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É·μ³¥É·¥ ¨ μ¶¨¸ ´  ¨Ì ·¥ ²¨§ Í¨Ö. �¤¨´ μ¸´μ¢ ´ ´  ¶·¨¡²¨¦¥´¨¨ § ¢¨¸¨³μ¸É¨
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Two Algorithms to Determine the Momentum of a Particle
in Magnetic Spectrometer

Two algorithms to determine the momentum of a particle in magnetic spec-
trometer are presented and their realization is described. One of them is based on
approximation of dependence by Chebyshev polynomials; the other, on polylinear
interpolation. Co-ordination of the two algorithms was examined and their accuracy
was estimated by means of computer modeling.
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‚ ‹ ¡μ· Éμ·¨¨ ¢Ò¸μ±¨Ì Ô´¥·£¨° (‹‚
) ¸μ§¤ ¥É¸Ö ³ £´¨É´Ò° ¸¶¥±É·μ-
³¥É· ¸ ¶·μ¶μ·Í¨μ´ ²Ó´Ò³¨ ± ³¥· ³¨ ¢ ± Î¥¸É¢¥ μ¸´μ¢´μ£μ ±μμ·¤¨´ É´μ£μ
¤¥É¥±Éμ· . •μÉÖ ¸¶¥±É·μ³¥É· ¶² ´¨·Ê¥É¸Ö ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ¢¥¸Ó³  · §´ÒÌ
§ ¤ Î, ·¥Ï ¥³ÒÌ · §´Ò³¨ £·Ê¶¶ ³¨ Ô±¸¶¥·¨³¥´É Éμ·μ¢, ¢ ·Ö¤¥ ¨¸¸²¥¤μ¢ ´¨°
μ¦¨¤ ¥³Ò¥ ¨´É¥·¢ ²Ò ¨³¶Ê²Ó¸μ¢ ¨ Ê£²μ¢ ¢Ò²¥É  ¨§³¥·Ö¥³ÒÌ Î ¸É¨Í ´¥¡μ²Ó-
Ï¨¥. � ¶·¨³¥·, ¶·¨ ¨§³¥·¥´¨¨ ¸¥Î¥´¨Ö ¶¥·¥§ ·Ö¤±¨ p(3H,3He) ¢ § ¢¨¸¨³μ¸É¨
μÉ ¶¥·¥¤ ´´μ£μ ¨³¶Ê²Ó¸  [1] Ê£μ² ¢Ò²¥É  ¨§³¥·Ö¥³ÒÌ Ö¤¥· £¥²¨Ö μ£· ´¨Î¨-
¢ ¥É¸Ö ³¥Éμ¤¨Î¥¸±¨³¨ ¸μμ¡· ¦¥´¨Ö³¨ Ô±¸É· ¶μ²ÖÍ¨¨ ¸¥Î¥´¨Ö ¤²Ö ´Ê²¥¢μ£μ
Ê£²  ¢Ò²¥É  ¨  ¶¥·ÉÊ·μ° ³ £´¨É . �μ-¢¨¤¨³μ³Ê, ³ ±¸¨³ ²Ó´Ò° Ê£μ² ¢Ò²¥É 
¨§³¥·Ö¥³ÒÌ Ö¤¥· Í¥²¥¸μμ¡· §´μ μ£· ´¨Î¨ÉÓ 15 ³· ¤. ˆ´É¥·¢ ² μ¦¨¤ ¥³ÒÌ
¨³¶Ê²Ó¸μ¢ ¸μ¸É ¢²Ö¥É μÉ 3 ¤μ 4 ƒÔ‚/c.

„μ¶μ²´¨É¥²Ó´μ ¡Ò²μ ¶·μ ´ ²¨§¨·μ¢ ´μ ¶·¨³¥´¥´¨¥ ³¥Éμ¤  ¤²Ö ¡μ²¥¥
¸²μ¦´ÒÌ § ¤ Î, ´ ¶·¨³¥·, ¤²Ö ¶μ¨¸±  ·μ¦¤¥´¨Ö ¨ · ¸¶ ¤  £¨¶¥·ÑÖ¤¥· 6

Λ�
[2]. �¤´μ¢·¥³¥´´μ ³μ£ÊÉ ·μ¦¤ ÉÓ¸Ö ¨ £¨¶¥·ÑÖ¤·  4

Λ� ¨ 3
Λ�. ˆ§³¥·Ö¥³Ò¥

¨³¶Ê²Ó¸Ò ¤μÎ¥·´¨Ì Ö¤¥· Å ¨§μÉμ¶μ¢ £¥²¨Ö 6�¥, 4�¥ ¨ 3�¥ Å ¡Ê¤ÊÉ ¸μ-
¸·¥¤μÉμÎ¥´Ò ¢ ¨´É¥·¢ ² Ì 12,5Ä10,5, 7,8Ä6,5 ¨ 5,6Ä4,6 ƒÔ‚/c ¸μμÉ¢¥É¸É¢¥´´μ.
Œ ±¸¨³ ²Ó´Ò° Ê£μ² ¢Ò²¥É  ÔÉ¨Ì Ö¤¥· ´¥ ¶·¥¢ÒÏ ¥É 30 ³· ¤. •μÉÖ ¤¨ ¶ -
§μ´ ¨³¶Ê²Ó¸μ¢ ¡μ²ÓÏμ°, ¤²Ö ¨¤¥´É¨Ë¨± Í¨¨ ¢¸¥Ì É·¥Ì ± ´ ²μ¢ ·¥ ±Í¨¨ (É·¥Ì
· §´ÒÌ £¨¶¥·ÑÖ¤¥·) ¤μ¸É ÉμÎ´μ ¨§³¥·ÖÉÓ ¨³¶Ê²Ó¸ ¸ μÉ´μ¸¨É¥²Ó´μ° ÉμÎ´μ¸ÉÓÕ
10 %.

Œ¥Éμ¤ μ¶·¥¤¥²¥´¨Ö ¨³¶Ê²Ó¸  § ·Ö¦¥´´μ° Î ¸É¨ÍÒ ¶μ ¨§³¥·¥´¨Ö³ ¥¥ É· -
¥±Éμ·¨¨ ¢ ³ £´¨É´μ³ ¶μ²¥ ¸¶¥±É·μ³¥É· , ¶·¥¤²μ¦¥´´Ò° ‚¨´¤μ³ ¨ ¥£μ ¸μ ¢-
Éμ· ³¨ [3], μ± § ²¸Ö Ê¤μ¡´Ò³ ¨ ¨¸¶μ²Ó§Ê¥É¸Ö ¤μ¸É ÉμÎ´μ Î ¸Éμ [4, 5]. ˆ¤¥Ö
ÔÉμ£μ ³¥Éμ¤  ¸μ¸Éμ¨É ¢ Éμ³, ÎÉμ ¸´ Î ²  · ¸¸Î¨ÉÒ¢ ¥É¸Ö ´ ¡μ· ¢μ§³μ¦´ÒÌ
É· ¥±Éμ·¨° Î ¸É¨Í, ¶·μÌμ¤ÖÐ¨Ì Î¥·¥§ ³ £´¨É´μ¥ ¶μ²¥, ¨ μ¶·¥¤¥²ÖÕÉ¸Ö Ê£²Ò
μÉ±²μ´¥´¨Ö Î ¸É¨Í ¤²Ö ¢Ò¡· ´´ÒÌ ´ ¡μ·μ¢ ¶ · ³¥É·μ¢ (¢ Éμ³ Î¨¸²¥ ¨ ¤²Ö
§´ Î¥´¨° ¨³¶Ê²Ó¸ ),   § É¥³ ¸É·μ¨É¸Ö ËÊ´±Í¨Ö, ¢Ò· ¦ ÕÐ Ö ¨³¶Ê²Ó¸ Î¥·¥§
´ ¡²Õ¤ ¥³Ò¥ ¢¥²¨Î¨´Ò (¢ Éμ³ Î¨¸²¥ Î¥·¥§ Ê£μ² μÉ±²μ´¥´¨Ö). ˆ³¥´´μ ÔÉ 
ËÊ´±Í¨Ö ¨¸¶μ²Ó§Ê¥É¸Ö ¢ Ìμ¤¥ Ô±¸¶¥·¨³¥´É  ¤²Ö μ¶·¥¤¥²¥´¨Ö ¨³¶Ê²Ó¸ .

‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ · ¸¸³ É·¨¢ ÕÉ¸Ö ¤¢   ²£μ·¨É³ , ·¥ ²¨§ÊÕÐ¨¥ Ê± -
§ ´´Ò° ³¥Éμ¤. �¥·¢Ò° ¤μ¢μ²Ó´μ ÉμÎ´μ ¸²¥¤Ê¥É ¶μ¤Ìμ¤Ê · ¡μÉÒ [3], ¥£μ Ì · ±-
É¥·´ Ö μ¸μ¡¥´´μ¸ÉÓ Å ¶·¨³¥´¥´¨¥ ¶μ²¨´μ³μ¢ —¥¡ÒÏ¥¢  ¤²Ö ¶·¨¡²¨¦¥´´μ£μ
¶·¥¤¸É ¢²¥´¨Ö Ê¶μ³Ö´ÊÉμ° ¢ÒÏ¥ ËÊ´±Í¨¨. ‚Éμ·μ°, ¡μ²¥¥ ¶·μ¸Éμ° ¨ ´ £²Ö¤-
´Ò°, ¨¸¶μ²Ó§Ê¥É ¶μ²¨²¨´¥°´ÊÕ ¨´É¥·¶μ²ÖÍ¨Õ. „²Ö μÍ¥´±¨ ÉμÎ´μ¸É¨ ¤¢ÊÌ
Ê± § ´´ÒÌ  ²£μ·¨É³μ¢ ¡Ò²μ ¶·μ¢¥¤¥´μ ¨Ì É¥¸É¨·μ¢ ´¨¥ ¢ ³μ¤¥²Ó´ÒÌ Ê¸²μ-
¢¨ÖÌ. �¡· ¡μÉ±  Ô±¸¶¥·¨³¥´É ²Ó´ÒÌ ¤ ´´ÒÌ ¶μ ¶·¥¤²μ¦¥´´Ò³  ²£μ·¨É³ ³
¶·¥¤¸É ¢²Ö¥É¸Ö ¶·μ¸Éμ° ¨ ¶·μ¨§¢μ¤¨É¸Ö ¤μ¸É ÉμÎ´μ ¡Ò¸É·μ.
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�¡  ³¥Éμ¤  ¤²Ö § ¤ ´´μ£μ ¨´É¥·¢ ²  ¨³¶Ê²Ó¸μ¢ ¢ ³μ¤¥²Ó´ÒÌ Ê¸²μ¢¨ÖÌ
¤ ÕÉ μÉ´μ¸¨É¥²Ó´ÊÕ ¶μ£·¥Ï´μ¸ÉÓ ´¥ ¡μ²¥¥ 3Ä3,5 %.

��ˆ‘��ˆ… �‹ƒ��ˆ’Œ�‚

�¥·¢Ò°  ²£μ·¨É³. �¨¦¥ ¨¸¶μ²Ó§ÊÕ¸Ö μ¡μ§´ Î¥´¨Ö: ¶¥·¥³¥´´Ò¥ x1, x2,
x3, x4 Å ´ ¡²Õ¤ ¥³Ò¥ Ì · ±É¥·¨¸É¨±¨ Î ¸É¨ÍÒ ´  ¢Ìμ¤¥, ¤μ ¶μ¶ ¤ ´¨Ö ¢
³ £´¨É´μ¥ ¶μ²¥ (±μμ·¤¨´ ÉÒ ¤¢ÊÌ ÉμÎ¥± ¢ ¤¢ÊÌ ¶²μ¸±μ¸ÉÖÌ); x5 Å ¨³¶Ê²Ó¸
P ; x6 Å £μ·¨§μ´É ²Ó´Ò° Ê£μ² ¶μ¢μ·μÉ  Î ¸É¨ÍÒ (D).

‘Ì¥³ É¨Î´μ Ê¸²μ¢¨Ö Ô±¸¶¥·¨³¥´É  ¨§μ¡· ¦¥´Ò ´  ·¨¸. 1.

�¨¸. 1. ‘Ì¥³  ¤¢¨¦¥´¨Ö § ·Ö¦¥´´μ° Î ¸É¨ÍÒ ¢ ³ £´¨É´μ³ ¸¶¥±É·μ³¥É·¥

�·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ¨³¥¥É¸Ö ¶·μ£· ³³  · ¸Î¥É  É· ¥±Éμ·¨¨ Î ¸É¨ÍÒ ¢
³ £´¨É´μ³ ¶μ²¥ ¸¶¥±É·μ³¥É· , É. ¥. ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ ¨§¢¥¸É´  ËÊ´±Í¨Ö D
(x1, x2, x3, x4, x5). �·¨ · ¡μÉ¥ ¸ ¶μ²¨´μ³ ³¨ —¥¡ÒÏ¥¢  ´¥μ¡Ìμ¤¨³μ, ÎÉμ¡Ò
 ·£Ê³¥´ÉÒ ¶·¨´¨³ ²¨ §´ Î¥´¨Ö ¢ ¤¨ ¶ §μ´¥ [Ä1, 1]. 
Éμ£μ ³μ¦´μ ¤μ¸É¨ÎÓ
§ ³¥´μ° ¶¥·¥³¥´´μ° ¶μ ¶· ¢¨²Ê É¨¶  ξ = (2x−A−B)/(B −A), £¤¥ [A, B] Å
¤¨ ¶ §μ´ ¨§³¥´¥´¨Ö ¶¥·¥³¥´´μ° x. (ˆ´μ£¤ , ´ ¶·¨³¥· ¶·¨ · ¡μÉ¥ ¸ ËÊ´±-
Í¨¥° D, ¶·¨Ìμ¤¨É¸Ö ¢Ò· ¦ ÉÓ x Î¥·¥§ ξ: x = (A + B)/2 + ξ(B − A)/2). „²Ö
± ¦¤μ£μ  ·£Ê³¥´É  ¢Ò¡¨· ¥É¸Ö ¤¨¸±·¥É´ Ö ¸¥É± : ξ1a1 , a1 = 1, . . . , N1; ξ2a2 ,
a2 = 1, . . . , N2, . . . , ξ5a5 , a5 = 1, . . . , N5. „²Ö x1, x2, x3, x4 ¸¥É±¨ Î¥¡ÒÏ¥¢-
¸±¨¥ (´ ¶·¨³¥·, ÉμÎ±¨ ¸¥É±¨ ξ1a1 Å ÔÉμ ´Ê²¨ ¶μ²¨´μ³  —¥¡ÒÏ¥¢  TN1(X)
¸É¥¶¥´¨ N1),   ¤²Ö x5 ¸¥É±  ³μ¦¥É ¡ÒÉÓ ¨ ¤·Ê£μ£μ É¨¶ , ´ ¶·¨³¥· · ¢´μ³¥·-
´ Ö. (�´  ¨¸¶μ²Ó§Ê¥É¸Ö ´  ¶·μ³¥¦ÊÉμÎ´μ³ Ï £¥ ¤²Ö μ¡· É´μ° ¨´É¥·¶μ²ÖÍ¨¨.)
„²Ö ¢μ§³μ¦´μ£μ ¤¨ ¶ §μ´  §´ Î¥´¨° ËÊ´±Í¨¨ D ¸É·μ¨É¸Ö Î¥¡ÒÏ¥¢¸± Ö ¸¥É± 
ξ6a6 , a6 = 1, . . . , N6.

„ ²ÓÏ¥ ¢ÒÎ¨¸²¥´¨Ö ¶·μ¢μ¤ÖÉ¸Ö ¸²¥¤ÊÕÐ¨³ μ¡· §μ³. �·£ ´¨§ÊÕÉ¸Ö ¢²μ-
¦¥´´Ò¥ Í¨±²Ò ¶μ a1, a2, a3, a4. ‚´ÊÉ·¨ ÔÉ¨Ì Í¨±²μ¢ ¢Ò¶μ²´ÖÕÉ¸Ö ¤¢ 
¤¥°¸É¢¨Ö:

1) μ·£ ´¨§Ê¥É¸Ö Í¨±² ¶μ a5. ‚ ´¥³ ¤²Ö § ¤ ´´μ£μ ´ ¡μ·  a1, a2, a3,
a4 ¢ÒÎ¨¸²ÖÕÉ¸Ö M5 §´ Î¥´¨° ξ6, · ¢´ÒÌ ´μ·³ ²¨§μ¢ ´´μ° (¶¥·¥¢¥¤¥´´μ° ¢
¤¨ ¶ §μ´ [Ä1, 1]) D (ξ1a1 , ξ2a2 , ξ3a3 , ξ4a4 , ξ5a5 );

2) μ·£ ´¨§Ê¥É¸Ö Í¨±² ¶μ a6. ‚ ´¥³ ¸ ¶μ³μÐÓÕ μ¡· É´μ° ¨´É¥·¶μ²ÖÍ¨¨
¤²Ö ± ¦¤μ£μ Ê§²  ¸¥É±¨ ξ6a6 ¢ÒÎ¨¸²Ö¥É¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ §´ Î¥´¨¥ ξ5. 
É¨
§´ Î¥´¨Ö ´ ± ¶²¨¢ ÕÉ¸Ö ¢ ¶ÖÉ¨³¥·´μ³ ³ ¸¸¨¢¥ ξ5a1,a2,a3,a4a6 .
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‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ³ ¸¸¨¢ §´ Î¥´¨° ξ5a1,a2,a3,a4,a6 , £¤¥ a1 = 1, . . . ,
N1; a2 = 1, . . . , N2; a3 = 1, . . . , N3; a4 = 1, . . . , N4; a6 = 1, . . . , N6. ‚¸¥£μ ¢
³ ¸¸¨¢¥ ¡Ê¤¥É N1 ·N2 ·N3 ·N4 ·N6 Ô²¥³¥´Éμ¢. ‚ ´¥³ ¸μ¤¥·¦¨É¸Ö ¨´Ëμ·³ Í¨Ö
μ § ¢¨¸¨³μ¸É¨ ¨³¶Ê²Ó¸  ξ5 μÉ ´ ¡²Õ¤ ¥³ÒÌ ¢¥²¨Î¨´.

