx, ϕx) ¨ ŷ = (θy, ϕy),   ¢ St

3 Å Ê£² ³¨ x̂t ¨ ŷt:

x̂t = (θx
x , ϕx

x) = (0, 0), ŷt = (θx
y , ϕx

y) = (θ, 0), t = x; (11)

x̂t = (θy
x, ϕy

x) = (θ, π), ŷt = (θy
y , ϕy

y) = (0, 0), t = y,

Éμ ¶¥·¥Ìμ¤ S3 → St
3 μ¶·¥¤¥²Ö¥É¸Ö Ê£² ³¨ 	°²¥·  [5] ωt = (ϕt, θt, γ

t), £¤¥

cos γt = ctg θ cos θt − cosec θ cos θt′ , t, t′ = x, y, t′ �= t.

‚¸²¥¤¸É¢¨¥ (8) ¨ (11) ¢ ¸¨¸É¥³ Ì Sx
3 ¨ Sy

3 ¢¥±Éμ·Ò x′ ¨ y′ ¨³¥ÕÉ Ê£²Ò

(x̂′)x = (θx
x′ , ϕx

x′) = (θxx′ , ϕx
x′), ϕx

x′ = π(sign γ + 1)/2,

(ŷ′)x = (θx
y′ , ϕx

y′) = (θ, π) ; (12)

(x̂′)y = (θy
x′ , ϕ

y
x′) = (θyx′ , 0) ,

(ŷ′)y = (θy
y′ , ϕ

y
y′) = (θyy′ , ϕy

y′), ϕy
y′ = π(sign γ + 1)/2.
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“£²μ¢Ò¥ ¡ §¨¸Ò. ‚ ± Î¥¸É¢¥ Ê£²μ¢ÒÌ ¡ §¨¸´ÒÌ ËÊ´±Í¨° [5] ¢ § ¤ Î¥ É·¥Ì
Î ¸É¨Í ´ ¨¡μ²¥¥ Î ¸Éμ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨

Ycδ(q̂) = (2π)−1/2 exp(iδϕq)Θcδ(cos θq), q̂ = x̂, ŷ, (13)

¡¨¸Ë¥·¨Î¥¸±¨¥ £¨¶¥·£ ·³μ´¨±¨

〈x̂, ŷ|
mab〉 ≡ Y�m
ab (x̂, ŷ) ≡

∑
α

C�m
aαbβ Yaα(ŷ)Ybβ(x̂), (14)

£¨¶¥·£ ·³μ´¨±¨

Y �m
Lab(Ω) ≡ WLab(ϕ)Y�m

ab (x̂, ŷ), (15)

WLab(ϕ) ≡ NLab (sin ϕ)a (cos ϕ)b P (a+1/2,b+1/2)
n (cos 2ϕ),

D-ËÊ´±Í¨¨ ‚¨£´¥·  D�∗
mm′ ¨ Dσ-ËÊ´±Í¨¨ [21]:

D�σ∗
mn′(ωt) ≡

[
2
 + 1

16π2(1 + δn′0)

]1/2 [
D�∗

mn′(ωt) + σ(−1)�−n′
D�∗

m,−n′(ωt)
]
.

(16)
‚ Ëμ·³Ê² Ì (14)Ä(16) μ¡μ§´ Î¥´¨Ö ¸É ´¤ ·É´Ò¥: Θaα Å ´μ·³¨·μ¢ ´´Ò¥ ¶·¨-

¸μ¥¤¨´¥´´Ò¥ ¶μ²¨´μ³Ò ‹¥¦ ´¤· , P
(a,b)
n Å ¶μ²¨´μ³Ò Ÿ±μ¡¨ ¨ C�m

aαbβ Å
±μÔËË¨Í¨¥´ÉÒ Š²¥¡Ï Äƒμ·¤ ´ , NLab Å ¨§¢¥¸É´Ò¥ ³´μ¦¨É¥²¨, δab Å ¸¨³-
¢μ² Š·μ´¥±¥· ;   ¨´¤¥±¸Ò ³μ£ÊÉ ¶·¨´¨³ ÉÓ Éμ²Ó±μ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö:


 = 0, 1, . . . ; m = −
,−
 + 1, . . . , 
; |a − b| ≤ 
 ≤ a + b;
L = a + b + 2n, n = 0, 1, . . . ; α = −a,−a + 1, . . . a;
σ = ± (−1)�, μ(σ) ≡ [1 − (−1)�σ]/2, n′ = μ(σ), μ(σ) + 1, . . . , 
.

‘¨¸É¥³  Sy
3 ¶μ²ÊÎ ¥É¸Ö ¶¥·¥Ìμ¤μ³ S3 → Sx

3 → Sy
3 , ¶·¨Î¥³ ¢Éμ·μ° ¶¥-

·¥Ìμ¤ Å ¶μ¢μ·μÉ ¸¨¸É¥³Ò Sx
3 ´  Ê£μ² θ ¢μ±·Ê£ μ·É  ex

2 . �μÔÉμ³Ê ¨¸¶μ²Ó§ÊÖ
¨§¢¥¸É´ÊÕ Ëμ·³Ê²Ê, μ¶¨¸Ò¢ ÕÐÊÕ ·¥§Ê²ÓÉ¨·ÊÕÐ¨° ¶μ¢μ·μÉ [5], ¶μ²ÊÎ ¥³

D�σ∗
mm′(ωt) =

�∑
m′′=μ(σ)

D�σ∗
mm′′(ωq) d�σt

m′′m′(u), t �= q = x, y; (17)

d�σt
m′′m′(u) ≡

[
2
 + 1

16π2(1 + δm′0)

]1/2

D�σ∗
m′′m′(0, θ, 0)

{
(−1)m′+m′′

, t = x,
1, t = y.

�¨¸Ë¥·¨Î¥¸±¨¥ £ ·³μ´¨±¨ (14) Å ¨§¢¥¸É´Ò¥ ¸Ê³³Ò [25] ¶μ Dσ-ËÊ´±Í¨Ö³:

Y�m
ab (x̂, ŷ) =

�∑
m′=μ(σ)

〈D�σ∗
mm′(ωt)|Y�m

ab (x̂, ŷ)〉D�σ∗
mm′(ωt), (18)

6



£¤¥

〈D�σ∗
mm′(ωt)|Y�m

ab (x̂, ŷ)〉 =
{

T �m′

ab Θam′(u), t = x,

(−1)m′
T �m′

ba Θbm′(u), t = y,
(19)

  T �m′

ab Å ±μÔËË¨Í¨¥´ÉÒ —¥´£ Ä” ´μ [22]:

T �m′

ab ≡
{

[1 + σ(−1)a+b]/[1 + δm′0]
}1/2

(−1)a+m′
Cb0

a−m′�m′ . (20)

Š ± ¨§¢¥¸É´μ [3, 23, 24], ²Õ¡ Ö £¨¶¥·£ ·³μ´¨±  Y �m
La′b′ , § ¢¨¸ÖÐ Ö μÉ £¨-

¶¥·Ê£²μ¢ Ω′, ¢Ò· ¦¥´´ÒÌ Î¥·¥§ £¨¶¥·Ê£²Ò Ω ¨ ±¨´¥³ É¨Î¥¸±¨° Ê£μ² γ, ¶·¥¤-
¸É ¢¨³  ¢ ¢¨¤¥ ±μ´¥Î´μ° ¸Ê³³Ò

Y �m
La′b′(Ω

′(Ω; γ)) = Y �m
La′b′(Ω

′(Ω; γ)) =
∑
ab

〈ab|K(γ)|a′b′〉L� Y �m
Lab(Ω), (21)

¢ ±μÉμ·μ° ±μÔËË¨Í¨¥´ÉÒ �¥°´ ² Ä�¥¢ ¨ 〈ab|K(γ)|a′b′〉L� ¶μ¤Î¨´ÖÕÉ¸Ö ¸μμÉ-
´μÏ¥´¨Ö³ Ê´¨É ·´μ¸É¨:

∑
ab

〈a′b′|K(γ)|ab〉L� 〈ab|K(−γ)|a′′b′′〉L� = δa′a′′ δb′b′′ , (22)

¨ Ëμ·³Ê²¥ ¸²μ¦¥´¨Ö:

〈a′b′|K(γ1 + γ2)|a′′b′′〉L� = (−1)L
∑
ab

〈a′b′|K(γ1)|ab〉L� 〈ab|K(γ2)|a′′b′′〉L�.

(23)
�μÔÉμ³Ê É·¥Ì³¥·´Ò¥ ¢¥±Éμ·-¸Éμ²¡ÍÒ

Y�mg
Lab ≡

(
Y �mg

Lab (Ω1), Y
�mg
Lab (Ω2), Y

�mg
Lab (Ω3)

)T

, g = u, s, v,

¸ ±μ³¶μ´¥´É ³¨

Y �mu
Lab (Ωi) ≡ (1/3)YLab(Ωi) + (1/3)

∑
k �=i

∑
a′b′

〈a′b′|K(γki)|ab〉L� YLa′b′(Ωi),

Y �ms
Lab (Ωi) ≡ Y �m

Lab(Ωi) − Y �mu
Lab (Ωi) , (24)

Y �mv
Lab (Ωi) ≡

∑
k �=i

sign γki

∑
a′b′

〈a′b′|K(γki)|ab〉L� Y �m
La′b′(Ωi), i = 1, 2, 3,

¢ μ¡Ð¥³ ¸²ÊÎ ¥ μ·Éμ´μ·³¨·μ¢ ´Ò:

〈Y�mg
Lab |Y

�mg
L′a′b′〉 = δLL′δaa′δbb′ δgg′ , g = u, s, v; g′ = u, s, v. (25)

…¸²¨ ³ ¸¸Ò É·¥Ì Î ¸É¨Í · ¢´Ò, Éμ ËÊ´±Í¨¨ Y �mu
Lab ¸ Î¥É´Ò³ ¨²¨ ´¥Î¥É´Ò³

¨´¤¥±¸μ³ b Å ¨§¢¥¸É´Ò¥ ¢ ³¥Éμ¤¥ £¨¶¥·£ ·³μ´¨± [23] ¸¨³³¥É·¨Î´Ò¥ (Y �m+
Lab )
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¨²¨  ´É¨¸¨³³¥É·¨Î´Ò¥ (Y �m−
Lab ) μÉ´μ¸¨É¥²Ó´μ ²Õ¡ÒÌ ¶¥·¥¸É ´μ¢μ± Î ¸É¨Í

£¨¶¥·£ ·³μ´¨±¨:

Y �m±
Lab (Ωi) ≡ (1/3)

∑
a′b′

[ δaa′ δbb′ + 2 〈a′b′|K(π/3)|ab〉L� ] Y �m
La′b′(Ωi), (26)

£¤¥ b ¨ b′ Å μ¤´μ¢·¥³¥´´μ Î¥É´Ò¥ ¨²¨ ´¥Î¥É´Ò¥, ¥¸²¨ ¡¥·¥É¸Ö §´ ± ¶²Õ¸
¨²¨ ³¨´Ê¸; ËÊ´±Í¨¨ Y �ms

Lab ´¥ μ¡² ¤ ÕÉ É ±μ° ¸¨³³¥É·¨¥°; ËÊ´±Í¨¨ Y �mv
Lab Å

É·¨¢¨ ²Ó´Ò¥: Y �mv
Lab (Ωi ≡ 0, ∀Ωi.

�¶¥· Éμ·Ò. �Ê¸ÉÓ lx ¨ ly Å μ¶¥· Éμ·Ò Ê£²μ¢ÒÌ ³μ³¥´Éμ¢, ¸μ¶·Ö¦¥´´Ò¥
¢¥±Éμ· ³ x ¨ y,   l ≡ lx + ly = l1e1 + l2e2 + l3e3 ¨ L Å μ¶¥· Éμ·Ò ¶μ²´μ£μ
Ê£²μ¢μ£μ ³μ³¥´É  ¨ £¨¶¥·³μ³¥´É  ¨, ´ ±μ´¥Í, P Å μ¶¥· Éμ· ¨´¢¥·¸¨¨ r =
(x,y) → −r = (−x,−y).

