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ŠμÎ±¨´ ‚.ˆ. P11-2005-159
� ¶μ¸É·μ¥´¨¨ £¨¶¥·¸Ë¥·¨Î¥¸±μ£μ ¡ §¨¸  ¤²Ö Î¨¸²¥´´μ£μ · ¸Î¥É  É¥·³μ¢
¢ ·¨ Í¨μ´´Ò³ ³¥Éμ¤μ³ ¢ § ¤ Î¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö ¢ ¸¨¸É¥³¥
É·¥Ì α-Î ¸É¨Í

� ¸¸³μÉ·¥´ ¢ ·¨ Í¨μ´´Ò°  ²£μ·¨É³ ·¥Ï¥´¨Ö ³´μ£μ³¥·´μ£μ Ê· ¢´¥´¨Ö ˜·¥-
¤¨´£¥·  ³¥Éμ¤μ³ ®¶μ¢¥·Ì´μ¸É´ÒÌ¯ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨°. ‡ ¤ Î  ´¨§±μ-
Ô´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö ¢ ¸¨¸É¥³¥ É·¥Ì α-Î ¸É¨Í ·¥Ï ¥É¸Ö Î¨¸²¥´´μ ¸ ¶μ³μ-
ÐÓÕ ¸μ§¤ ´´μ° ´  μ¸´μ¢¥ ¤ ´´μ£μ  ²£μ·¨É³  Ëμ·É· ´-¶·μ£· ³³Ò. „²Ö ¨²²Õ-
¸É· Í¨¨ ¶·¨¢μ¤ÖÉ¸Ö ´¥±μÉμ·Ò¥ Î¨¸²¥´´Ò¥ ·¥§Ê²ÓÉ ÉÒ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.

‘μμ¡Ð¥´¨¥ �¡Ñ¥¤¨´¥´´μ£μ ¨´¸É¨ÉÊÉ  Ö¤¥·´ÒÌ ¨¸¸²¥¤μ¢ ´¨°. „Ê¡´ , 2005

Kochkin V. I. P11-2005-159
On Construction of the Hyperspherical Basis for the Numerical Calculation
of the Terms by Means of Variational Method in the Problem of the Low-Energy
Scattering of Three α-Particles

The variational algorithm for solving of the many-dimensional Schroedinger
equation by means of the ®surface¯ hyperspherical functions method is considered.
The problem of the low-energy scattering in the system of three α-particles is cal-
culated numerically with the help of the fortran-program created on the basis of this
algorithm. Some numerical results for the illustration are presented.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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‚ § ¤ Î¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ · ¸¸¥Ö´¨Ö É·¥Ì α-Î ¸É¨Í ¢ ³ ¸ÏÉ ¡¨·μ-
¢ ´´ÒÌ ±μμ·¤¨´ É Ì Ÿ±μ¡¨ Ê· ¢´¥´¨¥ ˜·¥¤¨´£¥·  ¸¨¸É¥³Ò É·¥Ì Éμ¦¤¥¸É¢¥´-
´ÒÌ ¡¥¸¸¶¨´μ¢ÒÌ Î ¸É¨Í ¨³¥¥É ¢¨¤⎛

⎝−ΔXi − ΔYi +
3∑

j=1

V (xj) + V3 (ρ) − E

⎞
⎠Ψ = 0, (1)

Xi = rj − rk, Yi =
2√
3

(
ri −

rj + rk

2

)
, i = j = k = 1, 2, 3; ri, rj , rk ¥¸ÉÓ

· ¤¨Ê¸Ò-¢¥±Éμ·Ò · ¸¸ÉμÖ´¨° ³¥¦¤Ê Î ¸É¨Í ³¨.
‚ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ±μμ·¤¨´ É Ì ρ, α, θ Ê· ¢´¥´¨¥ (1) § ¶¨¸Ò¢ ¥É¸Ö ¢

¢¨¤¥[
− 1

ρ5

∂

∂ρ

(
ρ5 ∂

∂ρ

)
− 4

ρ2
Δ∗ +

∑
V

(
ρ cos

αj

2

)
+ V3 (ρ) − E

]
Ψ = 0, (2)

Δ∗ =
1

sin2 αi

[
∂

∂αi

(
sin2 αi

∂

∂αi

)
+

1
sin θ

∂

∂θi

(
sin θi

∂

∂θi

)]
, (3)

0 � ρ < ∞; 0 � α, θ � π

xi = ρ cos
αi

2
, yi = ρ sin

αi

2
, cos θi =

(
X̄iȲi

)
xiyi

.