‚¢¥¤¥³ ¤²Ö Ê¤μ¡¸É¢  · ¡μÉÒ ¸ ¶μ²¨´μ³ ³¨ —¥¡ÒÏ¥¢  μ¡μ§´ Î¥´¨Ö i1 =
a1 − 1 = 0, . . . , M1; . . . , i6 = a6 − 1 = 0, . . . , M6 (¨´¤¥±¸Ò i ¸μμÉ¢¥É¸É¢ÊÕÉ
¨´¤¥±¸ ³ a ¶μ ¶· ¢¨²Ê i = a − 1). ’·¥¡Ê¥É¸Ö ´  μ¸´μ¢¥ ³ ¸¸¨¢  §´ Î¥´¨°
ξ5a1,a2,a3,a4,a6 ¶μ¸É·μ¨ÉÓ ËÊ´±Í¨Õ ξ5(ξ1, ξ2, ξ3, ξ4, ξ6) μÉ ´¥¶·¥·Ò¢´ÒÌ  ·-
£Ê³¥´Éμ¢ ¢ ¢¨¤¥ ·Ö¤ 

ξ5(ξ1, ξ2, ξ3, ξ4, ξ6) =
N1∑

a1=1

N2∑
a2=1

N3∑
a3=1

N4∑
a4=1

N6∑
a6=1

Ca1a2a3a4a6×

× Ti1(ξ1) · Ti2(ξ2) · Ti3(ξ3) · Ti4(ξ4) · Ti6(ξ6). (1)

‚μ§´¨± ¥É ¢μ¶·μ¸: ± ± ¢ÒÎ¨¸²ÖÉÓ ±μÔËË¨Í¨¥´ÉÒ Ca1a2a3a4a6? ‘¶μ¸μ¡ ¨Ì
¶μ²ÊÎ¥´¨Ö, ¢ ±μÉμ·μ³ ¨ ¨¸¶μ²Ó§Ê¥É¸Ö ¸¢μ°¸É¢μ μ·Éμ£μ´ ²Ó´μ¸É¨ ¶μ²¨´μ³μ¢
—¥¡ÒÏ¥¢ , μ¶¨¸ ´´μ¥ ¢ · ¡μÉ¥ [6] ¨ · ¸¸³μÉ·¥´´μ¥ ¢ [7] ¨ ¢ ¶·¨²μ¦¥´¨¨,
¶μÖ¸´¨³ ´  ¶·μ¸Éμ³ ¶·¨³¥·¥. �Ê¸ÉÓ ËÊ´±Í¨Ö μ¤´μ° ¶¥·¥³¥´´μ° ¶·¥¤¸É ¢²¥´ 
¢ ¢¨¤¥

ξ(ξ1) =
N1∑

a1=1

Ca1 · Ti1(ξ1), (2)

£¤¥ i1 = a1−1, ¨ ´ ³ ¨§¢¥¸É´Ò §´ Î¥´¨Ö ξ ´  Î¥¡ÒÏ¥¢¸±μ° ¸¥É±¥  ·£Ê³¥´Éμ¢
ξ1a1 , a1 = 1, . . . , N1. „²Ö ÔÉ¨Ì §´ Î¥´¨° ¨§ (2) ¶μ²ÊÎ¨³ ¸¨¸É¥³Ê Ê· ¢´¥´¨°,
±μÉμ·ÊÕ Ê¤μ¡´μ § ¶¨¸ ÉÓ ¢ ¢¥±Éμ·´μ° Ëμ·³¥:

ξ =
N1∑

a1=1

Ca1 · Ti1 , (3)

£¤¥ ξ Å ¢¥±Éμ· ²¥¢μ° Î ¸É¨,   Ti1 Å ¢¥±Éμ· §´ Î¥´¨° ¶μ²¨´μ³  —¥¡ÒÏ¥¢  ¸
´μ³¥·μ³ i1 ´  ¸¥É±¥  ·£Ê³¥´Éμ¢ ξ1a1 , a1 = 1, . . . , N1.

‚Ò¡¥·¥³ ± ±μ°-´¨¡Ê¤Ó ´μ³¥· a. “³´μ¦¨³ ¸± ²Ö·´μ μ¡¥ Î ¸É¨ (3) ´  Ti

(i = a − 1). �μ²ÊÎ¨³

(ξ, Ti) =
N1∑

a1=1

Ca1 · (Ti1 , Ti).

�μ ¶· ¢ Ö Î ¸ÉÓ · ¢´  Ca ¢ ¸¨²Ê μ·Éμ´μ·³¨·μ¢ ´´μ¸É¨ ¶μ²¨´μ³μ¢ —¥¡Ò-
Ï¥¢  ´  ¢Ò¡· ´´μ° ´ ³¨ ¸¥É±¥ [8, 9]. ‡´ Î¨É, ³Ò ¶μ²ÊÎ ¥³ ¢Ò· ¦¥´¨¥ ¤²Ö
±μÔËË¨Í¨¥´Éμ¢ Ca1 :

Ca1 = (ξ, Ti1)
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¨²¨, ¢ · §¢¥·´ÊÉμ³ ¢¨¤¥,

Ca1 =
N1∑

n1=1

ξn1 · Ti1,n1 . (4)

ˆÉ ±, ÎÉμ¡Ò ¶μ²ÊÎ¨ÉÓ ±μÔËË¨Í¨¥´É Ca1 ¤²Ö ´¥±μÉμ·μ£μ Ë¨±¸¨·μ¢ ´´μ£μ a1,
´ ¤μ ¢¥±Éμ· §´ Î¥´¨° ξ ´  Î¥¡ÒÏ¥¢¸±μ° ¸¥É±¥  ·£Ê³¥´Éμ¢ Ê³´μ¦¨ÉÓ ¸± ²Ö·´μ
´  ¢¥±Éμ· §´ Î¥´¨° ¶μ²¨´μ³  —¥¡ÒÏ¥¢  ¸ ´μ³¥·μ³ i1 = a1 − 1 ´  Éμ° ¦¥
¸¥É±¥  ·£Ê³¥´Éμ¢ ξ1n1 , n1 = 1,. . . , N1, Ti1,n1 = Ti1(ξ1n1). �´ ²μ£¨Î´Ò¥, ´μ
£·μ³μ§¤±¨¥ ¢Ò±² ¤±¨ ³μ¦´μ ¶·μ¢¥¸É¨ ¨ ¤²Ö ±μÔËË¨Í¨¥´Éμ¢ Ca1a2a3a4a6 ¨§
¢Ò· ¦¥´¨Ö (1).

�·μÍ¥¸¸ ¢ÒÎ¨¸²¥´¨Ö Ca1a2a3a4a6 ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥ μ¤´μ° Ëμ·³Ê²Ò
(¨´¤¥±¸Ò i ¢ ¶· ¢μ° Î ¸É¨ ¸μμÉ¢¥É¸É¢ÊÕÉ ¨´¤¥±¸ ³ a ¢ ²¥¢μ° Î ¸É¨ ¶μ ¶· ¢¨²Ê
i = a − 1):

Ca1a2a3a4a6 =
N1∑

n1=1

N2∑
n2=1

N3∑
n3=1

N4∑
n4=1

N6∑
n6=1

ξ5n1n2n3n4n6×

× Ti6,n6 · Ti4,n4 · Ti3,n3 · Ti2,n2 · Ti1,n1 . (5)

�·μ£· ³³´μ ¢ÒÎ¨¸²¥´¨Ö ¶μ Ëμ·³Ê²¥ (5) ·¥ ²¨§ÊÕÉ¸Ö ± ± ¶ÖÉÓ ¢²μ¦¥´´ÒÌ
¤·Ê£ ¢ ¤·Ê£  Í¨±²μ¢. �·¨ ÔÉμ³ ³Ò ¶μ²ÊÎ ¥³ Éμ²Ó±μ μ¤´μ §´ Î¥´¨¥ ±μÔËË¨Í¨-
¥´É  Ca1a2a3a4a6 ¤²Ö μ¶·¥¤¥²¥´´μ£μ ´ ¡μ·  §´ Î¥´¨° a1, a2, a3, a4, a6. „²Ö ¨Ì
¶¥·¥¡μ·  ´ ¤μ μ·£ ´¨§μ¢ ÉÓ ¥Ð¥ ¶ÖÉÓ Í¨±²μ¢ (¤μ¶μ²´¨É¥²Ó´ÒÌ ¢ÒÎ¨¸²¥´¨° ¢
´¨Ì ´¥É, Éμ²Ó±μ ¶¥·¥¡μ· ¶ · ³¥É·μ¢). ‚´ÊÉ·¨ ÔÉ¨Ì Í¨±²μ¢ · ¸¶μ²μ¦¥´Ò ¶¥·-
¢Ò¥ ¶ÖÉÓ, ¢¸¥£μ ¶μ²ÊÎ ¥É¸Ö ¤¥¸ÖÉÓ ¢²μ¦¥´´ÒÌ Í¨±²μ¢. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³
³ ¸¸¨¢ ±μÔËË¨Í¨¥´Éμ¢ Ca1a2a3a4a6 , £¤¥ a1 = 1, . . . , N1, a2 = 1, . . . , N2,
. . . , a4 = 1, . . . , N4, a6 = 1, . . . , N6, ÎÉμ ¤ ¥É ¢μ§³μ¦´μ¸ÉÓ ¶μ²Ó§μ¢ ÉÓ¸Ö
Ëμ·³Ê²μ° (1).