�É³¥É¨³, ÎÉμ Dσ-ËÊ´±Í¨¨, ¢ μÉ²¨Î¨¥ μÉ D-ËÊ´±Í¨¨ ‚¨£´¥·  D�∗
mm′ ,

Ö¢²ÖÕÉ¸Ö ¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ μ¶¥· Éμ·  ¨´¢¥·¸¨¨: (P − σ)D�σ∗
mm′ = 0,

  ¸μ¡¸É¢¥´´μ¥ Î¨¸²μ σ μ¡ÒÎ´μ ´ §Ò¢ ¥É¸Ö ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸ÉÓÕ.
„²Ö ¸¢μ¡μ¤´μ£μ £ ³¨²ÓÉμ´¨ ´  H0 ¢¥·´Ò ¤¢  (t = x, y) ¶·¥¤¸É ¢²¥´¨Ö:

H0(x,y) =
∑
�mσ

m+1∑
m′′=m−1

|D�σ∗
mm′′(ωt)〉H�σt

0m′′m(x, y, θ) 〈D�σ∗
mm′′(ωt)|. (27)

„μ± § É¥²Ó¸É¢μ ¢ ¸²ÊÎ ¥ t = x, ±μ£¤  Sx Å ¶μ¤¢¨¦´ Ö ¸¨¸É¥³ , ¤¥É ²Ó´μ
μ¶¨¸ ´μ ¢ μ¡§μ·¥ [21] ¨ μ¸´μ¢ ´μ ´  ¶·¥¤¸É ¢²¥´¨¨ lx = l − ly. ‚ ¸²ÊÎ ¥
t = y, ±μ£¤  Sy Å ¶μ¤¢¨¦´ Ö ¸¨¸É¥³ , ¤μ± § É¥²Ó¸É¢μ ¤ ¥É¸Ö  ´ ²μ£¨Î´Ò³
¸¶μ¸μ¡μ³, ´μ ¨¸¶μ²Ó§Ê¥É¸Ö ¶·¥¤¸É ¢²¥´¨¥ ly = l − lx. ‚ μ¡μ¨Ì (t = x, y)
¸²ÊÎ ÖÌ

H�σt
0mm(x, y, θ) = −∂2

x − (2/x)∂x − ∂2
y − (2/y)∂y +

+ (r/xy)2 Qmm(θ) + [
(
 + 1) − m2]/t2 , (28)

H�σt
0mm′(x, y, θ) = (γ�σ

mm′/t2)Qmm′(θ), m′ = m ± 1;

£¤¥ ¤²Ö ¸μ±· Ð¥´¨Ö § ¶¨¸¨ ¢¢¥¤¥´Ò ±μÔËË¨Í¨¥´ÉÒ

γ�σ
m′,m′+1 ≡

{[
1 + δm′0 σ (−1)�

]
[
(
 + 1) − m′(m′ + 1)]

}1/2
,

γ�σ
m′,m′−1 ≡ (1 − δm′0)

{[
1 + δm′1 σ (−1)�

]
[
(
 + 1) − m′(m′ − 1)]

}1/2

¨ μ¶¥· Éμ·Ò

Qm′m′ ≡ − 1
sin θ

∂θ(sin θ ∂θ) +
(

m′

sin θ

)2

, (29)

Qm′,m′±1 ≡ ∓∂θ + (m′ ∓ 1) ctg θ.
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‚ ±μμ·¤¨´ É Ì x, y ¨ u ≡ cos θ μ¶¥· Éμ·Ò H�σt
0mm′ , m′ = m, m ± 1,

¤¥°¸É¢ÊÕÉ ´  ²Õ¡ÊÕ ËÊ´±Í¨Õ (xy sin θ)−1 f ¶μ ¶· ¢¨² ³

[
H�σt

0mm′(x, y, u)(xy sin θ)−1 + (xy sin θ)−1H̃�σt
0mm′(x, y, u)

]
f(x, y, u) = 0,

H̃�σt
0mm(x, y, u) ≡ ∂2

x + ∂2
y + [(x2 + y2)/(xy)2] Q̃mm(u) +

m2 − 
(
 + 1)
t2

,

H̃�σt
0mm′(x, y, u) ≡ [γ�σ

mm′/t2]Q̃mm′(u),

Q̃mm(u) ≡ (1 − u2)∂2
u +

1 − m2

1 − u2
,

Q̃m′,m′±1(u) = (1 − u2)1/2

(
∓∂u − m′u

1 − u2

)
,

(30)

  ±μμ·¤¨´ É Ì r, ϕ ¨ u Å ¶μ ¶· ¢¨² ³

[
H�σt

0mm′(r, ϕ, u)(xy sin θ)−1 + (xy sin θ)−1H̃�σt
0mm′(r, ϕ, u)

]
f(r, ϕ, u) = 0,

H̃�σt
0mm(r, ϕ, u) ≡ ∂2

r + r−1∂r − (2/ sin 2ϕ)2 Q̃mm(u) +
m2 − 
(
 + 1)

(qr)2
,

H̃�σt
0mm′(r, ϕ, u) ≡ [γ�σ

mm′/(rq)2] Q̃mm′(u),

(31)

£¤¥ q = cosϕ ¶·¨ t = x ¨ q = sin ϕ ¶·¨ t = y.
‚ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ [1] ¸¢μ¡μ¤´Ò³ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥·  ¤²Ö ¸¨-

¸É¥³Ò {p1, p2, p3} É·¥Ì Î ¸É¨Í ´ §Ò¢ ¥É¸Ö Ê· ¢´¥´¨¥

H0(r)Ψ(r) = E Ψ(r), r ∈ R6, (32)

£¤¥ Î¨¸²μ E Å ¶μ²´ Ö Ô´¥·£¨Ö ¸¨¸É¥³Ò,   Ψ Å μÉ¢¥Î ÕÐ Ö ¥¥ ¸μ¡¸É¢¥´´ Ö
ËÊ´±Í¨Ö ¸¢μ¡μ¤´μ£μ £ ³¨²ÓÉμ´¨ ´  H0.

�μ μ¶·¥¤¥²¥´¨Õ ¢ ¶·¥¤¸É ¢²¥´¨¨ 〈r| = 〈x,y|

H0(x,y) ≡ −�x −�y = (33)

= −x−2∂x(x2∂x) − y−2∂y(y2∂y) + x−2l2x(x̂) + y−2l2y(ŷ),

  ¢ ¶·¥¤¸É ¢²¥´¨¨ 〈r| = 〈r, Ω|

H0(r, Ω) = −r−5∂r(r5∂r) + r−2L2(Ω). (34)

�£· ´¨Î¥´´μ¥ ¢¸Õ¤Ê ¢ R6 ·¥Ï¥´¨¥ Ψ Ê· ¢´¥´¨Ö (32) ´ §Ò¢ ÕÉ ·¥£Ê-
²Ö·´Ò³,   Éμ¦¤¥¸É¢¥´´μ · ¢´μ¥ ´Ê²Õ Å É·¨¢¨ ²Ó´Ò³. Š ± ¨§¢¥¸É´μ, ²Õ¡ Ö
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£¨¶¥·£ ·³μ´¨±  Y �m
Lab Ö¢²Ö¥É¸Ö ¸μ¡¸É¢¥´´μ° ËÊ´±Í¨¥° μ¶¥· Éμ·  H0. �μÔÉμ³Ê

ËÊ´¤ ³¥´É ²Ó´μ¥ ·¥Ï¥´¨¥ Ψ = Ψε
0 Ê· ¢´¥´¨Ö (32)

Ψε
0(r) = r−2 ZL+2(z)Y �m

Lab(Ω), z ≡ r
√

E, ε = {L, a, b, 
, m, σ}, (35)

μ¡² ¤ ¥É É¥³ ¦¥ ´ ¡μ·μ³ ±¢ ´Éμ¢ÒÌ Î¨¸¥² ε, ÎÉμ ¨ £¨¶¥·£ ·³μ´¨±  Y �m
Lab ¨

¸μ¤¥·¦¨É ·¥Ï¥´¨¥ Zν , ν = L + 2, Ê· ¢´¥´¨Ö �¥¸¸¥²Ö
(
z2 ∂2

z + z ∂z + z2 − ν2
)
Zν(z) = 0. (36)

‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ E < 0 ´¥ ¸ÊÐ¥¸É¢Ê¥É ´¨± ±μ£μ ·¥£Ê²Ö·´μ£μ ·¥Ï¥´¨Ö Ψ,
μÉ²¨Î´μ£μ μÉ É·¨¢¨ ²Ó´μ£μ,   ¶·¨ E ≥ 0 ËÊ´¤ ³¥´É ²Ó´μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥-
´¨¥ ¤ ¥É¸Ö Ëμ·³Ê²μ° (35), ¢ ±μÉμ·μ° ZL+2 Å ·¥£Ê²Ö·´ Ö ËÊ´±Í¨Ö �¥¸¸¥²Ö
JL+2. ‹Õ¡μ¥ ·¥£Ê²Ö·´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (32) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ²¨´¥°-
´μ° ±μ³¡¨´ Í¨¥° ËÊ´±Í¨° (35) ¨ ´¥±μÉμ·ÒÌ ±μÔËË¨Í¨¥´Éμ¢ BL

ab. � ¶·¨³¥·,
·¥Ï¥´¨¥ Ψ = Ψε

0 ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ ε = {L, 
, m, σ} Å ¸Ê³³ 

Ψε
0(r) = r−2 JL+2(z)

∑
ab

BL
ab Y �m

Lab(Ω) , (−1)a+b = σ, (37)

 , ·¥Ï¥´¨¥ Ψε ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ ε = {
, m, σ} Å ·Ö¤

Ψε
0(r) = r−2

∑
L

∑
ab

BL
ab JL+2(z)Y �m

Lab(Ω). (38)

2. ’�…•Œ…��›… “��‚�…�ˆŸ ”�„„……‚�

�Ê¸ÉÓ ¶· ¢Ò¥ ¤¥± ·Éμ¢Ò ¨ ®¶μ¤¢¨¦´Ò¥¯ ¸¨¸É¥³Ò ±μμ·¤¨´ É Sx′

3 ¨ Sy′

3

¶μ²ÊÎ¥´Ò ¶μ¢μ·μÉ ³¨ ¸¨¸É¥³Ò S3 Ê£²Ò 	°²¥·  ωx′
= (ϕx′ , θx′ , γx′

) ¨ ωy′
=

(ϕy′ , θy′ , γy′
), £¤¥

cos γt = ctg θ cos θt − cosec θ cos θt′ , t �= t′ = x′, y′,

¨²¨ ¦¥ ± ± ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¤¢ÊÌ ¶μ¢μ·μÉμ¢ S3 → Sx
3 → Sx′

3 ¨ S3 →
Sy

3 → Sy′

3 , ¢Éμ·Ò¥ ¨§ ±μÉμ·ÒÌ Å ¶μ¢μ·μÉÒ ¸¨¸É¥³ Sx
3 ¨ Sy

3 , ¸μμÉ¢¥É¸É¢¥´´μ
´  Ê£²Ò θxx′ ¨ θyy′ ¢μ±·Ê£ ±μ²²¨´¥ ·´ÒÌ μ·Éμ¢ ex

2 ¨ ey
2 . �μÔÉμ³Ê ¤²Ö ËÊ´±Í¨¨

D�σ∗
mm′(ωt′), t′ = x′, y′, μ¶¨¸Ò¢ ÕÐ¨Ì ·¥§Ê²ÓÉ¨·ÊÕÐ¨° ¶μ¢μ·μÉ, ¨³¥¥É ³¥¸Éμ

· §²μ¦¥´¨¥ É¨¶  (17):

D�σ∗
mm′(ϕt′ , θt′ , γ

t′) =
�∑

m′′=μ(σ)

D�σ∗
mm′′(ϕt, θt, γ

t) d�σ∗
m′′m′(utt′), (39)

£¤¥ t = x ¨ t′ = x′ ¨²¨ t = y ¨ t′ = y′ ¨, ± ± ¨ ¶·¥¦¤¥, utt′ ≡ cos θtt′ .
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„ ²¥¥ ¢³¥¸Éμ ¶·¨´ÖÉÒÌ · ´¥¥ ¸μ±· Ð¥´´ÒÌ μ¡μ§´ Î¥´¨° x ≡ xi, y ≡ yi

¨ x′ ≡ xk, y′ ≡ yk , u, u′ ¶·¨¤¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¶μ²´Ò¥ μ¡μ§´ Î¥´¨Ö ¸ ¨´¤¥±-
¸ ³¨. „²Ö t = x, y ¶μ²μ¦¨³ ωt

i ≡ (ϕti , θti , γ
t
i ) = ωt ¨ ut

ik ≡ cos θt
ik, ¶μÔÉμ³Ê

ux
ik = uxx′ ,   uy

ik = uyy′ . ‘Éμ¨É μ¸μ¡μ μÉ³¥É¨ÉÓ, ÎÉμ ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²Ê-
Î ¥ Í¥´É· ²Ó´ÒÌ ¶ ·´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° ¶μ²´Ò° £ ³¨²ÓÉμ´¨ ´ H ¸¨¸É¥³Ò
É·¥Ì Î ¸É¨Í ¢¸¥£¤  ±μ³³ÊÉ¨·Ê¥É ¸ É·¥³Ö μ¶¥· Éμ· ³¨ l2, l3 ¨ P . �μÔÉμ³Ê
¶μ²´Ò° ´ ¡μ· ε ¸μÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥² ¸μcÉμ¨É ¨§ ¸μ¡¸É¢¥´´ÒÌ
§´ Î¥´¨° ÔÉ¨Ì É·¥Ì μ¶¥· Éμ·μ¢ ε = {
, m, σ}.

“· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ D-¡ §¨¸¥. ‚ · ¡μÉ¥ [4] ·¥Ï¥´¨Ö {Ψε
1, Ψ

ε
2, Ψ

ε
3},

ε = {
, m}, Ê· ¢´¥´¨° ” ¤¤¥¥¢  (2) · ¸±² ¤Ò¢ ²¨¸Ó ¶μ D-ËÊ´±Í¨Ö³ ¨ ¨¸-
¶μ²Ó§μ¢ ²¨¸Ó Éμ²Ó±μ ¸¨¸É¥³Ò Sxi

3 :

Ψε
i (ri) =

�∑
m′=−�

Ψ�m
im′(qi)D�

mm′(ωx
i ), qi = (xi, yi, θi), i = 1, 2, 3. (40)

�μÔÉμ³Ê ¢¶¥·¢Ò¥ ¢Ò¢¥¤¥´´Ò¥  ¢Éμ· ³¨ Ê· ¢´¥´¨Ö

m′+1∑
m′′=m′−1

[
H�

m′m′′(qi) + δm′m′′(Vi(xi) − E)
]
Ψ�m

im′′(qi) = (41)

= −Vi(xi)
∑
k �=i

�∑
m′′=−�

D�
m′m′′(0, θx

ki, 0)Ψ�m
km′′(qk(qi; γki))

Ö¢²ÖÕÉ¸Ö Ê· ¢´¥´¨Ö³¨ ” ¤¤¥¥¢  ¢ D-¡ §¨¸¥ ¨²¨ ¦¥ ¢ ¶·¥¤¸É ¢²¥´¨¨ ¶μ²´μ£μ
Ê£²μ¢μ£μ ³μ³¥´É . �·¨ ¤ ´´μ³ 
 > 0 ¢ ÔÉ¨Ì Ê· ¢´¥´¨ÖÌ i = 1, 2, 3, ´μ m′ =
−
, . . . , 
, ¶μÔÉμ³Ê ¨Ì Î¨¸²μ · ¢´μ 3(2
 + 1),   ±μ³¶μ´¥´ÉÒ Ψε

i ¨ ¨Ì ¸Ê³³ 

Ψε ≡ Ψε
1 + Ψε

2 + Ψε
3 (42)

´¥ μ¡² ¤ ÕÉ μ¶·¥¤¥²¥´´μ° ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸ÉÓÕ σ.
“· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ Dσ-¡ §¨¸¥. ’ ± ± ± ¸μÌ· ´Ö¥É¸Ö ´ ¡μ· ±¢ ´Éμ¢ÒÌ

Î¨¸¥² ε = {
, m, σ}, Éμ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ³μ£ÊÉ ¨³¥ÉÓ ¢¸Õ¤Ê ·¥£Ê²Ö·´Ò¥ ¢
R6 ·¥Ï¥´¨Ö É ±¨¥, ÎÉμ ±μ³¶μ´¥´ÉÒ Ψi = Ψε

i ¨ ¨Ì ¸Ê³³  Ψ = Ψε Ö¢²ÖÕÉ¸Ö
¸μ¡¸É¢¥´´Ò³¨ ËÊ´±Í¨Ö³¨ μ¶¥· Éμ·μ¢ l2, l3 ¨ P .

‡ ¶¨Ï¥³ ¨¸±μ³Ò¥ ±μ³¶μ´¥´ÉÒ Ψi = Ψε
i ¢ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ -

É Ì ri = (r, Ωi) ± ± Dσ-·Ö¤Ò

Ψε
i (ri) = 2 [r2 sin 2ϕi (1 − u2

i )
1/2]−1

�∑
m′=μ(σ)

Uεt
im′(r, ϕi, ui)D�σ∗

mm′(ωt
i), (43)
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£¤¥ t = xi ¨²¨ t = yi ¶·¨ ± ¦¤μ³ i = 1, 2, 3,   ËÊ´±Í¨¨ Uεt
im′ ´ §Ò¢ ÕÉ¸Ö

¶·¨¢¥¤¥´´Ò³¨ Dσ-±μ³¶μ´¥´É ³¨. �·¨³¥´¨¢ ± ·Ö¤ ³ (43) ¶· ¢¨²  (9) ¨ (39),
´ Ìμ¤¨³ ¤²Ö ¨Ì ¸Ê³³Ò (42) É·¨ (i = 1, 2, 3) ¶·¥¤¸É ¢²¥´¨Ö ¢ ¢¨¤¥ Dσ-·Ö¤μ¢

Ψε(ri) = 2[r2 sin 2ϕi(1 − u2
i )

1/2]−1
�∑

m′=μ(σ)

Uεt
m′(qi)D�σ∗

mm′(ωt
i) , (44)

Uεt
m′(qi) ≡ Uεt

im′(qi) +
∑
k �=i

[
sin 2ϕi

sin 2ϕk(qi; γki)

] [
1 − u2

i

1 − u2
k(qi; γki)

]1/2

×

×
�∑

m′′=μ(σ)

d�σ
m′m′′(ut

ki)Uεt
km′′(qk(qi; γki)).

‚ ¨¸Ìμ¤´ÒÌ Ï¥¸É¨³¥·´ÒÌ Ê· ¢´¥´¨ÖÌ (2), § ¶¨¸ ´´ÒÌ ¢ ¸μ¡¸É¢¥´´ÒÌ ¶·¥¤¸É -
¢²¥´¨ÖÌ 〈ri| = 〈r, Ωi|, ¢¸¥ ¨¸±μ³Ò¥ ±μ³¶μ´¥´ÉÒ Ψi = Ψε

i ¨ ¨Ì ¸Ê³³Ê Ψ = Ψε

§ ³¥´¨³ Dσ-·Ö¤ ³¨ (43) ¨ (44). ‡ É¥³, ¨¸¶μ²Ó§ÊÖ ¸¢μ°¸É¢  (27) ¨ (31) μ¶¥· -
Éμ·  H0, ¸¶·μ¥Í¨·Ê¥³ ¶μ²ÊÎ¥´´Ò¥ Ê· ¢´¥´¨Ö ´  ¨Ì ¸μ¡¸É¢¥´´Ò¥ Dσ-¡ §¨¸Ò
¨ ¶μ²ÊÎ¨³ É·¥Ì³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  ¢ ±μμ·¤¨´ É Ì qi ≡ (r, ϕi, ui)

m′+1∑
m′′=m′−1

[
H̃�σt

0m′m′′(qi) + δm′m′′E
]
Uεt

im′′(qi) = Vi(r cosϕi)Uεt
m′(qi). (45)

�´ ²μ£¨Î´Ò³ ¸¶μ¸μ¡μ³ ·¥¤ÊÍ¨·Ê¥³ ¨¸Ìμ¤´Ò¥ Ê· ¢´¥´¨Ö (2), § ¶¨¸ ´´Ò¥
¢ ¸μ¡¸É¢¥´´ÒÌ ®¤¥± ·Éμ¢ÒÌ¯ ±μμ·¤¨´ É Ì ri = (xi,yi). � ¸¸³μÉ·¨³ ¤¢  ¢ -
·¨ ´É  ·¥¤Ê±Í¨¨. ‚ ¶¥·¢μ³ ¢ ·¨ ´É¥ ±μ³¶μ´¥´ÉÒ Ψε

i ¶·¥¤¸É ¢¨³ ·Ö¤ ³¨

Ψε
i (xi,yi) =

�∑
m′=μ(σ)

D�σ∗
mm′(ωt

i)Ψεt
im′(xi, yi, θi), (46)

  ¨Ì ¸Ê³³Ê (42) ¢Ò· §¨³ ¶μ ¶· ¢¨² ³ (39):

Ψε(qi) =
�∑

m′=μ(σ)

Ψεt
m′(qi)D�σ∗

mm′(ωt
i), qi = (xi, yi, θi), (47)

Ψεt
m′(qi) ≡ Ψεt

im′(qi) +
∑
k �=i

�∑
m′′=μ(σ)

d�σ∗
m′m′′(ut

ki)Ψεt
km′′ (qk(qi; γki)).

‚μ ¢Éμ·μ³ ¢ ·¨ ´É¥ ±μ³¶μ´¥´ÉÒ Ψε
i § ³¥´¨³ ·Ö¤ ³¨ É¨¶  (43):
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Ψε
i (xi,yi) =

[
xiyi(1 − u2

i )
1/2

]−1 �∑
m′=μ(σ)

D�σ∗
mm′(ωt

i)Uεt
im′(xi, yi, ui). (48)

  ¤²Ö ¨Ì ¸Ê³³Ò (42) ¶μ É¥³ ¦¥ ¶· ¢¨² ³ (39) ´ °¤¥³ ¶·¥¤¸É ¢²¥´¨¥

Ψε(qi) =
[
xiyi (1 − ui)1/2

]−1 �∑
m′=μ(σ)

Uεt
m′(qi)D�σ∗

mm′(ωt
i) , (49)

Uεt
m′(qi) ≡ Uεt

im′(qi) +
∑
k �=i

(xiyi/xkyk)
[
(1 − u2

i )/(1 − u2
k)

]1/2 ×

×
�∑

m′′=μ(σ)

d�σ∗
m′m′′(ut

ki)Uεt
km′′(qk(qi; γki)), qi ≡ (xi, yi, ui).

„ ²¥¥ § ³¥´¨³ ¢ Ê· ¢´¥´¨ÖÌ (2) ±μ³¶μ´¥´ÉÒ Ψi = Ψε
i ¨ ¨Ì ¸Ê³³Ê Ψ = Ψε

¶·¥¤¸É ¢¨³ ·Ö¤ ³¨ (46) ¨ (47) ¨²¨ ¦¥ ·Ö¤ ³¨ (48) ¨ (49). „²Ö ¶·μ¥Í¨-
·μ¢ ´¨Ö ¶μ²ÊÎ¥´´ÒÌ ¸μμÉ´μÏ¥´¨° ¨¸¶μ²Ó§Ê¥³ · ¢¥´¸É¢  (27)Ä(29) ¨²¨ ¦¥
· ¢¥´¸É¢  (27) ¨ (30). ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ±μ´¥Î´Ò¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨°: ¤²Ö
Dσ-±μ³¶μ´¥´É Ψεt

im′′(qi), qi ≡ (xi, yi, θi), Å ¸¨¸É¥³Ê

m′+1∑
m′′=m′−1

[
H�σt

0m′m′′(qi) − δm′m′′E
]
Ψεt

im′′(qi) = −Vi(xi)Ψεt
m′(qi), (50)

  ¤²Ö ¶·¨¢¥¤¥´´ÒÌ Dσ-±μ³¶μ´¥´É Uεt
im′′(qi), qi ≡ (xi, yi, ui), Å ¸¨¸É¥³Ê

m′+1∑
m′′=m′−1

[
H̃�σt

0m′m′′(qi) + δm′m′′E
]
Uεt

im′′(qi) = Vi(xi)Uεt
m′(qi). (51)

‚Ò¢¥¤¥´´Ò¥ ¸¨¸É¥³Ò Ê· ¢´¥´¨° (45), (50) ¨ (51) Ö¢²ÖÕÉ¸Ö ¸¨¸É¥³ ³¨
¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢ Dσ-¡ §¨¸¥ ¨²¨ ¢ ¶·¥¤¸É ¢²¥´¨¨
¶μ²´ÒÌ Ê£²μ¢μ£μ ³μ³¥´É  ¨ ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨. ’ ± ± ±
m′ = μ(σ), . . . , 
, Éμ Î¨¸²μ Ê· ¢´¥´¨° ± ¦¤μ° ¨§ ÔÉ¨Ì É·¥Ì ¸¨¸É¥³ · ¢´μ
3 [
 − μ(σ)] ¨ ¶·¨ t = x, ¨ ¢ ¸²ÊÎ ¥ t = y.