‚ Ê· ¢´¥´¨¨ (1) V (x) ¥¸ÉÓ ÔËË¥±É¨¢´Ò° ¤¢ÊÌÎ ¸É¨Î´Ò° ¶μÉ¥´Í¨ ² ¢
¢¨¤¥ ¸Ê³³Ò ±Ê²μ´μ¢¸±μ£μ ¨ ±μ·μÉ±μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ²μ¢:

V (x) = Vs(x) +
q

x
.

�μ²´Ò° μ·¡¨É ²Ó´Ò° ³μ³¥´É L = 0; Vs (x) = Vre
−μ2

rx2 − Vae−μ2
ax2

, ± ±
³μ¤¨Ë¨Í¨·μ¢ ´´Ò° ¶μÉ¥´Í¨ ² �²¨Ä�μ¤³¥·  [1], [3].

’·¥ÌÎ ¸É¨Î´Ò° ¶μÉ¥´Í¨ ² V3 (ρ) ¡¥·¥É¸Ö ± ± ËÊ´±Í¨Ö £¨¶¥·· ¤¨Ê¸  ρ:

gV3 (ρ) = V0e
−(ρ/b)2

�¡Ð¥¥ ·¥Ï¥´¨¥ Ê· ¢´¥´¨Ö (2) ¨Ð¥É¸Ö ¢ ¢¨¤¥ ·Ö¤ 

Ψ = ρ−5/2
∑

n

fn (ρ)Φn (α, θ, ρ) (4)

¤²Ö ± ¦¤μ£μ μÉ¤¥²Ó´μ£μ §´ Î¥´¨Ö ρ ± ± ¶ · ³¥É· ; n = 1, 2, 3, . . . , m(m <∞),
É ± ÎÉμ ρ = ρm, fn (ρ) = fm

n (ρm), Φn (α, θ, ρ) = Φm
n (α, θ, ρm).
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�É¤¥²ÖÖ · ¤¨ ²Ó´ÊÕ Î ¸ÉÓ ¢ Ê· ¢´¥´¨¨ (2) μÉ Ê£²μ¢μ°, ¸²¥¤ÊÖ · ¡μÉ¥
[2], ¶μ²ÊÎ ¥³ Ê· ¢´¥´¨¥ ¶·¨ Ë¨±¸¨·μ¢ ´´μ³ §´ Î¥´¨¨ ρm ¤²Ö μ¶·¥¤¥²¥´¨Ö
¶μ¢¥·Ì´μ¸É´ÒÌ £¨¶¥·¸Ë¥·¨Î¥¸±¨Ì ËÊ´±Í¨° Φm (α, θ, ρm) ± ± ¸μ¡¸É¢¥´´ÒÌ
ËÊ´±Í¨° ¤²Ö Ê· ¢´¥´¨Ö ¢¨¤ 

⎡
⎣Δ∗ − ρ2

4

3∑
j=1

V
(
ρ cos

αj

2

)
+ λn (ρ)

⎤
⎦Φn (α, θ, ρ) = 0. (5)

�μ¸²¥ μ¶·¥¤¥²¥´¨Ö ËÊ´±Í¨° Φn (α, θ, ρ) Ê· ¢´¥´¨¥ (2) ¶μ¤¸É ´μ¢±μ° (4) ¸¢μ-
¤¨É¸Ö ± ¸¨¸É¥³¥ £¨¶¥·· ¤¨ ²Ó´ÒÌ Ê· ¢´¥´¨°:

(
∂2

∂ρ2
− 1

ρ2

(
4λn (ρ) +

15
4

)
− V3 (ρ) + E

)
fn (ρ)+

+
∑
m

(
Qnm (ρ)

∂

∂ρ
+

∂

∂ρ
Qnm (ρ) − Pnm (ρ)

)
fm (ρ) = 0, (6)

£¤¥

Qmn (ρ) =
〈

Φm

∣∣∣∣ ∂Φn

∂ρ

〉
,

Pmn (ρ) =
〈

∂Φm

∂ρ

∣∣∣∣ ∂Φn

∂ρ

〉
.