‚Éμ·μ°  ²£μ·¨É³. �μ ¸É·Ê±ÉÊ·¥  ²£μ·¨É³ ¶μ¤μ¡¥´ ¶¥·¢μ³Ê, ¶μÔÉμ³Ê ³Ò
¢ μ¸´μ¢´μ³ ¸μÌ· ´¨³ μ¡μ§´ Î¥´¨Ö, ´μ Ê± ¦¥³ ¨§³¥´¥´¨Ö ¢ ¨Ì §´ Î¥´¨¨. „²Ö
± ¦¤μ£μ  ·£Ê³¥´É  x1, x2, x3, x4, x5 ¢Ò¡¨· ¥É¸Ö · ¢´μ³¥·´ Ö ¤¨¸±·¥É´ Ö
¸¥É±  ξ1a1 , a1 = 1, . . . , N1, ξ2a2 , a2 = 1, . . . , N2, . . . , ξ5a5 , a5 = 1, . . . , N5.
„²Ö ¢μ§³μ¦´μ£μ ¤¨ ¶ §μ´  §´ Î¥´¨° ËÊ´±Í¨¨ D ¸É·μ¨É¸Ö · ¢´μ³¥·´ Ö ¸¥É± 
ξ6a6 , a6 = 1, . . . , N6.

�·£ ´¨§ÊÕÉ¸Ö ¢²μ¦¥´´Ò¥ Í¨±²Ò ¶μ a1, a2, a3, a4. ‚´ÊÉ·¨ ÔÉ¨Ì Í¨±²μ¢
¢Ò¶μ²´ÖÕÉ¸Ö ¤¢  ¤¥°¸É¢¨Ö:

1) μ·£ ´¨§Ê¥É¸Ö Í¨±² ¶μ a5. ‚ ´¥³ ¤²Ö § ¤ ´´μ£μ ´ ¡μ·  a1, a2, a3, a4

¢ÒÎ¨¸²ÖÕÉ¸Ö M5 §´ Î¥´¨° ξ6, · ¢´ÒÌ ´μ·³ ²¨§μ¢ ´´μ° D(ξ1a1 , ξ2a2 , ξ3a3 ,
ξ4a4 , ξ5a5);

2) μ·£ ´¨§Ê¥É¸Ö Í¨±² ¶μ a6. ‚ ´¥³ ¸ ¶μ³μÐÓÕ μ¡· É´μ° ¨´É¥·¶μ²ÖÍ¨¨
¤²Ö ± ¦¤μ£μ Ê§²  ¸¥É±¨ ξ6a6 ¢ÒÎ¨¸²Ö¥É¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥¥ §´ Î¥´¨¥ ξ5. 
É¨
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§´ Î¥´¨Ö § ¶ ¸ ÕÉ¸Ö ± ± Ô²¥³¥´ÉÒ ¶ÖÉ¨³¥·´μ£μ ³ ¸¸¨¢  ξ5a1,a2,a3,a4,a6 . ‚
·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ³ ¸¸¨¢ §´ Î¥´¨° ξ5a1,a2,a3,a4,a6 , £¤¥ a1 = 1, . . . , N1,
a2 = 1, . . . , N2, a3 = 1, . . . , N3, a4 = 1, . . . , N4, a6 = 1, . . . , N6. ‚¸¥£μ ¢
³ ¸¸¨¢¥ ¡Ê¤¥É N1 ·N2 ·N3 ·N4 ·N6 Ô²¥³¥´Éμ¢. ‚ ´¥³ ¸μ¤¥·¦¨É¸Ö ¨´Ëμ·³ Í¨Ö
μ § ¢¨¸¨³μ¸É¨ ¨³¶Ê²Ó¸  ξ5 μÉ ´ ¡²Õ¤ ¥³ÒÌ ¢¥²¨Î¨´.

”Ê´±Í¨Õ ξ5(ξ1, ξ2, ξ3, ξ4, ξ6) μÉ ´¥¶·¥·Ò¢´ÒÌ  ·£Ê³¥´Éμ¢ ¶μ¸É·μ¨³ ¸ ¶μ-
³μÐÓÕ ¶μ²¨²¨´¥°´μ° ¨´É¥·¶μ²ÖÍ¨¨ [10] ´  μ¸´μ¢¥ ³ ¸¸¨¢  §´ Î¥´¨°
ξ5a1,a2,a3,a4,a6 . „²Ö ÔÉμ£μ ¶·¥¦¤¥ ¢¸¥£μ ´ ¤μ ¤²Ö ¸¥Éμ± μ¶·¥¤¥²¨ÉÓ ´μ³¥·  ¨´-
É¥·¢ ²μ¢, ¢ ±μÉμ·Ò¥ ¶μ¶ ¤ ÕÉ §´ Î¥´¨Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì  ·£Ê³¥´Éμ¢. �Ê¸ÉÓ
ξ1 ¶μ¶ ¤ ¥É ¢ ¨´É¥·¢ ² [ξ1a1 , ξ1a1+1], ξ2 ¶μ¶ ¤ ¥É ¢ ¨´É¥·¢ ² [ξ2a2 , ξ2a2+1]
¨ É. ¤. (É. ¥. ¢ ¤ ´´μ³ ¸²ÊÎ ¥ ¨´¤¥±¸Ò a1, a2, a3, a4, a6 μ¡μ§´ Î ÕÉ ´μ³¥· 
¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì ¨´É¥·¢ ²μ¢). ‡ ¤ ¤¨³ ¢¥¸μ¢Ò¥ ±μÔËË¨Í¨¥´ÉÒ ¶μ ¶· ¢¨²Ê

w11 = (ξ1 − ξ1a1)/(ξ1a1+1 − ξ1a1), w10 = 1 − w11,

w21 = (ξ2 − ξ2a2)/(ξ2a2+1 − ξ2a2), w20 = 1 − w21,

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

w61 = (ξ6 − ξ6a6)/(ξ6a6+1 − ξ6a6), w60 = 1 − w61.

(6)

”Ê´±Í¨Õ ξ5(ξ1, ξ2, ξ3, ξ4, ξ6) É¥¶¥·Ó § ¶¨Ï¥³ ¢ ¢¨¤¥ ¸Ê³³Ò ¸ ¢¥¸ ³¨
32-Ì §´ Î¥´¨° ¨§ ³ ¸¸¨¢  ξ5a1,a2,a3,a4,a6 (±μ£¤  ¶ÖÉÓ ¨´¤¥±¸μ¢ ¤ ÕÉ · §´Ò¥
¸μÎ¥É ´¨Ö §´ Î¥´¨° a1 ¨²¨ a1 + 1, a2 ¨²¨ a2 + 1, . . . , a6 ¨²¨ a6 + 1):

ξ5(ξ1, ξ2, ξ3, ξ4, ξ6) =
= w10 · w20 · w30 · w40 · w60 · ξ5a1,a2,a3,a4,a6 +
+ w11 · w20 · w30 · w40 · w60 · ξ5a1+1,a2,a3,a4,a6 +
+ w10 · w21 · w30 · w40 · w60 · ξ5a1,a2+1,a3,a4,a6 +
+ w11 · w21 · w30 · w40 · w60 · ξ5a1+1,a2+1,a3,a4,a6 +
+ w10 · w20 · w31 · w40 · w60 · ξ5a1,a2,a3+1,a4,a6 +
+ w11 · w20 · w31 · w40 · w60 · ξ5a1+1,a2,a3+1,a4,a6 +
+ w10 · w21 · w31 · w40 · w60 · ξ5a1,a2+1,a3+1,a4,a6 +
+ w11 · w21 · w31 · w40 · w60 · ξ5a1+1,a2+1,a3+1,a4,a6 +
+ w10 · w20 · w30 · w41 · w60 · ξ5a1,a2,a3,a4+1,a6 +

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

+ w10 · w21 · w31 · w41 · w61 · ξ5a1,a2+1,a3+1,a4+1,a6+1 +
+ w11 · w21 · w31 · w41 · w61 · ξ5a1+1,a2+1,a3+1,a4+1,a6+1.

(7)

�¡Ñ¥³ É·¥¡Ê¥³ÒÌ ¢ÒÎ¨¸²¥´¨° ´¥¡μ²ÓÏμ°. ’μÎ´μ¸ÉÓ  ²£μ·¨É³  ·¥£Ê²¨·Ê¥É¸Ö
¢Ò¡μ·μ³ Î ¸ÉμÉÒ ¸¥Éμ± ξ1a1 , ξ2a2 , ξ3a3 , ξ4a4 , ξ5a5 , ξ6a6 .
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�…‡“‹œ’�’› ’…‘’ˆ��‚��ˆŸ �‹ƒ��ˆ’Œ�‚

’¥¸É¨·μ¢ ´¨¥ ¶¥·¢μ£μ  ²£μ·¨É³ . ’¥¸É¨·μ¢ ´¨¥ ¢±²ÕÎ ²μ ¢ ¸¥¡Ö ¶·μ-
¢¥·±Ê ¶· ¢¨²Ó´μ° · ¡μÉÒ  ²£μ·¨É³  ¨ ¶·μ£· ³³Ò ¨ ¶·μ¢¥·±Ê ÉμÎ´μ¸É¨ ¢μ¸-
¸É ´μ¢²¥´¨Ö ¨³¶Ê²Ó¸ .