“· ¢´¥´¨Ö (45) ¢ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì (r, ϕi, ui) Ê¤μ¡´Ò ¤²Ö
¢Ò¢μ¤  ¨Ì ÉμÎ´ÒÌ ·¥Ï¥´¨° ¨ ¨¸¸²¥¤μ¢ ´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì · §²μ¦¥´¨°
¶ ·Í¨ ²Ó´ÒÌ ±μ³¶μ´¥´É Uεt

im′ ¢¡²¨§¨ ÉμÎ±¨ É·μ°´μ£μ Ê¤ ·  (r → 0),   ¸
¢ÒÎ¨¸²¨É¥²Ó´μ° ÉμÎ±¨ §·¥´¨Ö ¶·¨¢²¥± É¥²Ó´Ò É¥³, ÎÉμ ËÊ´±Í¨¨ d�σ∗

mm′ ´¥
§ ¢¨¸ÖÉ μÉ  ·£Ê³¥´É  r.
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Š ± μÉ³¥Î ²μ¸Ó ¢ ¸É ÉÓ¥ [25],  ´ ²¨§  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì · §²μ¦¥´¨° Ë ¤-
¤¥¥¢¸±¨Ì ±μ³¶μ´¥´É Ψε

i ¢¡²¨§¨ ÉμÎ±¨ ¸Éμ²±´μ¢¥´¨Ö (xi → 0 , yi > 0) ¤¢ÊÌ
Î ¸É¨Í pj ¨ pk μ± §Ò¢ ¥É¸Ö ¡μ²¥¥ ¶·μ¸ÉÒ³, ¥¸²¨ ¨¸¶μ²Ó§μ¢ ÉÓ Ê· ¢´¥´¨Ö (50),
t = y, ¢ ®¤¥± ·Éμ¢ÒÌ¯ ±μμ·¤¨´ É Ì qi = (xi, yi, θi).

3. ‹�†�›… �…˜…�ˆŸ

�μ μ¶·¥¤¥²¥´¨Õ ²μ¦´μ¥ ·¥Ï¥´¨¥ {S1, S2, S3} μ¡· Ð ¥É ¢ ´Ê²Ó ¨ ²¥¢ÊÕ
¨ ¶· ¢ÊÕ Î ¸É¨ Ê· ¢´¥´¨° ” ¤¤¥¥¢ :

[ H0(ri) − E ] Si(ri) = 0, i = 1, 2, 3; (52)

Si(ri) +
∑
k �=i

Sk(rk(ri; γki)) = 0, i = 1, 2, 3. (53)

�¸´μ¢´ Ö § ¤ Î  É ±μ¢ : ¤μ± § ÉÓ, ÎÉμ ¢ ²Õ¡μ³ ±² ¸¸¥ Aε, ε = {
, m, σ}
²μ¦´Ò¥ ·¥Ï¥´¨Ö ¸ÊÐ¥¸É¢ÊÕÉ ¢¸¥£¤ , ¨ ¶μ²ÊÎ¨ÉÓ Ö¢´Ò¥ ¢Ò· ¦¥´¨Ö ¢¸¥Ì ²μ¦-
´ÒÌ ·¥Ï¥´¨° Î¥·¥§ ±μÔËË¨Í¨¥´ÉÒ �¥°´ ² Ä�¥¢ ¨. Š²ÕÎ¥¢Ò³¨ ¤²Ö ¶·¥¤² -
£ ¥³μ£μ ´¨¦¥ ¤μ± § É¥²Ó¸É¢  ´¥É·¨¢¨ ²Ó´μ° ¸μ¢³¥¸É´μ¸É¨ ¸¨¸É¥³Ò Ê· ¢´¥-
´¨° (52), (53) ¢ ±² ¸¸¥ ËÊ´±Í¨° Aε ¡Ê¤ÊÉ ¸μμÉ´μÏ¥´¨Ö (21)Ä(23) ¨ ÉμÉ Ë ±É,
ÎÉμ ¢ ÔÉμ³ ±² ¸¸¥ ¨´¤¥±¸Ò a ¨ b ²Õ¡μ° ¡ §¨¸´μ° £¨¶¥·£ ·³μ´¨±¨ Y �m

Lab ¶·¨-
´¨³ ÕÉ ¢¸¥ ¤μ¶Ê¸É¨³Ò¥ ¶·¨ ¤ ´´ÒÌ L, 
 ¨ σ §´ Î¥´¨Ö. �É³¥É¨¢, ÎÉμ Î¨¸²μ
N = N(L, 
, σ) ¢¸¥Ì ¶ · (a, b) ÔÉ¨Ì ¨´¤¥±¸μ¢ ±μ´¥Î´μ ¨ § ¢¨¸¨É μÉ L, 
 ¨ σ,
¶·¨¸ÉÊ¶¨³ ± ¤μ± § É¥²Ó¸É¢Ê.

‚ ± Î¥¸É¢¥ ËÊ´¤ ³¥´É ²Ó´μ£μ ·¥Ï¥´¨Ö ± ¦¤μ£μ (i = 1, 2, 3) ¨§ Ê· ¢´¥-
´¨° (52) ¨¸¶μ²Ó§Ê¥³ ¸μμÉ¢¥É¸É¢ÊÕÐÊÕ ËÊ´±Í¨Õ

SL
i (ri) = ΨεL

0 (ri) = r−2 JL+2(r
√

E)
∑
ab

BL
iab Y �m

Lab(Ωi), (54)

£¤¥ ±μÔËË¨Í¨¥´ÉÒ BL
iab ¶μ±  ´¥ μ¶·¥¤¥²¥´Ò,   ¨´¤¥±¸Ò a ¨ b ¶·μ¡¥£ ÕÉ

¢¸¥ ¢μ§³μ¦´Ò¥ ¶·¨ ¤ ´´ÒÌ L, 
, m ¨ σ §´ Î¥´¨Ö. ‚¸²¥¤¸É¢¨¥ ¶· ¢¨²  (21)
¨§ ¢¸¥Ì ËÊ´±Í¨° (54) ¸¨¸É¥³¥ (53) Ê¤μ¢²¥É¢μ·ÖÕÉ Éμ²Ó±μ É¥ ËÊ´±Í¨¨, ÎÓ¨
±μÔËË¨Í¨¥´ÉÒ BL

iab ¶μ¤Î¨´ÖÕÉ¸Ö μ¤´μ·μ¤´μ° ¸¨¸É¥³¥ ²¨´¥°´ÒÌ Ê· ¢´¥´¨°

BL
iab +

∑
k �=i

∑
a′b′

〈ab|K(γki)|a′b′〉L� BL
ka′b′ = 0, i = 1, 2, 3. (55)

£¤¥ Î¨¸²μ ¶ · {a, b} ¨ ¶ · {a′, b′} · ¢´μ N . �μÔÉμ³Ê ³ É·¨Í  ML ÔÉμ° ¸¨-
¸É¥³Ò ¨³¥¥É ±μ´¥Î´ÊÕ · §³¥·´μ¸ÉÓ: dimML = 3N < ∞. „ ²¥¥, rankML =
N , ¶μÉμ³Ê ÎÉμ, ¡² £μ¤ ·Ö ¸¢μ°¸É¢ ³ (22) ¨ (23) μ¶¥· Éμ·  K , ¢¸¥ Ê· ¢´¥-
´¨Ö (55) Ê¤μ¢²¥É¢μ·ÖÕÉ¸Ö ¶·¨ ²Õ¡ÒÌ BL

2ab ¨ BL
3ab, ¥¸²¨ ¤²Ö ¢¸¥Ì a ¨ b ¶μ²μ-

¦¨ÉÓ

BL
1ab = −

3∑
k=2

∑
a′b′

〈ab|K(γk1)|a′b′〉L� BL
ka′b′ . (56)
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�μÔÉμ³Ê ¨¸¸²¥¤Ê¥³ Ö ¸¨¸É¥³  (55) ¨³¥¥É dimML − rankML = 2N ²¨´¥°´μ
´¥§ ¢¨¸¨³ÒÌ ·¥Ï¥´¨°. � °¤¥³ ¨Ì ´μ·³ ²Ó´ÊÕ ËÊ´¤ ³¥´É ²Ó´ÊÕ ¸μ¢μ±Ê¶-
´μ¸ÉÓ [26], ¶μ¸²¥¤μ¢ É¥²Ó´μ ¶μ² £ Ö ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ BL

2ab ¨ BL
3ab, ±·μ³¥

μ¤´μ£μ ¨§ ´¨Ì, · ¢´Ò³¨ ´Ê²Õ. ‘´ Î ²  ¤²Ö Ê¤μ¡¸É¢  § ¶¨¸¨ ¢¢¥¤¥³ ¸μ±· -
Ð¥´´Ò¥ μ¡μ§´ Î¥´¨Ö. �Ê¸ÉÓ {a, b}N

n=1 Å ´¥±μÉμ· Ö ¢Ò¡· ´´ Ö ¶μ¸²¥¤μ¢ -
É¥²Ó´μ¸ÉÓ ¢¸¥Ì · §´ÒÌ ¶ · {a, b} ¨´¤¥±¸μ¢ a ¨ b. �μ³¥· n ¨²¨ n′ Ô²¥³¥´É 
{a, b} ¨²¨ {a′, b′} ÔÉμ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¨¸¶μ²Ó§Ê¥³ ¤²Ö μ¡μ§´ Î¥´¨Ö ¸μ-
¢μ±Ê¶´μ¸É¨ ¨´¤¥±¸μ¢ a ¨ b ¨²¨ a′ ¨ b′. � ¶·¨³¥·, Y �m

Ln ≡ Y �m
Lab, n = 1, . . . , N .

�¶·¥¤¥²¨³ · ¸Ï¨·¥´´ÊÕ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {a, b}2N
f=1. �Ê¸ÉÓ ¥¥ Ô²¥³¥´É ¸

´μ³¥·μ³ f � N ¨²¨ f > N Å Ô²¥³¥´É ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ {a, b}N
n=1 ¸ ´μ-

³¥·μ³ n = f ¨²¨ n = f − N . �μ³¥· f ¨²¨ f ′ Ô²¥³¥´É  {a, b} ¨²¨ {a′, b′}
· ¸Ï¨·¥´´μ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ ¨¸¶μ²Ó§Ê¥³ ¤²Ö μ¡μ§´ Î¥´¨Ö ¸μ¢μ±Ê¶´μ¸É¨
¨´¤¥±¸μ¢ a ¨ b ¨²¨ a′ ¨ b′. � ¶·¨³¥·, Y �m

Lf ≡ Y �m
Lab, ¥¸²¨ f = 1, . . . , N , ´μ

Y �m
Lf ≡ Y �m

L,N−f , ¥¸²¨ f = N + 1, . . . , 2N .
’¥¶¥·Ó ³μ¦´μ § ¶¨¸ ÉÓ · ¢¥´¸É¢  (56) ± ±

BL
1n = −

3∑
k=2

N∑
n′=1

〈n|K(γk1)|n′〉L� BL
kn′ ,

§ É¥³ ¢¢¥¸É¨ É·¨ ¸Éμ²¡Í  BL
i , i = 1, 2, 3, ¨ ¸Éμ²¡¥Í BL:

BL
i ≡ (BL

i1, . . . , B
L
iN )T , BL ≡ (BLT

1 ,BLT
2 ,BLT

3 )T

¨, ´ ±μ´¥Í, μ¶·¥¤¥²¨ÉÓ Î ¸É´μ¥ ·¥Ï¥´¨¥ BL = BLf ¸¨¸É¥³Ò (56) ± ±

BLf
1n ≡ −〈n|K(γk1)|f〉L�/

√
2 = −〈f |K(−γk1)|n〉L�/

√
2, (57)

BLf
2n = δnf/

√
2, BLf

3n = δn+N,f/
√

2, n = 1, 2, . . . , N.