(7)

“· ¢´¥´¨¥ (5) ·¥Ï ¥³ ¢ ·¨ Í¨μ´´Ò³ ³¥Éμ¤μ³, · §² £ Ö Φn (α, θ, ρ) ¶μ ¸¨-
¸É¥³¥ ¶·μ¡´ÒÌ ËÊ´±Í¨° χi (α, θ):

Φn (α, θ, ρ) =
N∑

i=1

C
(n)
i χi (α, θ), (8)

ρ Å ¶ · ³¥É·, C
(n)
i Å const.

‡ ³¥´ÖÖ ¢ Ê· ¢´¥´¨¨ (5) Φn (α, θ, ρ) ¨Ì ¢Ò· ¦¥´¨¥³ ¢ ¢¨¤¥ ¸Ê³³Ò (8),
¤²Ö ± ¦¤μ£μ ρ ¶μ²ÊÎ ¥³ ¸¨¸É¥³Ê ²¨´¥°´ÒÌ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°:

N∑
i=1

(
Dki −

ρ

4
(qUki + ρVki) + λnSki

)
C

(n)
i = 0,

Ski = 〈χk | χi〉 , Dki = 〈χk|Δ∗ |χi〉 , Uki = 3
〈

χk

∣∣∣∣ 1
cos α

2

∣∣∣∣ χi

〉
, (9)

Vki = 3
〈
χk

∣∣∣Vs

(
ρ cos

α

2

)∣∣∣ χi

〉
.
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‚ ³ É·¨Î´μ³ ¢¨¤¥ ¸¨¸É¥³  (9) ¨³¥¥É ¢¨¤(
D − U − V + λŜ

)
= 0, (10)

£¤¥ D = (Dki), U = (Uki), V = (Vki), Ŝ = (Ski).
�¡μ§´ Î Ö A = D − U − V , Ŝ = −S, Ê· ¢´¥´¨¥ (10) § ¶¨Ï¥³ ¢ ¢¨¤¥

Ac̄ = λSc̄. (11)

“· ¢´¥´¨¥ (11) ¥¸ÉÓ μ¡μ¡Ð¥´´ Ö  ²£¥¡· ¨Î¥¸± Ö § ¤ Î  ´  ¸μ¡¸É¢¥´´Ò¥ §´ -
Î¥´¨Ö λ ¤²Ö ¸μ¡¸É¢¥´´ÒÌ ¢¥±Éμ·μ¢ c̄.

’ ¡²¨Í  1.

ε1(ρ) ε2(ρ) P11(ρ) P22(ρ)