„²Ö ¶·μ¢¥·±¨ ¶· ¢¨²Ó´μ° · ¡μÉÒ  ²£μ·¨É³  ¡· ²¨¸Ó ¶·μ¨§¢μ²Ó´Ò¥  ´ -
²¨É¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¶ÖÉ¨  ·£Ê³¥´Éμ¢. „²Ö ¤ ´´μ° ±μ´±·¥É´μ° ËÊ´±Í¨¨ ¢Ò-
Î¨¸²Ö²¨¸Ó ¥¥ §´ Î¥´¨Ö ´  ± ¦¤μ° ¨§ ¸¥Éμ± x1, x2, x3, x4, x6 ¢ ´Ê²ÖÌ ¶μ²¨-
´μ³μ¢ —¥¡ÒÏ¥¢ . �  ± ¦¤μ° ¨§ ¸¥Éμ± ¸É¥¶¥´Ó ¶μ²¨´μ³  ¡Ò²  8Ä12. „ ²¥¥,
± ± ¨§²μ¦¥´μ ¢ÒÏ¥, ¶μ²ÊÎ ²¨ ¶ÖÉ¨³¥·´Ò° ³ ¸¸¨¢ ξ5a1, a2, a3, a4, a6 ¨ ´ 
¥£μ μ¸´μ¢¥ ± ¦¤Ò° Ô²¥³¥´É ³ ¸¸¨¢  Ca1,a2,a3,a4,a6 . ’¥¶¥·Ó Ê¦¥ ¢μ§³μ¦´ 
¸¢¥·É±  ¶μ Ëμ·³Ê²¥ (1), ÎÉμ¡Ò ¶μ²ÊÎ ÉÓ §´ Î¥´¨Ö ËÊ´±Í¨¨ ξ5 μÉ ¶·μ¨§¢μ²Ó-
´μ£μ ´ ¡μ·   ·£Ê³¥´Éμ¢ x1, x2, x3, x4, x6. ˆ´É¥·¢ ² §´ Î¥´¨° ¤²Ö ± ¦¤μ£μ
 ·£Ê³¥´É  ¢Ò¡¨· ²¸Ö · §²¨Î´Ò³. ‚ ± ¦¤μ³ ¨´É¥·¢ ²¥ £¥´¥· Éμ·μ³ ¸²ÊÎ °-
´ÒÌ Î¨¸¥² · §Ò£·Ò¢ ²¨¸Ó ±μ´±·¥É´Ò¥ x0

1, x0
2, x

0
3, x

0
4, x

0
6, ±μÉμ·Ò¥, ±μ´¥Î´μ,

´μ·³¨·μ¢ ²¨¸Ó ´  ¨´É¥·¢ ² [Ä1, 1]. �μ Ëμ·³Ê²¥ (1) ¢ÒÎ¨¸²Ö²μ¸Ó §´ Î¥´¨¥
 ¶¶·μ±¸¨³¨·ÊÕÐ¥° ËÊ´±Í¨¨ ¨ ¸· ¢´¨¢ ²μ¸Ó ¸ ÉμÎ´Ò³ §´ Î¥´¨¥³  ´ ²¨É¨Î¥-
¸±μ° ËÊ´±Í¨¨. �´ ²¨É¨Î¥¸±¨¥ ËÊ´±Í¨¨ ¡· ²¨¸Ó ¤μ¸É ÉμÎ´μ ¶·μ¨§¢μ²Ó´μ. ‚
± Î¥¸É¢¥ ¶·¨³¥·  ´  ·¨¸. 2 ¶μ± § ´  μÉ´μ¸¨É¥²Ó´ Ö μÏ¨¡±  ¢ÒÎ¨¸²¥´¨Ö ¤²Ö
ËÊ´±Í¨¨ exp (−0,23 · x1 + 0,001 · x2) · x3 · x2

4, Ä 45·x2 · x4 · x2
6. ˆ´É¥·¢ ²Ò

�¨¸. 2. �É´μ¸¨É¥²Ó´ Ö μÏ¨¡±  ¢μ¸¸É ´μ¢²¥´¨Ö ¶·μ¨§¢μ²Ó´μ°  ´ ²¨É¨Î¥¸±μ° ËÊ´±Í¨¨

xi ¡Ò²¨ [Ä4,1 ÷ Ä8], [Ä34,7 ÷ Ä25,2], [Ä10,5 ÷ 35,5], [Ä45 ÷ Ä15], [Ä13,3 ÷
27,8] ¤²Ö x1, x2 . . . x6 ¸μμÉ¢¥É¸É¢¥´´μ. ‘É¥¶¥´Ó ¶μ²¨´μ³μ¢ —¥¡ÒÏ¥¢  8Ä12.
‡´ Î¥´¨Ö ÔÉμ° ËÊ´±Í¨¨ ³¥´Ö²¨¸Ó ¢ ¶·¥¤¥² Ì μÉ Ä400000 ¤μ 50000.

‚Éμ· Ö ¶·μ¢¥·±  Å ¢μ¸¸É ´μ¢²¥´¨¥ ¨³¶Ê²Ó¸  ¶μ ±μμ·¤¨´ É ³ x1, . . . , x6.

Šμμ·¤¨´ É´Ò¥ ¸¥É±¨ x1 ¨ x2 ¸μμÉ¢¥É¸É¢μ¢ ²¨ £μ·¨§μ´É ²Ó´μ° ¨ ¢¥·É¨± ²Ó-
´μ° ±μμ·¤¨´ É ³ ´  ¸·¥§¥ ³¨Ï¥´¨, x3 ¨ x4 ¸μμÉ¢¥É¸É¢μ¢ ²¨ £μ·¨§μ´É ²Ó´μ°
¨ ¢¥·É¨± ²Ó´μ° ±μμ·¤¨´ É ³ ´  ¢Ìμ¤¥ ¢ ³ £´¨É, x6 Å £μ·¨§μ´É ²Ó´Ò° Ê£μ²
¶μ¢μ·μÉ  Î ¸É¨ÍÒ ¢ ³ £´¨É´μ³ ¶μ²¥. —¥·¥§ ÉμÎ±¨ Å ´Ê²¨ ¶μ²¨´μ³μ¢ —¥¡Ò-
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Ï¥¢  ´  x1i, x2j , x3m, x4n (i = 1,. . . , N1, j = 1,. . . , N2 ¨ É. ¤.) Å ¨ § É¥³
Î¥·¥§ ³ £´¨É´μ¥ ¶μ²¥ μ¸ÊÐ¥¸É¢²Ö² ¸Ó ¶·μ¢μ¤±  Î ¸É¨Í ¸ ¨³¶Ê²Ó¸ ³¨ μÉ 1300
¤μ 3700 ŒÔ‚/c ¸ Ï £μ³ 10 ŒÔ‚/c. ’ ±¨³ μ¡· §μ³ ´ Ìμ¤¨²¨¸Ó Ê£²Ò ¶μ¢μ·μÉ ,
É. ¥. ¶μ²ÊÎ ²¨ § ¢¨¸¨³μ¸ÉÓ: Ê£μ² ¶μ¢μ·μÉ  Å ¨³¶Ê²Ó¸ (¤²Ö Ë¨±¸¨·μ¢ ´´ÒÌ
x1 . . . x4). �μ ÔÉ¨³ Ê£² ³ ¶μ¢μ·μÉ  ²¨´¥°´μ° ¨´É¥·¶μ²ÖÍ¨¥° ¢ ÉμÎ± Ì x6r Å
´Ê²ÖÌ ¶μ²¨´μ³μ¢ —¥¡ÒÏ¥¢  (x6 Å ÔÉμ £μ·¨§μ´É ²Ó´Ò° Ê£μ² ¶μ¢μ·μÉ ) Å
¢ÒÎ¨¸²Ö²¸Ö ¨³¶Ê²Ó¸. ’ ± § ¶μ²´Ö²¨¸Ó ¢¸¥ ÉμÎ±¨ ¸¥Éμ± x1 . . . x6, É. ¥. ³ ¸¸¨¢
ξ5a1, a2, a3, a4, a6, ¨ ¶μ ´¥³Ê ¢ÒÎ¨¸²Ö²¸Ö ³ ¸¸¨¢ Ca1a2a3a4a6 ¤²Ö ¨¸¶μ²Ó§μ-
¢ ´¨Ö ¢ Ëμ·³Ê²¥ (1) ¶·¨ ´¥¶·¥·Ò¢´ÒÌ §´ Î¥´¨ÖÌ  ·£Ê³¥´Éμ¢. ‘ ³  ¶·μ¢¥·± 
§ ±²ÕÎ ² ¸Ó ¢ ¸²¥¤ÊÕÐ¥³. � ¢´μ³¥·´μ · §Ò£·Ò¢ ²¨¸Ó: ÉμÎ±  M0(x0, y0, z0)
¢ ³¨Ï¥´¨, ÉμÎ±  (y1, z1) ´  ¸·¥§¥ ³ £´¨É  (É. ¥. ´  x0

3 ¨ x0
4 ¢ ´ Ï¨Ì μ¡μ§´ Î¥-

´¨ÖÌ) ¨ ³μ¤Ê²Ó ¨³¶Ê²Ó¸  P0 μÉ 1750 ¤μ 2750 ŒÔ‚/c. ’μÎ±¨ ¢ ¶·μ¸É· ´¸É¢¥
μ¶·¥¤¥²ÖÕÉ ´ ¶· ¢²ÖÕÐ¨° ¢¥±Éμ· Î ¸É¨ÍÒ. �μ ´¥³Ê μ¶·¥¤¥²ÖÕÉ¸Ö ¢¸¥ É·¨
±μ³¶μ´¥´ÉÒ P0 ¨ ÉμÎ±¨ (y2, z2) ´  ¸·¥§¥ ³¨Ï¥´¨ (É. ¥. x0

1 ¨ x0
2 ¢ ´ Ï¨Ì

μ¡μ§´ Î¥´¨ÖÌ). �·μ¢μ¤¨³ Î ¸É¨ÍÊ ¢ ³ £´¨É´μ³ ¶μ²¥ ¨ ´ Ìμ¤¨³ Ê£μ² ¶μ¢μ-
·μÉ  (É. ¥. x0

6). �μ Ëμ·³Ê²¥ (1), §´ Ö x0
1, x0

2, x0
3, x0

4, x0
6, ¢ÒÎ¨¸²Ö¥³ ¨³¶Ê²Ó¸

Pcalc. �  ·¨¸. 3 ¨ 4 ¶·¨¢¥¤¥´Ò  ¡¸μ²ÕÉ´ Ö ¨ μÉ´μ¸¨É¥²Ó´ Ö μÏ¨¡±¨ ³¥¦¤Ê
¨¸É¨´´Ò³ §´ Î¥´¨¥³ P0 ¨ ¥£μ ¢ÒÎ¨¸²¥´´Ò³ ¶μ (1) §´ Î¥´¨¥³ Pcalc.