‚¸¥ ¸Éμ²¡ÍÒ BLf , f = 1, . . . , 2N , μ¡· §ÊÕÉ ´μ·³ ²Ó´ÊÕ ¸μ¢μ±Ê¶´μ¸ÉÓ ËÊ´-
¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨°

{
BLf

}
¸¨¸É¥³Ò (56). ‘Éμ²¡ÍÒ BLf ¨ BLf ′

¶·¨
f, f ′ � N ¨²¨ f, f ′ > N μ·Éμ´μ·³¨·μ¢ ´Ò:

BLf · BLf ′ ≡
(
BLf

)T
BLf ′

=
3∑

i=1

N∑
n=1

BLf
in BLf ′

in =

= 2−1
N∑

n=1

[〈f |K(γk1)|n〉L� 〈n|K(−γk1)|f ′〉L� + δfn δf ′n ] = δff ′ ,

£¤¥ k = 2 ¶·¨ f, f ′ ≤ N ¨ k = 3 ¶·¨ f, f ′ > N ,   ¸Ê³³  μÉ ¶·μ¨§¢¥¤¥´¨°
³ É·¨Î´ÒÌ Ô²¥³¥´Éμ¢ μ± § ² ¸Ó · ¢´μ° δff ′ , ¡² £μ¤ ·Ö ¸μμÉ´μÏ¥´¨Õ μ·Éμ-
£μ´ ²Ó´μ¸É¨ (22). …¸²¨ ¦¥ f � N , ´μ f ′ > N ¨²¨ ´ μ¡μ·μÉ f > N , ´μ
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f ′ � N , Éμ ¸Éμ²¡ÍÒ BLf ¨ BLf ′
´¥μ·Éμ£μ´ ²Ó´Ò. „¥°¸É¢¨É¥²Ó´μ, É ± ± ±

γ12 + γ31 = π − γ23, Éμ ¶μ Ëμ·³Ê²¥ ¸²μ¦¥´¨Ö (23) ¨³¥¥³

2BLf ·BLf ′
=

N∑
n=1

[〈f |K(γ12)|n〉L�〈n|K(γ31)|f ′〉L� ] = 〈f |K(γ23)|f ′〉L�.

�μ²μ¦¨¢ BL
iab = BLf

in ¢ Ëμ·³Ê² Ì (54), ¶μ²ÊÎ ¥³ μÉ¢¥Î ÕÐ¥¥ ¸Éμ²¡ÍÊ
BLf ´μ·³ ²Ó´μ¥ ËÊ´¤ ³¥´É ²Ó´μ¥ ²μ¦´μ¥ ·¥Ï¥´¨¥

SLf = (SLf
1 , SLf

2 , SLf
3 )T , SLf

i (ri) = r−2 JL+2(r
√

E)
∑
ab

BLf
iab Y �m

Lab(Ωi).

(58)
‚ ±² ¸¸¥ Aε ¡ §¨¸ É ±¨Ì ·¥Ï¥´¨° Ö¢²Ö¥É¸Ö ¶μ²´Ò³. „²Ö ²Õ¡μ£μ ²μ¦´μ£μ

¢ ÔÉμ³ ±² ¸¸¥ ·¥Ï¥´¨Ö Sε ≡ (Sε
1 , Sε

2 , S
ε
3)

T ¢¥·´μ · §²μ¦¥´¨¥

Sε =
∑
L

2N∑
f=1

CLf SLf , CLf ≡
∫
R6

r5 dr dΩ
(
SLf∗)T

Sε (59)

¨, ´ μ¡μ·μÉ, ¶·¨ ²Õ¡ÒÌ ±μÔËË¨Í¨¥´É Ì CLf ¸μ¢μ±Ê¶´μ¸ÉÓ {Sε
1 , S

ε
3 , S

ε
3} ±μ³-

¶μ´¥´É ¸Ê³³Ò Sε Ö¢²Ö¥É¸Ö ²μ¦´Ò³ ·¥Ï¥´¨¥³ ¸¨¸É¥³Ò Ê· ¢´¥´¨° ” ¤¤¥¥¢  (2).
” ¤¤¥¥¢¸±¨¥ ±μ³¶μ´¥´ÉÒ Sε

i ²Õ¡μ° ±μ´¥Î´μ° ¸Ê³³Ò Sε Å ±μ´¥Î´Ò¥ ¡¨¸Ë¥-
·¨Î¥¸±¨¥ ¨ £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ ·Ö¤Ò

Sε
i (ri) = 2r−2 cosec 2ϕi

∑
ab

U �
iab(r, ϕi)Y�m

ab (x̂i, ŷi),

U �
iab(r, ϕi) = (1/2) sin 2ϕi

∑
L

JL+2(r
√

E)
2N∑
f=1

CLf BLf
iab WLab(ϕi);

Sε
i (ri) = r−2

∑
L

∑
ab

U �
iLab(r)Y �m

Lab(Ωi),

U �
iLab(r) = JL+2(r

√
E)

2N∑
f=1

CLf BLf
iab,

£¤¥ ËÊ´±Í¨¨ Y�m
ab , Y �m

Lab ¨ WLab μ¶·¥¤¥²¥´Ò Ëμ·³Ê² ³¨ (13)Ä(15).
ˆ¸¶μ²Ó§ÊÖ (18)Ä(20), ±μ³¶μ´¥´ÉÒ Sε

i ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ± ± Dσ-·Ö¤Ò:

Sε
i (ri) = r−2

�∑
m′=μ(σ)

Uεx
im′(r, θi, ϕi)D�σ∗

mm′(ωx),

Uεx
im′(r, θi, ϕi) =

∑
L

JL+2(
√

Er)
2N∑
f=1

CLf

∑
ab

BLf
iabT

�m′

ab Θam(θi)WLab(ϕi).

(60)
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�·¨ ²Õ¡ÒÌ Í¥´É· ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨ÖÌ Vi ¸μ¢μ±Ê¶´μ¸ÉÓ {Uεx
im′} ¢¸¥Ì (m′ =

μ(σ), . . . , 
) ¶·μ¥±Í¨° Uεx
im′ ±μ³¶μ´¥´É Sε

i ´  Dσ-¡ §¨¸ Ö¢²Ö¥É¸Ö ²μ¦´Ò³ ¨
ÉμÎ´Ò³ ·¥Ï¥´¨Ö³¨ ¸¨¸É¥³Ò (45).

�μ²ÊÎ¨³ ¤¢  ¤·Ê£¨Ì ¶·¥¤¸É ¢²¥´¨Ö ²μ¦´ÒÌ ·¥Ï¥´¨°. „²Ö ÔÉμ£μ Ê¦¥ ´ °-
¤¥´´ÊÕ ´μ·³ ²Ó´ÊÕ ”‘� {BL} ¸¨¸É¥³Ò (55) μ¡μ§´ Î¨³ ¸¨³¢μ²μ³ {1BL}.
�·¨ ¥¥ ¢Ò¢μ¤¥ ´¥§ ¢¨¸¨³Ò³¨ ¸Î¨É ²¨¸Ó ±μÔËË¨Í¨¥´ÉÒ BL

kn, k = 2, 3. �μ² -
£ Ö É¥¶¥·Ó ´¥§ ¢¨¸¨³Ò³¨ ±μÔËË¨Í¨¥´ÉÒ BL

kn, k = 1, 3 ¨²¨ ¦¥ ±μÔËË¨Í¨¥´ÉÒ
BL

kn, k = 2, 3,  ´ ²μ£¨Î´Ò³ μ¡· §μ³ μ¶·¥¤¥²¨³ ¥Ð¥ ¤¢¥ ´μ·³ ²Ó´Ò¥ ”‘�
{2BL} ¨ {3BL}, ¸μ¸ÉμÖÐ¨¥ ¨§ 2N ¸Éμ²¡Íμ¢ 2BLf ¨, ¸μμÉ¢¥É¸É¢¥´´μ, 3BLf ,
f = 1, . . . , 2N . ‘Éμ²¡¥Í 2BLf ¨³¥¥É Ô²¥³¥´ÉÒ

2B
Lf
1n = δnf/

√
2, 2B

Lf
2n ≡ −〈n|K(γk2)|f〉L�/

√
2, 3B

Lf
3n = δn+N,f/

√
2,

  Ô²¥³¥´ÉÒ ¸Éμ²¡Í  3BLf É ±μ¢Ò:

3B
Lf
1n = δnf/

√
2, 3B

Lf
2n = δn+N,f/

√
2, 3B

Lf
3n = −〈n|K(γk3)|f〉L�/

√
2,

£¤¥ n = 1, . . . , N . „²Ö ± ¦¤μ£μ f = 1, . . . , N ¢¢¥¤¥³ ¤¢¥ ²¨´¥°´Ò¥ ±μ³¡¨´ -
Í¨¨ BLfs ¨ BLfv É·¥Ì ¸Éμ²¡Íμ¢ iBLf :

BLfs ≡
3∑

i=1

[
iBLf + iBL,f+N

]
, BLfv ≡

3∑
i=1

(−1)i−1
[
iBLf − iBL,f+N

]
.

�μ ¶μ¸É·μ¥´¨Õ ¸Éμ²¡ÍÒ BLfs, f = 1, . . . , N ¸μ¸ÉμÖÉ ¨§ Ô²¥³¥´Éμ¢ BLfs
in , i =

1, 2, 3, n = 1, . . . , N ¨ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò,   ¸Éμ²¡ÍÒ BLfv ¨³¥ÕÉ Ô²¥³¥´ÉÒ
BLfv

in , i = 1, 2, 3, n = 1, . . . , N ¨ É ±¦¥ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò. ‘²¥¤μ¢ É¥²Ó´μ,

¶μ¤¸É ´μ¢±  BL
iab = BLfs

iab ¨²¨ BL
iab = BLfv

iab ¢ Ëμ·³Ê²Ò (54) ¤ ¥É ±μ³¶μ´¥´ÉÒ
ËÊ´¤ ³¥´É ²Ó´ÒÌ ²μ¦´ÒÌ ·¥Ï¥´¨° ¤¢ÊÌ É¨¶μ¢

SLfg
i (ri) = r−2 JL+2(z)Y �mg

Lf (Ωi), g = s, v; f = 1, . . . , N,

£¤¥ Y �mg
Lf ≡ Y �mg

Lab Å ¸Ê³³Ò £¨¶¥·£ ·³μ´¨± (24). ‚ ¸¨²Ê ¸¢μ°¸É¢ (25) É ±¨Ì
¸Ê³³ ¶·¨ ²Õ¡ÒÌ ±μÔËË¨Í¨¥´É Ì Cs

Lf ¨ Cv
Lf ¸Ê³³Ò

Sg = r−2
∑
L

JL+2(z)
N∑

f=1

Cg
LfY

�mg
Lf , g = s, v, (61)

Ö¢²ÖÕÉ¸Ö μ·Éμ£μ´ ²Ó´Ò³¨ ²μ¦´Ò³¨ ·¥Ï¥´¨Ö³¨ (Ss ·Sv = 0) · §´ÒÌ É¨¶μ¢,  
²Õ¡μ¥ ²μ¦´μ¥ ·¥Ï¥´¨¥ Sε ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¨Ì ¸Ê³³μ° Sε = Ss + Sv .

‘Ëμ·³Ê²¨·Ê¥³ ¤μ± § ´´ÊÕ É¥μ·¥³Ê ¸ÊÐ¥¸É¢μ¢ ´¨Ö: B ²Õ¡μ³ ±² ¸¸¥ Aε

³´μ¦¥¸É¢μ Aεs ²μ¦´ÒÌ ·¥Ï¥´¨° ´¥ ¶Ê¸Éμ¥, ²Õ¡μ° Ô²¥³¥´É Sε ÔÉμ£μ ³´μ¦¥-
¸É¢  Å ¸Ê³³  (59) ¨²¨ ¸Ê³³  Sε = Ss + Sv ¸² £ ¥³ÒÌ (61).
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’¥¶¥·Ó ± ± Î ¸É´Ò¥ ¸²ÊÎ ¨ · ¸¸³μÉ·¨³ ¸²ÊÎ ° ¤¢ÊÌ ¨ É·¥Ì Éμ¦¤¥¸É¢¥´´ÒÌ
Î ¸É¨Í ¨ ¢Ò¤¥²¨³ ¶μ¤³´μ¦¥¸É¢  Aεs± ⊂ Aεs ²μ¦´ÒÌ ·¥Ï¥´¨°, ¢¸¥ Ô²¥³¥´ÉÒ
Sε± ±μÉμ·ÒÌ ¶μ¤Î¨´ÖÕÉ¸Ö Ê¸²μ¢¨Ö³ ¶¥·¥¸É ´μ¢μÎ´μ° ¸¨³³¥É·¨¨.