0,24852515E+03 0,38148823E+03 0,26198202E-01 0,44806348E-01
0,79494809E+02 0,11976386E+03 0,61238589E-01 0,60170645E-01
0,95227725E+01 0,41449885E+02 0,54483041E-01 0,12151977E+00
-0,70913981E+01 0,99241637E+01 0,68981344E-01 0,71874611E-01
-0,71140890E+01 0,92649631E+0 0,13574135E+00 0,13065691E+00
-0,45424859E+01 0,25538659E+00 0,13551838E+00 0,12792910E+00
-0,25559053E+01 0,16508355E+01 0,30656617E-01 0,24339414E-01
-0,11382151E+01 0,27311365E+01 0,13211951E-01 0,56487986E-02
-0,25025741E+00 0,32781160E+01 0,13322835E-01 0,34604602E-02
0,23471562E+00 0,34900903E+01 0,12567250E-01 0,41145004E-02
0,48542359E+00 0,35153973E+01 0,98768884E-02 0,14397760E-01
0,62949333E+00 0,34153997E+01 0,65131449E-02 0,39232702E-01
0,73595629E+00 0,32126131E+01 0,36534061E-02 0,43190837E-01
0,83101480E+00 0,29573615E+01 0,17926354E-02 0,20193873E-01
0,91873900E+00 0,27085990E+01 0,88759934E-03 0,68799362E-02
0,99546526E+00 0,24913962E+01 0,70744080E-03 0,24867613E-02
0,10569636E+01 0,23084094E+01 0,10057612E-02 0,14446860E-02
0,11009574E+01 0,21553381E+01 0,15482033E-02 0,15695622E-02
0,11274168E+01 0,20266977E+01 0,21101966E-02 0,20453722E-02
0,11380288E+01 0,19173903E+01 0,25047510E-02 0,24957602E-02
0,11354782E+01 0,18230552E+01 0,26326751E-02 0,27473769E-02
0,11227937E+01 0,17401273E+01 0,25048202E-02 0,27702341E-02
0,11028604E+01 0,16658263E+01 0,22080353E-02 0,26228432E-02
0,10781342E+01 0,15980974E+01 0,18443675E-02 0,23881286E-02
0,10505389E+01 0,15354997E+01 0,14889536E-02 0,21310455E-02
0,10214881E+01 0,14770660E+01 0,11803221E-02 0,18875359E-02
0,99196968E+00 0,14221628E+01 0,92965063E-03 0,16713524E-02
0,96264510E+00 0,13703737E+01 0,73343868E-03 0,14841932E-02
0,93393925E+00 0,13214144E+01 0,58261057E-03 0,13228626E-02
0,90611173E+00 0,12750759E+01 0,46735898E-03 0,11829583E-02
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�·μ¡´Ò¥ ËÊ´±Í¨¨ ¤²Ö ¢ ·¨ Í¨μ´´μ° § ¤ Î¨ ¢Ò¡¨· ÕÉ¸Ö ±μ´¸É·Ê±É¨¢´μ,
¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¶·¨ · ¸Î¥É¥ ´  �‚Œ ¡Ò²¨ ¶·¨³¥´¥´Ò ¸¨¸É¥³Ò ³´μ£μÎ²¥´μ¢
—¥¡ÒÏ¥¢ , Ÿ±μ¡¨ ¨ ·Ö¤Ò Ô±¸¶μ´¥´É.

‚¸Ö μ¡² ¸ÉÓ ¨§³¥´¥´¨Ö ρ (¢ ¥¤¨´¨Í Ì Ë³) ¢ ´ Ï¥³ · ¸Î¥É¥ · §¡¨¢ ¥É¸Ö
´  ¤¢¥ ¶μ¤μ¡² ¸É¨ 0 � ρ � 20 (I) ¨ 20 < ρ ≤ 50 (II) ¨ § ¤ Î  μ¶·¥¤¥²¥´¨Ö
É¥·³μ¢ · §¤¥²¥´  ´  ¤¢¥ § ¤ Î¨ I ¨ II ¶μ¸²¥ ³´μ£μÎ¨¸²¥´´ÒÌ ¶·¥¤¢ ·¨É¥²Ó´ÒÌ
· ¸Î¥Éμ¢ ´  �‚Œ.

�  ¨´É¥·¢ ²¥ I ¨§³¥´¥´¨Ö ρ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¶·μ¡´Ò¥ ËÊ´±Í¨¨ μ¤´μ£μ
É¨¶  Å- £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ £ ·³μ´¨±¨ (ƒƒ)

χi (r, ϕ) = AiT3mi

(
cos

ϕ

3

)
(1 + r)3mi/2

P (0,3mi)
ni

(r) ,

T Å ³´μ£μÎ²¥´Ò —¥¡ÒÏ¥¢ , P Å ³´μ£μÎ²¥´Ò Ÿ±μ¡¨, imax = 147.
�  ¨´É¥·¢ ²¥ II ¨¸¶μ²Ó§ÊÕÉ¸Ö ¶·μ¡´Ò¥ ËÊ´±Í¨¨ É·¥Ì É¨¶μ¢:
χi (x) = x1/4 exp