�¨¸. 3. �¡¸μ²ÕÉ´ Ö μÏ¨¡±  ¢μ¸¸É ´μ-
¢²¥´¨Ö ¨³¶Ê²Ó¸ 

�¨¸. 4. �É´μ¸¨É¥²Ó´ Ö μÏ¨¡±  ¢μ¸¸É ´μ-
¢²¥´¨Ö ¨³¶Ê²Ó¸ 

’¥¸É¨·μ¢ ´¨¥ ¢Éμ·μ£μ  ²£μ·¨É³ . ‚ ¦´Ò° ÔÉ ¶ É¥¸É¨·μ¢ ´¨Ö Å ¢Ò¡μ·
³μ¤¥²Ó´μ° ËÊ´±Í¨¨, § ¤ ÕÐ¥° § ¢¨¸¨³μ¸ÉÓ ³¥¦¤Ê ¢¥²¨Î¨´ ³¨ x1, x2, x3,
x4, P = x5 ´  ¢Ìμ¤¥ ¨ Ê£²μ³ ¶μ¢μ·μÉ  D = x6. †¥² É¥²Ó´μ, ÎÉμ¡Ò É ± Ö
ËÊ´±Í¨Ö ¡Ò²  ¶μ¤μ¡´  ·¥ ²Ó´μ° § ¢¨¸¨³μ¸É¨,   ´¥μ¡Ìμ¤¨³μ¥ É·¥¡μ¢ ´¨¥ Å
¸É·μ£μ ³μ´μÉμ´´ Ö § ¢¨¸¨³μ¸ÉÓ D μÉ P ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ x1, x2, x3, x4

(Ê¸²μ¢¨¥ ¸ÊÐ¥¸É¢μ¢ ´¨Ö μ¡· É´μ° ËÊ´±Í¨¨). 	· ²¸Ö, ¢ Î ¸É´μ¸É¨, ¢ ·¨ ´É

D(x1, x2, x3, x4, P ) = d · 0, 3 · Z · B/P + (x4 − x2)/L + f(x1, x3),

£¤¥ d Å ¶·μ¤μ²Ó´Ò° · §³¥· μ¡² ¸É¨ ³ £´¨É´μ£μ ¶μ²Ö; Z Å § ·Ö¤ Î ¸É¨ÍÒ;
B Å ´ ¶·Ö¦¥´´μ¸ÉÓ ³ £´¨É´μ£μ ¶μ²Ö; L Ä · ¸¸ÉμÖ´¨¥ ³¥¦¤Ê ¶·μ¶μ·Í¨μ´ ²Ó-
´Ò³¨ ± ³¥· ³¨; f ³μ¤¥²¨·Ê¥É ¸² ¡ÊÕ § ¢¨¸¨³μ¸ÉÓ D μÉ x1 ¨ x3.
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Œμ¤¥²¨·μ¢ ´¨¥ ¶·μ¢μ¤¨²μ¸Ó ¶μ ¸²¥¤ÊÕÐ¥° ¸Ì¥³¥: ³´μ£μ±· É´μ £¥´¥·¨-
·μ¢ ²¨¸Ó · §²¨Î´Ò¥ ´ ¡μ·Ò ¶ · ³¥É·μ¢ ´  ¢Ìμ¤¥ ¨ ¶μ ´¨³ μ¶·¥¤¥²Ö²¸Ö Ê£μ² D

x1, x2, x3, x4, P => D,

§ É¥³ ± ¨§³¥·Ö¥³Ò³ ¢¥²¨Î¨´ ³ ¤μ¡ ¢²Ö² ¸Ó ¶μ£·¥Ï´μ¸ÉÓ ¨ μ¶·¥¤¥²Ö²¸Ö ¨³-
¶Ê²Ó¸ P

x1 + ξ1, x2 + ξ2, x3 + ξ3, x4 + ξ4, D + ξ6 => P.

‘· ¢´¥´¨¥ ¶μ²ÊÎ¥´´μ£μ §´ Î¥´¨Ö ¨ §´ Î¥´¨Ö P ´  ¢Ìμ¤¥ ¶μ§¢μ²Ö¥É ¸Ê-
¤¨ÉÓ μ ÉμÎ´μ¸É¨ μ¶·¥¤¥²¥´¨Ö ¨³¶Ê²Ó¸  · ¸¸³ É·¨¢ ¥³Ò³ ³¥Éμ¤μ³. �·¨ ´Ê²¥-
¢μ³ Ê·μ¢´¥ ¶μ£·¥Ï´μ¸É¥° ³Ò ¶μ²ÊÎ¨³ μÍ¥´±Ê μÏ¨¡±¨ ³¥Éμ¤ . ’¥¸É¨·μ¢ ´¨¥
¶μ± §Ò¢ ¥É, ÎÉμ μÏ¨¡±  ³¥Éμ¤  § ¢¨¸¨É, ¢ μ¸´μ¢´μ³, μÉ ¶μ¤·μ¡´μ¸É¨ ¸¥Éμ±
ξ1a1 , a1 = 1, . . . , M1, ξ2a2 , a2 = 1, . . . , M2, . . . , ξ5a5 , a5 = 1, . . . , M5

¨, μ¸μ¡¥´´μ, μÉ ξ6a6 , a6 = 1, . . . , M6. (
Éμ ¸¢Ö§ ´μ ¸ É¥³, ÎÉμ ¤¨ ¶ §μ´
§´ Î¥´¨° ËÊ´±Í¨¨ D μ¶·¥¤¥²Ö¥É¸Ö ¶μ ¢¸¥³Ê ´ ¡μ·Ê ¢μ§³μ¦´μ¸É¥° ¨ ¤²Ö ± -
¦¤μ£μ ±μ´±·¥É´μ£μ ¸²ÊÎ Ö μ± §Ò¢ ¥É¸Ö ¢§ÖÉÒ³ ¸ § ¶ ¸μ³). �¥§Ê²ÓÉ ÉÒ É¥¸Éμ¢
¤²Ö ¢Éμ·μ£μ  ²£μ·¨É³  ¶·¥¤¸É ¢²¥´Ò ¢ ¢¨¤¥ ¤¨ £· ³³Ò ´  ·¨¸. 5.

�¨¸. 5. � ¸¶·¥¤¥²¥´¨¥ μÉ´μ¸¨É¥²Ó´μ° μÏ¨¡±¨ ¢ μ¶·¥¤¥²¥´¨¨ ¨³¶Ê²Ó¸  ¤²Ö ¢Éμ·μ£μ
 ²£μ·¨É³  ¢ μÉ¸ÊÉ¸É¢¨¥ ¶μ£·¥Ï´μ¸É¨ ¢ ¨§³¥·Ö¥³ÒÌ ¢¥²¨Î¨´ Ì (¶μ£·¥Ï´μ¸ÉÓ ³¥Éμ¤ )
( ) ¨ ¶·¨ ´ ²¨Î¨¨ ¶μ£·¥Ï´μ¸É¨ ¢ ¨§³¥·Ö¥³ÒÌ ¢¥²¨Î¨´ Ì (± eps ¤²Ö x1, . . . , x4 ¨
± eps ·10−3 ¤²Ö x6) (¡)

ˆ§ ·¨¸. 5 ¢¨¤´μ, ÎÉμ ¤²Ö ¢Éμ·μ£μ  ²£μ·¨É³  μÏ¨¡±  ³¥Éμ¤  ¶·¨ ¢Ò¡· ´´ÒÌ
¸¥É± Ì (5, 10, 10, 20, 40, 100 ÉμÎ¥± ¤²Ö ¸¥Éμ± ξ1, ξ2, . . . , ξ6 ¸μμÉ¢¥É¸É¢¥´´μ)
´¥ ¶·¥¢ÒÏ ¥É 0,5 %. �·¨ ³μ¤¥²¨·μ¢ ´¨¨ ¶μ£·¥Ï´μ¸É¨ ´  Ê·μ¢´¥ 1,0 ³³ ¶·¨
¨§³¥·¥´¨¨ ±μμ·¤¨´ É ÉμÎ¥± x1, x2, x3, x4 ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶μ£·¥Ï´μ¸É¨
¨§³¥·¥´¨Ö Ê£²  D ¶μ²ÊÎ ¥³, ÎÉμ μÉ´μ¸¨É¥²Ó´ Ö ¶μ£·¥Ï´μ¸ÉÓ μ¶·¥¤¥²¥´¨Ö
¨³¶Ê²Ó¸  μ¡ÒÎ´μ ´¥ ¶·¥¢μ¸Ìμ¤¨É 3Ä3,5 %.