�Ê¸ÉÓ ¤²Ö μ¶·¥¤¥²¥´´μ¸É¨ Î ¸É¨ÍÒ p2 ¨ p3 Å μ¤¨´ ±μ¢Ò¥,   p1 ¨ p2 Å
· §´Ò¥. ’μ£¤  γ12 = γ31, ´μ γ12 �= γ23,   ±μ³¶μ´¥´ÉÒ Sε±

i ¨¸±μ³ÒÌ ²μ¦´ÒÌ
·¥Ï¥´¨° Sε± ¶μ¤Î¨´ÖÕÉ¸Ö ´¥ Éμ²Ó±μ ¸¨¸É¥³¥ Ê· ¢´¥´¨° (52), (53), ´μ ¨
 ´ ²μ£ ³ ¨§¢¥¸É´ÒÌ Ê¸²μ¢¨° ¶¥·¥¸É ´μ¢μÎ´μ° ¸¨³³¥É·¨¨ [2]:

Sε±
1 (x1,y1) = ±Sε±

1 (−x1,y1),

Sε±
3 (x3,y3) = ±P23S

ε±
2 (x2,y2) = ±Sε±

2 (−x3,y3).

£¤¥ Pij Å μ¶¥· Éμ· ¶¥·¥¸É ´μ¢±¨ Î ¸É¨Í pi ¨ pj . ˆ§ ¢¸¥Ì ËÊ´¤ ³¥´É ²Ó-
´ÒÌ ·¥Ï¥´¨° (54) ¶μ¤¸¨¸É¥³Ò (52) ÔÉ¨³ ¤μ¶μ²´¨É¥²Ó´Ò³ Ê¸²μ¢¨Ö³ Ê¤μ-
¢²¥É¢μ·ÖÕÉ Éμ²Ó±μ ·¥Ï¥´¨Ö ¸ ±μÔËË¨Í¨¥´É ³¨ BL

iab ≡ BL±
iab , É ±¨³¨ ÎÉμ

BL±
2ab = ±(−1)b BL±

3ab ¶·¨ ²Õ¡ÒÌ a ¨ b, ´μ BL+
1ab = 0 ¶·¨ ´¥Î¥É´μ³ b ¨

BL−
1ab = 0 ¶·¨ Î¥É´μ³ b. 	É¨³¨ ¸¢μ°¸É¢ ³¨ μ¡² ¤ ÕÉ ¢¸¥ ±μ³¶μ´¥´ÉÒ BLf±

iab

²¨´¥°´ÒÌ ±μ³¡¨´ Í¨° BLf±, ¸μ¸É ¢²¥´´ÒÌ ¨§ ËÊ´¤ ³¥´É ²Ó´ÒÌ ·¥Ï¥´¨°
BLf ¸¨¸É¥³Ò (55) ¶μ ¶· ¢¨² ³

BLf± ≡ BL,f+N ± (−1)b BLf , f = {a, b} = 1, . . . , N ;

BLf±
1a′b′ = −[(−1)b′ ± 1]〈a′b′|K(γ12)|ab〉L�/2

√
2, (62)

BLf±
2a′b′ = ±(−1)bBLf±

3a′b′ , BLf±
3a′b′ = δa′aδb′b/

√
2.

�μÔÉμ³Ê ¨³¥¥É¸Ö N ËÊ´¤ ³¥´É ²Ó´ÒÌ ²μ¦´ÒÌ ·¥Ï¥´¨° SLf±, f = 1, . . . , N ,

SLf± = SL,f+N ± (−1)b SLf ; (63)

SLf±
i = r−2JL+2(z)

∑
a′b′

BLf±
ia′b′ YLa′b′(Ωi), i = 1, 2, 3,

  ´ ÉÖ´ÊÉ Ö ´  ´¨Ì ²¨´¥°´ Ö μ¡μ²μÎ±  Ö¢²Ö¥É¸Ö ¨¸±μ³Ò³ ³´μ¦¥¸É¢μ³ Aεs+

¨²¨ Aεs− ²μ¦´ÒÌ ·¥Ï¥´¨°, ¸¨³³¥É·¨Î´ÒÌ ¨²¨  ´É¨¸¨³³¥É·¨Î´ÒÌ μÉ´μ¸¨-
É¥²Ó´μ ¶¥·¥¸É ´μ¢±¨ ¤¢ÊÌ Î ¸É¨Í.

�Ê¸ÉÓ É¥¶¥·Ó ¢¸¥ É·¨ Î ¸É¨ÍÒ Éμ¦¤¥¸É¢¥´´Ò¥, N+ ¨²¨ N− = N −
N+ Å Î¨¸²μ £¨¶¥·£ ·³μ´¨± Y �m

Lab ¸ Î¥É´Ò³¨ ¨²¨ ´¥Î¥É´Ò³¨ b,   ¨´¤¥±¸
f = 1, . . . , N± ´Ê³¥·Ê¥É ¢¸¥ · §´Ò¥ ¶ ·Ò {a, b} ¸ Î¥É´Ò³ ¨²¨ ´¥Î¥É´Ò³ b.
‚ ÔÉμ³ ¸²ÊÎ ¥ |γki| = π/3 ¤²Ö ¢¸¥Ì k �= i,   ¢¸¥ ±μ³¶μ´¥´ÉÒ Sε±

i ¨¸±μ³ÒÌ
²μ¦´ÒÌ ·¥Ï¥´¨° Sε± ¸¨³³¥É·¨Î´Ò ¨²¨  ´É¨¸¨³³¥É·¨Î´Ò μÉ´μ¸¨É¥²Ó´μ ¶¥-
·¥¸É ´μ¢μ± ²Õ¡ÒÌ ¤¢ÊÌ Î ¸É¨Í:

Sε±
3 = ±P23 Sε±

2 , Sε±
3 = ±P13 Sε±

1 , Sε±
2 = ±P12 Sε±

1 .

�·¨ ¢Ò¡μ·¥ §´ ±  ¶²Õ¸ (³¨´Ê¸) É ±¨³ Ê¸²μ¢¨Ö³ Ê¤μ¢²¥É¢μ·ÖÕÉ Éμ²Ó±μ É¥
ËÊ´¤ ³¥´É ²Ó´Ò¥ ·¥Ï¥´¨Ö (54) ¶μ¤¸¨¸É¥³Ò (52), Ê ±μÉμ·ÒÌ BL

iab ≡ BL±
iab , £¤¥
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BL
iab = 0 ¶·¨ ´¥Î¥É´μ³ (Î¥É´μ³) b ¨ BL±

1ab = BL±
2ab = BL±

3ab �= 0 ¢ ¶·μÉ¨¢´μ³

¸²ÊÎ ¥. 	É¨ ¸¢μ°¸É¢  ¨³¥ÕÉ ¢¸¥ ±μ³¶μ´¥´ÉÒ BLf±
iab ²¨´¥°´ÒÌ ±μ³¡¨´ Í¨°

BLf±, ¸μ¸É ¢²¥´´ÒÌ ¨§ ·¥Ï¥´¨° iBLf ¸¨¸É¥³Ò (55) ¶μ ¶· ¢¨² ³

BLf± ≡
3∑

i=1

(
iBLf + iBL,N+f

)
, f = (a, b) = 1, . . . , N±;

BLf±
ia′b′ = 2 δaa′δbb′ − [1 + (−1)b+b′ ] 〈a′b′|K(π/3)|ab〉L�, i = 1, 2, 3.

‡ ³¥´¨¢ BL
iab ´  BLf±

iab ¢ ¸Ê³³ Ì (54) ¨ ¨¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨Ö (24), ¶μ²ÊÎ ¥³
¢¸¥ ËÊ´¤ ³¥´É ²Ó´Ò¥ ²μ¦´Ò¥ ·¥Ï¥´¨Ö

SLf±
i = r−2JL+2(z)Y�ms

Lab , f = {a, b} = 1, . . .N±.

‹¨´¥°´ Ö μ¡μ²μÎ±  ¢¸¥Ì ·¥Ï¥´¨° SLf+ ¨²¨ SLf− Ö¢²Ö¥É¸Ö ¨¸±μ³Ò³ ³´μ¦¥-
¸É¢μ³ Aεs+ ¨²¨ Aεs− ²μ¦´ÒÌ ·¥Ï¥´¨°, ¸¨³³¥É·¨Î´ÒÌ ¨²¨  ´É¨¸¨³³¥É·¨Î-
´ÒÌ μÉ´μ¸¨É¥²Ó´μ ²Õ¡μ° ¶¥·¥¸É ´μ¢±¨ ¢ ¸¨¸É¥³¥ É·¥Ì Î ¸É¨Í.

�·¨³¥·Ò ²μ¦´ÒÌ ·¥Ï¥´¨° ±² ¸¸  Aε. �Ê¸ÉÓ 
 = 0 ¨ L = 0. �·¨ É ±¨Ì

 ¨ L ¸ÊÐ¥¸É¢Ê¥É ¢¸¥£μ μ¤´  £¨¶¥·£ ·³μ´¨±  Y �m

Lab = π−3/2, a = b = 0. 	É 
£¨¶¥·£ ·³μ´¨±  ¨´¢ ·¨ ´É´  μÉ´μ¸¨É¥²Ó´μ ±¨´¥³ É¨Î¥¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö
(Y �m

Lab = K(γ)Y �m
Lab) ¨ ¶μÔÉμ³Ê 〈00|K(γki)|00〉L� = 1 ¶·¨ ¢¸¥Ì k �= i. ‘²¥¤μ¢ -

É¥²Ó´μ, ³ É·¨Í  M0 ¸¨¸É¥³Ò (55) ¨³¥¥É · §³¥·´μ¸ÉÓ, · ¢´ÊÕ É·¥³,   ¢¸¥ ¥¥
Ô²¥³¥´ÉÒ · ¢´Ò ¥¤¨´¨Í¥. ‡´ Î¨É ´μ·³ ²Ó´ Ö ”‘� ÔÉμ° ¸¨¸É¥³Ò ¸μ¸Éμ¨É ¨§
¤¢ÊÌ ¸Éμ²¡Íμ¢ BLf , f = 1, 2:

BL1 = (1/
√

2)(−1, 1, 0)T , BL2 = (1/
√

2)(−1, 0, 1)T

¨ ¸μ£² ¸´μ (58) ¨³¥¥É¸Ö ¤¢  ËÊ´¤ ³¥´É ²Ó´ÒÌ ²μ¦´ÒÌ ·¥Ï¥´¨Ö:

SLf = (1/4π) r−2 J2(
√

E r)BLf , f = 1, 2.

ˆÌ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ (59) ¨³¥ÕÉ ¢¨¤

Sε = [1/(4π
√

2)] r−2 J2(
√

E r) (−CL2 − CL3, CL2, CL3)
T

, (64)

´¥ § ¢¨¸ÖÉ μÉ ³ ¸¸ Î ¸É¨Í ¨ Ö¢²ÖÕÉ¸Ö ¶·¨³¥·μ³ ¤¢ÊÌ¶ · ³¥É·¨Î¥¸±μ£μ ³´μ-
¦¥¸É¢  ²μ¦´ÒÌ ·¥Ï¥´¨° ¸ ¶ · ³¥É· ³¨ CL2 ¨ CL3.

�Ê¸ÉÓ É¥¶¥·Ó É·¨ Î ¸É¨ÍÒ Éμ¦¤¥¸É¢¥´´Ò¥,   
 = 0. ’μ£¤  ¶μ²´Ò° ´ ¡μ·
¸μÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥² ε = {
, m, σ} = {0, 0, 1}. ‘μ£² ¸´μ (60), (62)
¨ (63) ËÊ´¤ ³¥´É ²Ó´μ¥ ²μ¦´μ¥ ·¥Ï¥´¨¥ SLf+ ¸ ¨´¤¥±¸ ³¨ L = 2 ¨ f = {a =
0, b = 0} ¨³¥¥É ±μ³¶μ´¥´ÉÒ

SLf+
i (ri) = 2 [r2 sin 2ϕi(1 − u2

i )
1/2]−1 Uεx

im′(r, ϕi, ui), i = 1, 2, 3, (65)

  ¨Ì Dσ-¶·μ¥±Í¨¨ Uεx
im′ , m′ = 0, ËÊ´±Í¨μ´ ²Ó´μ μ¤¨´ ±μ¢Ò¥:

Uεx
im′(r, ϕi, ui) = J4(z)(1 − u2

i )
1/2

[
sin 4ϕi + (

√
3/4)(sin 2ϕi)2 ui

]
(66)

¨ Ê¤μ¢²¥É¢μ·ÖÕÉ ¸¨¸É¥³¥ É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  (45).
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4. ���‘’…‰˜ˆ… �’�‹���›… ‡�„�—ˆ

‘· ¢´¨É¥²Ó´Ò°  ´ ²¨§ ¸¶² °´- ²£μ·¨É³μ¢ Î¨¸²¥´´μ£μ ·¥Ï¥´¨Ö ¤¢Ê³¥·-
´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¤ ´ ¢ ´¥¤ ¢´¥³ μ¡§μ·¥ [14]. � ¨¡μ²¥¥ ¶·μ¸Éμ° ¨§
´¨Ì Å  ²£μ·¨É³ 4′′. „²Ö ¥£μ ·¥ ²¨§ Í¨¨ ¨¸¶μ²Ó§Ê¥É¸Ö ·¥£Ê²Ö·´ Ö ¸¥É± , · §-
²μ¦¥´¨¥ ¶μ ´μ·³ ²¨§μ¢ ´´μ° ¸¨¸É¥³¥ ¡ §¨¸´ÒÌ ¸¶² °´μ¢ [27] ¨ Ëμ·³Ê²Ò
¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¶μ¢ÒÏ¥´´μ° ÉμÎ´μ¸É¨. 	ÉμÉ  ²£μ·¨É³ ´¥¸²μ¦´μ μ¡μ¡-
Ð¨ÉÓ ´  É·¥Ì³¥·´Ò° ¸²ÊÎ °.