(
−2

√
qx (1 + ax)

)
, i = 1,  ¸¨³¶ÉμÉ¨Î¥¸±¨° É¨¶;

χi (x) = exp
(
−βix

2
)
, 2 � i � 4 £ Ê¸¸μ¢¸±¨° É¨¶;

χi (r, ϕ), 5 � i � 113, £¨¶¥·¸Ë¥·¨Î¥¸±¨¥ £ ·³μ´¨±¨.
�¥±μÉμ·Ò¥ ·¥§Ê²ÓÉ ÉÒ É¥¸É¨·μ¢ ´¨Ö ¨ μÉ² ¤±¨ μ¡Ð¥° ¶·μ£· ³³Ò · ¸Î¥É 

¤²Ö ¸²ÊÎ Ö I ¶·¥¤¸É ¢²¥´Ò ¢ É ¡². 1 ¨ 2.

’ ¡²¨Í  2. ’¥·³ ε1, ŒÔ‚

ρ 10 × 10 37 × 37

1,0 248,525 248,591
2,0 79,494 79,199
8,0 −1,138 −1,160
10,0 0,234 0,206
20,0 1,138 0,636
25,0 1,050 0,592

10, 37 Å · §³¥· ³ É·¨ÍÒ A ¢ Ëμ·³Ê²¥ (11)

…¸²¨ ¢ ¸¨¸É¥³¥ £¨¶¥·· ¤¨ ²Ó´ÒÌ Ê· ¢´¥´¨° (6) μ£· ´¨Î¨ÉÓ¸Ö μ¤´¨³ Ê· ¢-
´¥´¨¥³, ±μÉμ·μ¥ Î¨¸²¥´´μ μ¶·¥¤¥²Ö¥É ¤²Ö · §´ÒÌ §´ Î¥´¨° ρ μ¤´Ê · ¤¨ ²Ó´ÊÕ
ËÊ´±Í¨Õ f1 (ρ), Éμ Ê· ¢´¥´¨¥ ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤(

d2

dρ2
− 15

4ρ2
− ε2 (ρ) − P22 (ρ) − V3 (ρ) + E

)
f1 (ρ) = 0. (12)

ˆ¸¶μ²Ó§ÊÖ É ¡²¨Î´Ò¥ (É ¡². 1) §´ Î¥´¨Ö ε2 ¨ P22 ¨ § ³¥´ÖÖ
d2

dρ2
f1 (ρ) · §-

´μ¸É´μ° ¸Ì¥³μ°, ·¥Ï ¥³ μ¡μ¡Ð¥´´ÊÕ  ²£¥¡· ¨Î¥¸±ÊÕ § ¤ ÎÊ ¤²Ö Ê· ¢´¥´¨Ö
(12).
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min E ¤ ¥É §´ Î¥´¨¥ −5,1176 ŒÔ‚, Ô±¸¶¥·¨³¥´É ²Ó´μ −7, 27 ŒÔ‚.
�¢Éμ· ¢Ò· ¦ ¥É ¡² £μ¤ ·´μ¸ÉÓ ±μ²²¥£ ³-¸μ ¢Éμ· ³ ¸É ÉÓ¨ [1] ‘.ˆ.”¥¤μ-

Éμ¢Ê, �.ˆ.Š ·É ¢Í¥¢Ê, �. ‚.Œ ²ÒÌ ¨ ¢¸¥³ ÊÎ ¸É´¨± ³ μ¡¸Ê¦¤¥´¨Ö ´ ¸ÉμÖÐ¥°
· ¡μÉÒ ´  ¸¥³¨´ ·¥ ‹ˆ’ �ˆŸˆ ¶μ ¢ÒÎ¨¸²¨É¥²Ó´μ° ³ É¥³ É¨±¥.
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