Œμ¦´μ ¸¤¥² ÉÓ ¢Ò¢μ¤, ÎÉμ μ¡  ·¥ ²¨§ÊÕÐ¨Ì · ¸¸³μÉ·¥´´Ò° ³¥Éμ¤  ²-
£μ·¨É³  ¶μ± §Ò¢ ÕÉ ¸μ£² ¸μ¢ ´´Ò¥ ·¥§Ê²ÓÉ ÉÒ. �·¨ ÔÉμ³ ¶¥·¢Ò°  ²£μ·¨É³
É·¥¡Ê¥É ¡μ²¥¥ ¤μ²£¨Ì ¢ÒÎ¨¸²¥´¨°.
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Œ¥Éμ¤ ¤²Ö § ¤ ´´μ£μ ¨´É¥·¢ ²  ¨³¶Ê²Ó¸μ¢ ¢ ³μ¤¥²Ó´ÒÌ Ê¸²μ¢¨ÖÌ ¤ ¥É
μÉ´μ¸¨É¥²Ó´ÊÕ ¶μ£·¥Ï´μ¸ÉÓ ´¥ ¡μ²¥¥ 3Ä3,5 %. �μÉ¥´Í¨ ²Ó´μ ¥¸ÉÓ ¢μ§³μ¦-
´μ¸ÉÓ ´¥¸±μ²Ó±μ Ê¢¥²¨Î¨ÉÓ ÉμÎ´μ¸ÉÓ μ¶·¥¤¥²¥´¨Ö ¨³¶Ê²Ó¸  §  ¸Î¥É ¢Ò¡μ· 
¡μ²¥¥ ¶μ¤·μ¡´ÒÌ ¸¥Éμ±, ´μ μ¸É ¥É¸Ö ¸μ¸É ¢²ÖÕÐ Ö ¶μ£·¥Ï´μ¸É¨, μ¡Ê¸²μ¢²¥´-
´ Ö μÏ¨¡± ³¨ ¶·¨ ¨§³¥·¥´¨¨ ´ ¡²Õ¤ ¥³ÒÌ ¢¥²¨Î¨´.

�É³¥É¨³, ÎÉμ ¶·¨³¥´¥´¨¥ · ¸¸³μÉ·¥´´μ£μ ¶μ¤Ìμ¤  ¶·¥¤¶μ² £ ¥É, ÎÉμ ³ £-
´¨É´μ¥ ¶μ²¥ ¶·¨ ¨§³¥·¥´¨ÖÌ ´¥ μÉ²¨Î ¥É¸Ö ¸ÊÐ¥¸É¢¥´´μ μÉ ¶μ²Ö, ¨¸¶μ²Ó§Ê¥-
³μ£μ ¶·¨ · ¸Î¥É¥ É· ¥±Éμ·¨°.

�·¨²μ¦¥´¨¥
��’�ƒ���‹œ��‘’œ ��‹ˆ��Œ�‚ —…�›˜…‚� �� ‘ˆ‘’…Œ…

’�—…Š

‚ · ¡μÉ¥ [3] £μ¢μ·¨É¸Ö, ÎÉμ ¶μ²¨´μ³Ò —¥¡ÒÏ¥¢  Tj(x) = cos (j· arccos (x))
μ·Éμ´μ·³¨·μ¢ ´´Ò ´  ¸¨¸É¥³¥ ÉμÎ¥±

Xa = cos (π · (2a − 1)/2N), a = 1, . . . , N,

É. ¥.

(Tj , Tk) =
N∑

a=1

Tj(Xa) · Tk(Xa) = δjk. (1)

ˆ´¤¥±¸Ò j ¨ k ´¥ Ê± § ´Ò, ´μ ¶· ¢¨²Ó´Ò¥ ¨Ì §´ Î¥´¨Ö j = 0, . . . , NÄ1, k = 0,
. . . , NÄ1. �μÔÉμ³Ê ¶·¨ ¢ÒÎ¨¸²¥´¨¨ ¸Ê³³, ¢ ±μÉμ·ÒÌ ÊÎ ¸É¢ÊÕÉ ¶μ²¨´μ³Ò
—¥¡ÒÏ¥¢ , ´ ¤μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤²Ö ¨´¤¥±¸  ai ´¥ ¤¨ ¶ §μ´ ai = 1, . . . , Ni, ± ±
ÔÉμ ¤¥² ¥É¸Ö ¢ [1],   ¤¨ ¶ §μ´ ai = 0, . . . , NiÄ1.

‡ ³¥É¨³, ÎÉμ ÉμÎ±¨ Xa Å ÔÉμ ´Ê²¨ ¶μ²¨´μ³  —¥¡ÒÏ¥¢  TN (X) ¸É¥-
¶¥´¨ N . �μÔÉμ³Ê ³μ¦´μ ¸± § ÉÓ, ÎÉμ ¢ [3] ¨¸¶μ²Ó§Ê¥É¸Ö § ³¥Î É¥²Ó´μ¥ ¸¢μ°-
¸É¢μ ¶μ²¨´μ³μ¢ —¥¡ÒÏ¥¢  Å ¶μ²¨´μ³Ò T0(X), T1(X), . . . , TN−1(X) μ¡· §ÊÕÉ
μ·Éμ£μ´ ²Ó´ÊÕ ¸¨¸É¥³Ê ´  ¸¥É±¥ ¨§ ´Ê²¥° ¶μ²¨´μ³  —¥¡ÒÏ¥¢  TN (X). ƒ¤¥
´ °É¨ ¶μ¤É¢¥·¦¤¥´¨¥ ÔÉμ³Ê ¸¢μ°¸É¢Ê? ‚μ ³´μ£¨Ì ·Ê±μ¢μ¤¸É¢ Ì ¶μ Î¨¸²¥´´Ò³
³¥Éμ¤ ³ [8Ä11], ¢ ±μÉμ·ÒÌ · ¸¸³ É·¨¢ ÕÉ¸Ö ¨ ¶μ²¨´μ³Ò —¥¡ÒÏ¥¢  ¨ μ·Éμ£μ-
´ ²Ó´μ¸ÉÓ ËÊ´±Í¨° ´  ¸¨¸É¥³ Ì ÉμÎ¥±, μ ¸¢μ°¸É¢¥ (1) ¢μμ¡Ð¥ ´¥ Ê¶μ³¨´ ¥É¸Ö.
�μ¸³μÉ·¨³ ±´¨£¨, ¸¶¥Í¨ ²Ó´μ ¶μ¸¢ÖÐ¥´´Ò¥ ¨´É¥·¥¸ÊÕÐ¥° ´ ¸ É¥³¥ Å μ·Éμ-
£μ´ ²Ó´Ò³ ¶μ²¨´μ³ ³ ¨ ¶μ²¨´μ³ ³ —¥¡ÒÏ¥¢  [12, 13]. ‚ ´¨Ì μ ¸¢μ°¸É¢¥ (1)
´¥ Ê¶μ³¨´ ¥É¸Ö! � ±μ´¥Í ¢ [14], ¢ ¶Ê´±É¥ 11.7 ®‘¢μ°¸É¢  μ·Éμ£μ´ ²Ó´μ¸É¨
³´μ£μÎ²¥´μ¢ —¥¡ÒÏ¥¢ ¯, μ¡´ ·Ê¦¨¢ ¥É¸Ö

‹¥³³  1. �Ê¸ÉÓ Tn(xa) = cosnθa = 0 (n > 0), (2)

xa = cos θa, θa = π · (2a + 1)/2n, a = 0, . . . , n − 1, (3)
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Sj,k = (Tj , Tk) =
n−1∑
a=0

Tj(xa) · Tk(xa) =
n−1∑
a=0

cos jθa · cos kθa. (4)

’μ£¤  Sj,k =

⎧⎨
⎩

0, j, k < n, j �= k,
n, j = k = 0,
n/2, 0 < j = k < n.

(5)


Éμ ¢ ÉμÎ´μ¸É¨ Éμ, ÎÉμ ´ ¤μ. Š ¸μ¦ ²¥´¨Õ, ¤μ± § É¥²Ó¸É¢μ ²¥³³Ò 1 ¢
[14] ´¥ ¶·¨¢μ¤¨É¸Ö. …¸É¥¸É¢¥´´μ, ¢μ§´¨± ¥É ¦¥² ´¨¥ ¥¥ ¤μ± § ÉÓ. ‚ ¦´Ò¥
¤²Ö ¶μ¸É·μ¥´¨Ö ¤μ± § É¥²Ó¸É¢  ¸μμÉ´μÏ¥´¨Ö Ê¤ ²μ¸Ó ´ °É¨ ¢ [15] ¢ £² ¢¥,
¶μ¸¢ÖÐ¥´´μ° Î¨¸²¥´´μ³Ê ¨´É¥£·¨·μ¢ ´¨Õ (Î¨¸²¥´´μ¥ ¨´É¥£·¨·μ¢ ´¨¥ ¨³¥¥É
£²Ê¡μ±ÊÕ ¨¤¥°´ÊÕ ¸¢Ö§Ó ¸ § ¤ Î¥° ¨´É¥·¶μ²ÖÍ¨¨).