�·μ¸ÉÒ¥ ÔÉ ²μ´´Ò¥ ±· ¥¢Ò¥ § ¤ Î ¤²Ö É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¢
²¨É¥· ÉÊ·¥ ´¥¨§¢¥¸É´Ò. 	ÉμÉ ¶·μ¡¥² ´¥¸²μ¦´μ ¢μ¸¶μ²´¨ÉÓ, ¨¸¶μ²Ó§ÊÖ ²μ¦-
´Ò¥ ·¥Ï¥´¨Ö É ±¨Ì Ê· ¢´¥´¨°, ± ± ÔÉ ²μ´´Ò¥. „²Ö ¶·¨³¥·  · ¸¸³μÉ·¨³
¸¨¸É¥³Ê É·¥Ì Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í ¸ ´Ê²¥¢Ò³ ¶μ²´Ò³ Ê£²μ¢Ò³ ³μ³¥´Éμ³
(
 = 0) ¨ Í¥´É· ²Ó´Ò³¨ ¶ ·´Ò³¨ ¢§ ¨³μ¤¥°¸É¢¨Ö³¨, ¸Ëμ·³Ê²¨·Ê¥³ ¤¢¥ ÔÉ -
²μ´´Ò¥ ±· ¥¢Ò¥ § ¤ Î¨, μ¶¨Ï¥³ É·¥Ì³¥·´Ò¥  ´ ²μ£¨  ²£μ·¨É³  4′′ ¨ ·¥§Ê²Ó-
É ÉÒ ¨Ì É¥¸É¨·μ¢ ´¨Ö.

’ ± ± ± ε = {
, m, σ} = {0, 0, 1}, Éμ Dσ-·Ö¤ ± ¦¤μ° Ë ¤¤¥¥¢¸±μ° ±μ³¶μ-
´¥´ÉÒ Ψε

i ¸μ¤¥·¦¨É μ¤´Ê · ¢´ÊÕ ±μ´¸É ´É¥ ËÊ´±Í¨Õ D�σ∗
mm′ ¸ 
, m, m′ = 0:

Ψε
i (ri) = 2r−5/2 cosec 2ϕi cosec θi F (r, ϕi, θi)D01∗

00 (ωx
i ), i = 1, 2, 3,

  ¶·¨¢¥¤¥´´ Ö Dσ-±μ³¶μ´¥´É  F ¶μ¤Î¨´¥´  É·¥Ì³¥·´μ³Ê Ê· ¢´¥´¨Õ

[
H̃01

00 (r, ϕ, θ) + E − V1(r cosϕ)
]
F (r, ϕ, θ) = (67)

= V1(r cosϕ)
∑

k=2,3

{
sin 2ϕ

sin 2ϕk

sin θ

sin θk
F (r, ϕk, θk)

}
.

‡¤¥¸Ó ¤²Ö ±· É±μ¸É¨ § ¶¨¸¨ ¢¢¥¤¥´ μ¶¥· Éμ· H̃�σ
mm′ :

H̃01
00 (r, ϕ, θ) ≡ ∂2

r + r−2(1/4 + ∂2
ϕ) + (2/r sin 2ϕ)2

[
∂2

θ − ctg θ ∂θ + (sin θ)−2
]
,

¶·¨´ÖÉÒ μ¡μ§´ Î¥´¨Ö ϕ ≡ ϕ1, θ ≡ θ1,   ϕk ¨ θk Ö¢²ÖÕÉ¸Ö ËÊ´±Í¨Ö³¨ (10)
 ·£Ê³¥´Éμ¢ ϕ, u = cos θ ¨ ±¨´¥³ É¨Î¥¸±¨Ì Ê£²μ¢ γ = ±π/3.

„ ²¥¥ Ê· ¢´¥´¨¥ (67) ¨¸¸²¥¤Ê¥³ ¢ ±μ´¥Î´μ³ (R < ∞) ¶ · ²²¥²e¶¨¶¥¤¥

B3 ≡ {(r, ϕ, θ) : r ∈ [0, R], ϕ ∈ [0, π/2], θ ∈ [0, π]} .

�  ¥£μ ·¥¡· Ì [0, R], [0, π/2] ¨ [0, π] ¢¢¥¤¥³ ·¥£Ê²Ö·´Ò¥ ¸¥É±¨ �r, �ϕ, �θ ¸
Ê§² ³¨ ri = hi, ϕj = gj, θk = fk ¨ Ï £ ³¨ h, g ¨ f :

�r : ri = hi, i = 0, 1, . . .N, rN = R ; �ϕ : gj, j = 0, 1, . . .M, ϕM = π/2

�θ : θk = fk, k = 0, 1, . . . , K, θK = π.
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�¶·¥¤¥²¨³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ·¥£Ê²Ö·´Ò¥ · ¸Ï¨·¥´´Ò¥ ¸¥É±¨:

δr : ri = hi, i = −3, . . .N + 3, ; δϕ : ϕj = gi, j = −3, . . .M + 3, ;

δθ : θk = fk, k = −3, . . . , K + 3,

¨ ¶μ²´Ò¥ ¸¨¸É¥³Ò {Br
i (r)}N+1

i=−1, {Bϕ
j (ϕ)}M+1

j=−1 ¨ {Bθ
k(θ)}K+1

k=−1 ´μ·³ ²¨§μ-

¢ ´´ÒÌ ±Ê¡¨Î¥¸±¨Ì ¡ §¨¸´ÒÌ ¸¶² °´μ¢ ±² ¸¸  C2 ¸ Ê§² ³¨ ´  É ±¨Ì ¸¥É± Ì.
�Ê¸ÉÓ �rϕθ ≡ �r ×�ϕ ×�θ Å É·¥Ì³¥·´ Ö ¸¥É±  ¢ B3, Éμ£¤  ²Õ¡μ° É·¥Ì-
³¥·´Ò° ¸¶² °´ S = X ±² ¸¸  C2 ¸ Ê§² ³¨ ´  ÔÉμ° ¸¥É±¥ Å ¸Ê³³ 

X(r, ϕ, θ) =
N+1∑
n=−1

M+1∑
m=−1

K+1∑
k=−1

Xnmk Br
n(r)Bϕ

m(ϕ)Bθ
k(θ), (68)

£¤¥ Xnmk Å μ¤´μ§´ Î´μ μ¶·¥¤¥²Ö¥³Ò¥ Î¨¸²μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ. “§²Ò ¸¥É±¨
�rϕθ ¨²¨ ¥¥ ²Õ¡μ£μ · ¸Ï¨·¥´¨Ö, ²¥¦ Ð¨¥ ¢´ÊÉ·¨ ¶ · ²²¥²e¶¨¶¥¤  B3, ´ §Ò-
¢ ¥³ ¢´ÊÉ·¥´´¨³¨,   Ê§²Ò, ¶·¨´ ¤²¥¦ Ð¨¥ ¥£μ ¶μ¢¥·Ì´μ¸É¨, Å £· ´¨Î´Ò³¨.

‚ ¸²ÊÎ ¥ É·¥Ì Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í Ï¥¸É¨³¥·´Ò¥ Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (2)
¨³¥ÕÉ ²μ¦´μ¥ ·¥Ï¥´¨¥ (65) ¸ L = 2 ¨ Dσ-±μ³¶μ´¥´Éμ° (66). …° ¢ ±μμ·¤¨-
´ É Ì (r, ϕ, θ) ¸μμÉ¢¥É¸É¢Ê¥É ËÊ´±Í¨Ö

F (r, ϕ, θ) =
√

r J4(
√

Er) sin θ
[
sin 4ϕ + (

√
3/4) (sin 2ϕ)2 cos θ

]
, (69)

±μÉμ· Ö ¶·¨ ²Õ¡ÒÌ E, R > 0 ¨ V1 Ö¢²Ö¥É¸Ö ÉμÎ´Ò³ ¨ ²μ¦´Ò³ ·¥Ï¥´¨¥³
Ê· ¢´¥´¨Ö (67), Ê¤μ¢²¥É¢μ·ÖÕÐ¨³ ´  £· ´ÖÌ r = 0; ϕ = 0, π/2; θ = 0, π
¶ · ²²¥²e¶¨¶¥¤  B3 · ¢¥´¸É¢ ³

∂rF |r=0 = 0, ∂n
r Fn|r=0 = 0; ∂n

ϕF |ϕ=0,π/2 = 0; ∂n
θ F |θ=0,π; n = 0, 2. (70)

�É ²μ´´ Ö § ¤ Î  ´  ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥. �Ê¸ÉÓ R = j4,1 Å ¶¥·¢Ò°
´Ê²Ó ËÊ´±Í¨¨ �¥¸¸¥²Ö J4. ’μ£¤  ËÊ´±Í¨Ö (69) · ¢´  ´Ê²Õ ´  £· ´¨ r = R
¶ · ²²¥²e¶¨¶¥¤  B3, ¥¸²¨ E = 1. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ ²Õ¡μ³ ¶μÉ¥´Í¨ ²¥ V1 ¢
ÔÉμ³ ¶ · ²²¥²e¶¨¶¥¤¥ Ê· ¢´¥´¨¥ (67) c Ê¸²μ¢¨Ö³¨ (70) ¨ F = 0, r = R = j4,1,
¨³¥¥É ÉμÎ´μ¥ ·¥Ï¥´¨¥ (E, F ), £¤¥ E = 1,   F Å ËÊ´±Í¨Ö (69). �Ê¸ÉÓ �1

rϕθ Å
· ¸Ï¨·¥´¨¥ ¸¥É±¨ �rϕθ ¤μ¶μ²´¨É¥²Ó´Ò³¨ Ê§² ³¨ (r̄N−1, ϕj , θk), £¤¥ r̄N−1 Å
¸·¥¤´ÖÖ ÉμÎ±  μÉ·¥§±  [rN−1, rN ],   j = 0, . . . , M , k = 0, . . . , K .

�¡μ¡Ð¨³  ²£μ·¨É³ 4′′ ´  É·¥Ì³¥·´Ò° ¸²ÊÎ °: ¢ £· ´¨Î´ÒÌ Ê¸²μ¢¨ÖÌ (70)
¨ F = 0, r = R, § ¶¨¸ ´´ÒÌ £· ´¨Î´ÒÌ Ê§² Ì ¸¥É±¨ �1

rϕθ, ¨ ¢ Ê· ¢´¥´¨¨ (67),
§ ¶¨¸ ´´μ³ ¢μ ¢¸¥Ì ¥¥ ¢´ÊÉ·¥´´¨Ì Ê§² Ì, § ³¥´¨³ ¨¸±μ³ÊÕ ËÊ´±Í¨Õ F ¸¶² °-
´μ³ (69),   ¥¥ ¶·μ¨§¢μ¤´Ò¥ Å ¶·μ¨§¢μ¤´Ò³¨ É ±μ£μ ¸¶² °´ , ¢ÒÎ¨¸²¥´´Ò³¨
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¶μ Ëμ·³Ê² ³ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¶μ¢ÒÏ¥´´μ° ÉμÎ´μ¸É¨:

∂2
rF (ri, ϕj , θk) → 12−1

i+1∑
p=i−1

∂2
rX(rp, ϕj , θk)[1 + 9δpi], (71)

∂2
ϕF (ri, ϕj , θk) → 12−1

j+1∑
s=j−1

∂2
ϕX(ri, ϕs, θk)[1 + 9δsj],

∂2
θF (ri, ϕj , θk) → 12−1

k+1∑
t=k−1

∂2
θX(ri, ϕj , θt)[1 + 9δtk].

‚ ¨Éμ£¥ ¤²Ö ¸Éμ²¡Í  X ¨¸±μ³ÒÌ ±μÔËË¨Í¨¥´Éμ¢ Xijk ¶μ²ÊÎ¨É¸Ö ¤¨¸±·¥É´Ò°
 ´ ²μ£ (A−E)X = 0 ±· ¥¢μ° § ¤ Î¨ (67), (70). �¦¨¤ ¥³ Ö ÉμÎ´μ¸ÉÓ É ±μ£μ
 ´ ²μ£  |F − X | = τ444 = O(h4 + g4 + f4) ¢¸Õ¤Ê ¢ B3,   ¥£μ ³ É·¨Í  A
¸ÊÐ¥¸É¢¥´´μ · §·¥¦¥´ .

�¸´μ¢´μ° ¢Ò¢μ¤ ¢Ò¶μ²´¥´´μ£μ ¢ ¸²ÊÎ ÖÌ V1 = x−1, exp(−x)/x, x2 Î¨-
¸²¥´´μ£μ  ´ ²¨§  ¶μ²ÊÎ¥´´μ£μ ¤¨¸±·¥É´μ£μ  ´ ²μ£  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¢ ²Õ-
¡μ³ ¨§ ÔÉ¨Ì ¸²ÊÎ ¥¢ ¶·¨ ¨§³¥²ÓÎ¥´¨¨ ¸¥É±¨ �rϕθ ¢ÒÎ¨¸²Ö¥³μ¥ ³¨´¨³ ²Ó´μ¥
¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ Ẽ ¡Ò¸É·μ ¸Ìμ¤¨É¸Ö ± ÉμÎ´μ³Ê E = 1 ¸¢¥·ÌÊ. � ¶·¨³¥·,
Ẽ − E = 1 · 10−3; 2 · 10−5; 2 · 10−7 ¸μμÉ¢¥É¸É¢¥´´μ ¶·¨ N, M, K = 10; 20; 40.
	É¨ Ë ±ÉÒ Å μ¤´  ¨§ ¨²²Õ¸É· Í¨° ÔËË¥±É¨¢´μ¸É¨ μ¶¨¸ ´´μ£μ ¢ÒÏ¥ É·¥Ì-
³¥·´μ£μ ¸¶² °´- ²£μ·¨É³  4′′. �¡¸Ê¤¨³ ¤·Ê£ÊÕ § ¤ ÎÊ.

�É ²μ´´ Ö § ¤ Î  ´  ¸μ¡¸É¢¥´´ÊÕ ËÊ´±Í¨Õ. �Ê¸ÉÓ E, R, α > 0,  √
ER � 1. ‚Ò¶μ²´¨³ ¢ (69) § ³¥´Ê

J4(
√

Er) → cosα J4(
√

Er) + sin α Y4(
√

Er).

�μ²ÊÎ¥´´ Ö ËÊ´±Í¨Ö F ¶·¨ ²Õ¡ÒÌ E, R, δ ¨ V1(x) Å ÉμÎ´μ¥, ´μ ´¥·¥£Ê²Ö·-
´μ¥ ¶·¨ r = 0 ²μ¦´μ¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (67) ¢ B3 ¸ Ê¸²μ¢¨Ö³¨

∂n
ϕF |ϕ=0,π/2 = 0; ∂n

θ F |θ=0,π; n = 0, 2, (72)

¨ ¤¢Ê³Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨³¨ £· ´¨Î´Ò³¨ Ê¸²μ¢¨Ö³¨:

F (r, ϕ, θ) ∼ −(12/E)2π−1r−7/2 cosα, r → 0; (73)

F (r, ϕ, θ) ∼ (2/π
√

E)1/2 sin(
√

Er + α − π/4), r → R .

�Ê¸ÉÓ �4
rϕθ Å · ¸Ï¨·¥´¨¥ ¸¥É±¨ �rϕθ Ê§² ³¨ (r̄n, ϕj , θk), £¤¥ r̄i Å ¸·¥¤´ÖÖ

ÉμÎ±  μÉ·¥§±  [ri, ri+1],   n = 0, 1, N −2, N −1; j = 0, . . . , M ¨ k = 0, . . . , K .
�¤ ¶É¨·Ê¥³  ²£μ·¨É³ 4′′ ¤²Ö ¤¨¸±·¥É¨§ Í¨¨ ¶μ¸É ¢²¥´´μ° ±· ¥¢μ° § ¤ Î¨

(67), (72), (73). „²Ö ÔÉμ£μ ¶μ¤Î¨´¨³ ¥°, ´μ ²¨ÏÓ ´  ¸¥É±¥ �4
rϕθ, ¸¶² °´ (69)

¢³¥¸Éμ ¨¸±μ³μ£μ ·¥Ï¥´¨Ö F ¶μ ¸²¥¤ÊÕÐ¨³ ¶· ¢¨² ³. „²Ö ¢¸¥Ì ¶·μ¨§¢μ¤-
´ÒÌ ¸¶² °´  ¨¸¶μ²Ó§Ê¥³ Ëμ·³Ê²Ò ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¶μ¢ÒÏ¥´´μ° ÉμÎ´μ-
¸É¨ (71). “¸²μ¢¨Ö (72) § ¶¨Ï¥³ ¢ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì £· ´¨Î´ÒÌ Ê§² Ì. �¥·¢μ¥
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¨§ Ê¸²μ¢¨° (73) § ¶¨Ï¥³ ¢μ ¢¸¥Ì ¢´ÊÉ·¥´´¨Ì Ê§² Ì (r1, ϕj , θk) ¨ (r̄n, ϕj , θk),
n = 0, 1, ¢Éμ·μ¥ Å ¢μ ¢¸¥Ì ¢´ÊÉ·¥´´¨Ì Ê§² Ì (rN−1, ϕj , θk) ¨ (r̄n, ϕj , θk),
n = N − 2, N − 1,   Ê· ¢´¥´¨¥ (67) Å ¢μ ¢¸¥Ì μ¸É ²Ó´ÒÌ ¢´ÊÉ·¥´´¨Ì Ê§² Ì
(ri, ϕj , θk), i = 2, . . . , N −2. ‚ ¨Éμ£¥ ¤²Ö ¸Éμ²¡Í  X ¨¸±μ³ÒÌ ±μÔËË¨Í¨¥´Éμ¢
Xijk ¢Ò¢¥¤¥³ ¤¨¸±·¥É´Ò°  ´ ²μ£ AX = Q ±· ¥¢μ° § ¤ Î¨ (67), (72), (73).
Œ É·¨Í  A ¨ ¸Éμ²¡¥Í Q É ±μ£μ  ´ ²μ£  § ¢¨¸ÖÉ μÉ ¤¢ÊÌ ¶ · ³¥É·μ¢ E ¨ α,
  ¥£μ μ¦¨¤ ¥³ Ö ÉμÎ´μ¸ÉÓ |F − X | = τ444 = O(h4 + g4 + f4) ¢¸Õ¤Ê ¢ B3.
�¸´μ¢´μ° ¢Ò¢μ¤ Î¨¸²¥´´μ£μ  ´ ²¨§  § ¤ Î¨ AX = Q, ¢Ò¶μ²´¥´´μ£μ ¶·¨
E = 1, R = 20, δ = π/4 ¢ ¸²ÊÎ ÖÌ V1 = 1/x, exp(−x)/x, x2 ¸μ¸Éμ¨É ¢ Éμ³,
ÎÉμ ¢ ²Õ¡μ³ ¨§ ÔÉ¨Ì ¸²ÊÎ ¥¢ ¶·¨ ¨§³¥²ÓÎ¥´¨¨ ¸¥É±¨ �rϕθ ¢ÒÎ¨¸²Ö¥³ Ö ¸μ¡-
¸É¢¥´´ Ö ËÊ´±Í¨Ö X ¢μ ¢¸¥Ì ¢´ÊÉ·¥´´¨Ì Ê§² Ì ¸¥É±¨ �4

rϕθ ¡Ò¸É·μ ¸Ìμ¤¨É¸Ö

± ÉμÎ´μ° ËÊ´±Í¨¨ F . � ¶·¨³¥·, ¢ ÔÉ¨Ì Ê§² Ì ||F |/(|X | + 10−12)| − 1| ≈
10−2; 2 · 10−4; 3 · 10−6 ¸μμÉ¢¥É¸É¢¥´´μ ¶·¨ N, M, K = 10; 20; 40. 	É¨ Ë ±ÉÒ
¶μ¤É¢¥·¦¤ ÕÉ ÔËË¥±É¨¢´μ¸ÉÓ ¶·¥¤²μ¦¥´´μ£μ É·¥Ì³¥·´μ£μ  ´ ²μ£  ¸¶² °´-
 ²£μ·¨É³  4′′.

‡�Š‹�—…�ˆ…

‘Ê³³¨·Ê¥³ μ¸´μ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ · ¡μÉÒ.
‚Ò¢¥¤¥´Ò Ê· ¢´¥´¨Ö ” ¤¤¥¥¢  (45), (50) ¨ (51) ¢ ¶·¥¤¸É ¢²¥´¨¨ ¶μ²´μ£μ

Ê£²μ¢μ£μ ³μ³¥´É  ¨ ¶μ²´μ° ¶·μ¸É· ´¸É¢¥´´μ° Î¥É´μ¸É¨.
�μ± § ´μ, ÎÉμ ¢ ¸²ÊÎ ¥ Í¥´É· ²Ó´ÒÌ ¢§ ¨³μ¤¥°¸É¢¨° É ±¨¥ Ê· ¢´¥´¨Ö ¢¸¥-

£¤  ¨³¥ÕÉ ²μ¦´Ò¥ ·¥Ï¥´¨Ö, μ¡² ¤ ÕÐ¨¥ ´ ¶¥·¥¤ § ¤ ´´Ò³ ¶μ²´Ò³ ´ ¡μ·μ³
ε É·¥Ì ¸μÌ· ´ÖÕÐ¨Ì¸Ö ±¢ ´Éμ¢ÒÌ Î¨¸¥²: ε = {
, m, σ}.

�·¥¤²μ¦¥´ ¨ ¶·μ¨²²Õ¸É·¨·μ¢ ´ Ô²¥³¥´É ·´Ò³¨ ¶·¨³¥· ³¨ ¶·μ¸Éμ° ¸¶μ-
¸μ¡ ¶μ¸É·μ¥´¨Ö ²μ¦´ÒÌ ·¥Ï¥´¨° ± ± ²¨´¥°´ÒÌ ±μ³¡¨´ Í¨° ´μ·³ ²Ó´ÒÌ
ËÊ´¤ ³¥´É ²Ó´ÒÌ ²μ¦´ÒÌ ·¥Ï¥´¨°.

‘Ëμ·³Ê²¨·μ¢ ´Ò ¶·μ¸É¥°Ï¨¥ ÔÉ ²μ´´Ò¥ É·¥Ì³¥·´Ò¥ ±· ¥¢Ò¥ § ¤ Î¨, ¤²Ö
±μÉμ·ÒÌ ¶μ²ÊÎ¥´´Ò¥ ²μ¦´Ò¥ ·¥Ï¥´¨Ö Ö¢²ÖÕÉ¸Ö ÉμÎ´Ò³¨.

�  ¶·¨³¥·¥ ÔÉ¨Ì § ¤ Î μ¶¨¸ ´Ò ¶·μ¸ÉÒ¥ ¸¶² °´- ²£μ·¨É³Ò Î¨¸²¥´´μ£μ
·¥Ï¥´¨Ö É·¥Ì³¥·´ÒÌ Ê· ¢´¥´¨° ” ¤¤¥¥¢  ¨ · ¸Î¥É ³¨ ¶·μ¨²²Õ¸É·¨·μ¢ ´ 
¡Ò¸É· Ö ¸Ìμ¤¨³μ¸ÉÓ ÔÉ¨Ì  ²£μ·¨É³μ¢ ¶·¨ ¨§³¥²ÓÎ¥´¨¨ · ¢´μ³¥·´ÒÌ ¸¥Éμ±.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ ¶μ¤¤¥·¦±¥ �””ˆ (¶·μ¥±É 04-02-16828).
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