„μ± § É¥²Ó¸É¢μ ²¥³³Ò 1. ‡ ³¥É¨³, ÎÉμ ¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥

Sj,k =
n−1∑
a=0

cos jθa · cos kθa (6)

μ¡² ¤ ¥É ¸¢μ°¸É¢μ³ ¸¨³³¥É·¨¨ Sj,k = Sk,j . �μÔÉμ³Ê ¢¸¥£¤  ³μ¦´μ ¶¥·¥°É¨
± § ¶¨¸¨, ¢ ±μÉμ·μ° ¶¥·¢Ò° ¨´¤¥±¸ ´¥ ³¥´ÓÏ¥ ¢Éμ·μ£μ. 	¥§ ÊÐ¥·¡  ¤²Ö μ¡Ð-
´μ¸É¨ ³μ¦´μ ¸Î¨É ÉÓ, ÎÉμ j � k. 
Éμ Ê¸²μ¢¨¥ ¸¤¥² ¥É ¢Ò±² ¤±¨ Ê¤μ¡´¥¥.
‘± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ Sj,k ³μ¦´μ, ¨¸¶μ²Ó§ÊÖ ¨§¢¥¸É´ÊÕ É·¨£μ´μ³¥É·¨Î¥-
¸±ÊÕ Ëμ·³Ê²Ê

cos jθ · cos kθ = 1/2[cos (j + k)θ + cos (j − k)θ], (7)

§ ¶¨¸ ÉÓ ¢ ¢¨¤¥

Sj,k = 1/2

[
n−1∑
a=0

cos (j + k)θa +
n−1∑
a=0

cos (j − k)θa

]
= 1/2[Sj+k,0 +Sj−k,0]. (8)

ˆ´¤¥±¸Ò j ¨ k ³μ£ÊÉ ¶·¨´¨³ ÉÓ §´ Î¥´¨Ö 0 � k � j < n.
1. � ¸¸³μÉ·¨³ ¸²ÊÎ ° 0 � k < j < n. (�´ ³μ¦¥É ´ ¡²Õ¤ ÉÓ¸Ö ¶·¨ n �

2.) „μ± ¦¥³, ÎÉμ Sj,k = 0. „²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¤μ± § ÉÓ, ÎÉμ · ¢´Ò ´Ê²Õ
μ¡  ¸² £ ¥³ÒÌ ¢ ¶· ¢μ° Î ¸É¨ (8). ‚ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ 1� j + k <
2n − 2, 1 � j − k < n. ‡´ Î¨É, ¤μ¸É ÉμÎ´μ ¡Ê¤¥É ¤μ± § ÉÓ, ÎÉμ

Sm,0 =
n−1∑
a=0

cosmθa = 0 ¤²Ö m = 1, 2, . . . , 2n− 1. (9)

� ¸¸³μÉ·¨³ ±·μ³¥ n ÉμÎ¥± θa = π (2a + 1)/2n, a = 0, . . . , n − 1, ²¥¦ -
Ð¨Ì ´  ¢¥·Ì´¥° ¶μ²μ¢¨´¥ ¥¤¨´¨Î´μ° μ±·Ê¦´μ¸É¨, ¸¨³³¥É·¨Î´Ò¥ ¨³ ÉμÎ±¨
θa = π (2a+1)/2n, a = −n, . . . ,−1, ²¥¦ Ð¨¥ ´  ´¨¦´¥° ¶μ²μ¢¨´¥ ¥¤¨´¨Î´μ°
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μ±·Ê¦´μ¸É¨. ‡ ³¥É¨³, ÎÉμ ¸¨³³¥É·¨Î´Ò¥ ÉμÎ±¨ ¸μ¸É ¢²ÖÕÉ n ¶ · ¸μ ¸¢μ°-
¸É¢μ³ θa = −θ−(1+a), a = 0, . . . , n − 1. �·¨³¥´¨³ μ¡ÐÊÕ ´Ê³¥· Í¨Õ ¢¸¥Ì
ÉμÎ¥±: θa = π(2a + 1)/2n, a = −n, . . . , n − 1. ‚ ¸¨²Ê Î¥É´μ¸É¨ ËÊ´±Í¨¨ cos
¨ ´¥Î¥É´μ¸É¨ ËÊ´±Í¨¨ sin

n−1∑
a=−n

cosmθa = 2Sm,0,

n−1∑
a=−n

sin mθa = 0. (10)

�μÔÉμ³Ê, ¨¸¶μ²Ó§ÊÖ ¸μμÉ´μÏ¥´¨¥ exp (it) = cos (t) + i sin (t), ³Ò ³μ¦¥³ § -
¶¨¸ ÉÓ

2Sm,0 =
n−1∑

a=−n

cosmθa =
n−1∑

a=−n

exp (imθa). (11)

C² £ ¥³Ò¥ ¢ ¶μ¸²¥¤´¥³ ¢Ò· ¦¥´¨¨ ¸μ¸É ¢²ÖÕÉ ±μ´¥Î´ÊÕ £¥μ³¥É·¨Î¥¸±ÊÕ
¶·μ£·¥¸¸¨Õ. ‚μ¸¶μ²Ó§Ê¥³¸Ö ¨§¢¥¸É´μ° Ëμ·³Ê²μ° ¤²Ö ¸Ê³³Ò N Î²¥´μ¢ £¥μ³¥-
É·¨Î¥¸±μ° ¶·μ£·¥¸¸¨¨ A1, A2, . . . , AN

SN = (AN q − A1)/(q − 1). (12)

‚ ´ Ï¥³ ¸²ÊÎ ¥

A1 = exp (imθ−n) = exp (imπ(1 − 2n)/2n),

q = exp (imπ2/2n),

AN = exp (imθn−1) = exp (imπ(2n − 1)/2n),

Anq = exp (imπ(1 + 2n)/2n).

‡ ³¥É¨³, ÎÉμ ËÊ´±Í¨Ö exp (it) ¶¥·¨μ¤¨Î¥¸± Ö ¸ ¶¥·¨μ¤μ³ 2π. �·£Ê³¥´ÉÒ,
¢Ìμ¤ÖÐ¨¥ ¢ ¢Ò· ¦¥´¨¥ ¤²Ö Anq ¨ A1, μÉ²¨Î ÕÉ¸Ö ´  ¢¥²¨Î¨´Ê mπ(1 +
2n)/2n − mπ(1 − 2n)/2n = m2π, · ¢´ÊÕ Í¥²μ³Ê Î¨¸²Ê ¶¥·¨μ¤μ¢. ‘²¥¤μ-
¢ É¥²Ó´μ, Anq = A1,   SN = 0. ˆÉ ±, ¤μ± § ´μ, ÎÉμ

2Sm,0 =
n−1∑

a=−n

cos mθa =
n−1∑

a=−n

exp (imθa) = 0, (13)

  §´ Î¨É, ¢¥·´μ ¨ Ê¸²μ¢¨¥ (9), ±μÉμ·μ¥ ³Ò ÌμÉ¥²¨ ¤μ± § ÉÓ:

Sm,0 =
n−1∑
a=0

cos mθa = 0, m = 1, 2, . . . , 2n − 1. (14)

�É³¥É¨³, ÎÉμ ¤²Ö m = 2n Ëμ·³Ê²  (12) ´¥ ¶·¨³¥´¨³ , É ± ± ± q ¸É ´μ¢¨É¸Ö
· ¢´Ò³ ¥¤¨´¨Í¥. ‚μ§¢· Ð Ö¸Ó ± (8), ¤¥² ¥³ ¢Ò¢μ¤, ÎÉμ

Sj,k = 0 ¶·¨ 0 � k < j < n. (15)
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‚ ¸¨²Ê ±μ³³ÊÉ É¨¢´μ¸É¨ ¸± ²Ö·´μ£μ ¶·μ¨§¢¥¤¥´¨Ö, É. ¥. ¸¢μ°¸É¢  Sj,k = Sk,j ,
μ·Éμ£μ´ ²Ó´μ¸ÉÓ ¡Ê¤¥É ¨ ¤²Ö μ¡Ð¥£μ ¸²ÊÎ Ö:

Sj,k = 0 ¶·¨ j, k < n, j �= k. (16)

2. � ¸¸³μÉ·¨³ ¸²ÊÎ ° j = k = 0. ˆ§ (6) ¶μ²ÊÎ¨³

S0,0 =
n−1∑
a=0

cos 0 · cos 0 = n. (17)

3. � ¸¸³μÉ·¨³ ¸²ÊÎ ° 0 < j = k < n. ˆ§ ¢Ò· ¦¥´¨Ö (8), ÊÎ¨ÉÒ¢ Ö (14) ¨
(17), ¶μ²ÊÎ¨³

Sj,j = 1/2[S2j,0 + S0,0] = 1/2[0 + n] = n/2. (18)

ˆÉ ±, ²¥³³  1 ¤μ± § ´ .
�¸É ¥É¸Ö μÉ³¥É¨ÉÓ, ÎÉμ ´μ·³  ¶μ²¨´μ³μ¢ —¥¡ÒÏ¥¢ , μ¶·¥¤¥²¥´´ Ö Î¥·¥§

¸± ²Ö·´μ¥ ¶·μ¨§¢¥¤¥´¨¥ (6), · ¢´ 

‖T0‖ = (S0,0)1/2 = n1/2, ‖Tk‖ = (Sk,k)1/2 = (n/2)1/2, k = 1, . . . , n − 1.
(19)

‘μμÉ¢¥É¸É¢¥´´μ, μ·Éμ´μ·³¨·μ¢ ´´ Ö ¸¨¸É¥³  ¶μ²¨´μ³μ¢ —¥¡ÒÏ¥¢  ¡Ê¤¥É ¨³¥ÉÓ
¢¨¤

T 0(x) =

√
1
n

, T k(x) =

√
2
n

Tk(x), k = 1, . . . , n − 1. (20)

ˆ³¥´´μ ¤²Ö ´¨Ì ¢¥·´μ ÊÉ¢¥·¦¤¥´¨¥ ¨§ · ¡μÉÒ [3], ¸ ±μÉμ·μ£μ ³Ò ´ Î ²¨ ¸¢μ¥
· ¸¸³μÉ·¥´¨¥.
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