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¢μ¤μ·μ¤μ¶μ¤μ¡´ÒÌ Ô²¥³¥´É ·´ÒÌ  Éμ³μ¢

�·¥¤²μ¦¥´ ´μ¢Ò° ¶μ¤Ìμ¤ ± · ¸Î¥ÉÊ ¶¥·¥Ìμ¤´ÒÌ Ëμ·³Ë ±Éμ·μ¢ ¢μ¤μ·μ¤μ¶μ-
¤μ¡´ÒÌ Ô²¥³¥´É ·´ÒÌ  Éμ³μ¢ (EA). �μ²ÊÎ¥´Ò Ö¢´Ò¥  ´ ²¨É¨Î¥¸±¨¥ ¢Ò· ¦¥´¨Ö
¤²Ö Ëμ·³Ë ±Éμ·μ¢ ¶¥·¥Ìμ¤  ¨§ ¶·μ¨§¢μ²Ó´ÒÌ ¸μ¸ÉμÖ´¨° ¤¨¸±·¥É´μ£μ ¸¶¥±É· 
…� ¢ ¸μ¸ÉμÖ´¨Ö ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É· . �μ± § ´μ, ÎÉμ ÔÉ¨ Ëμ·³Ë ±Éμ·Ò ¢Ò· ¦ -
ÕÉ¸Ö ¢ ¢¨¤¥ ¸Ê¶¥·¶μ§¨Í¨¨ ±μ´¥Î´μ£μ Î¨¸²  ¸² £ ¥³ÒÌ ¸ ¶·μ¸Éμ°  ´ ²¨É¨Î¥¸±μ°
¸É·Ê±ÉÊ·μ° ¨ ³μ£ÊÉ ¡ÒÉÓ · ¸¸Î¨É ´Ò Î¨¸²¥´´μ ¸ ¶·μ¨§¢μ²Ó´μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ-
¸É¨. Š ± ¶·¨³¥· ¶·¨²μ¦¥´¨° ¶·¥¤¸É ¢²¥´´ÒÌ Ëμ·³Ë ±Éμ·μ¢ · ¸¸Î¨É ´ ¸¶¥±É·
¶·μ¤Ê±Éμ¢ ¨μ´¨§ Í¨¨ ¤¨³¥§μ Éμ³μ¢ A2π.
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A new approach for calculation of transition form factors of hydrogen-like el-
ementary atoms (EA) is proposed. The explicit expressions for bound-continuous
transition form factors of EA are derived. It is shown that these form factors can be
represented in the form of ˇnite sum of terms with simple analytical structure and
may be numerically evaluated with arbitrary degree of accuracy. As an application
of the presented form factors, the calculation of the spectra of products from A2π
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‚‚…„…�ˆ…

�·μ¡²¥³  ¢ÒÎ¨¸²¥´¨Ö Ëμ·³Ë ±Éμ·μ¢ ¶¥·¥Ìμ¤  ¨§ ¸¢Ö§ ´´ÒÌ ¢ ´¥¸¢Ö§ ´-
´Ò¥ ¸μ¸ÉμÖ´¨Ö ¢μ¤μ·μ¤μ¶μ¤μ¡´ÒÌ  Éμ³μ¢ [1] ¨³¥¥É ¤μ²£ÊÕ ¨¸Éμ·¨Õ [2Ä10].

‚ ´ ¸ÉμÖÐ¥¥ ¢·¥³Ö ÔÉ  ¶·μ¡²¥³  ¶·¨μ¡·¥²  ¡μ²ÓÏμ¥ §´ Î¥´¨¥ ¤²Ö ¨´É¥·-
¶·¥É Í¨¨ ¤ ´´ÒÌ Ô±¸¶¥·¨³¥´É  DIRAC (–…��), Í¥²ÓÕ ±μÉμ·μ£μ Ö¢²Ö¥É¸Ö ´ -
¡²Õ¤¥´¨¥ ¢μ¤μ·μ¤μ¶μ¤μ¡´ÒÌ …�∗, ¸μ¸ÉμÖÐ¨Ì ¨§ π±- ¨/¨²¨ π∓/K∓-³¥§μ´μ¢∗∗

¨ ¨§³¥·¥´¨¥ ¨Ì ¢·¥³¥´¨ ¦¨§´¨ ¸ ¢Ò¸μ±μ° ¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨ [12Ä14].
ƒ² ¢´Ò³ μ¡· §μ³ [2Ä7] ¢ ²¨É¥· ÉÊ·¥ · ¸¸³ É·¨¢ ²¨¸Ó Ëμ·³Ë ±Éμ·Ò ¶¥-

·¥Ìμ¤  ³¥¦¤Ê ¸μ¸ÉμÖ´¨Ö³¨ ¤¨¸±·¥É´μ£μ ¸¶¥±É· , Ì · ±É¥·¨§Ê¥³Ò¥ μ¶·¥¤¥²¥´-
´Ò³¨ §´ Î¥´¨Ö³¨ £² ¢´μ£μ (n), μ·¡¨É ²Ó´μ£μ (l) ¨ ³ £´¨É´μ£μ (m) ±¢ ´Éμ¢ÒÌ
Î¨¸¥², ÎÉμ ¸μμÉ¢¥É¸É¢Ê¥É ¢Ò¡μ·Ê ¢μ²´μ¢ÒÌ ËÊ´±Í¨° ψf(i)(�r) ¢ ¢¨¤¥

ψf(i)(�r) = ψnlm(�r) = Ylm(θφ)Rnl(r) , (1)

£¤¥ Ylm(θφ) Å ¸Ë¥·¨Î¥¸±¨¥ £ ·³μ´¨±¨; Rnl(r) Å · ¤¨ ²Ó´Ò¥ ¢μ²´μ¢Ò¥
ËÊ´±Í¨¨; |f〉 Å ±μ´¥Î´μ¥, |i〉 Å ´ Î ²Ó´μ¥ ¸μ¸ÉμÖ´¨Ö  Éμ³ .

”μ·³Ë ±Éμ·Ò É ±¨Ì ¶¥·¥Ìμ¤μ¢ ¢¸¥£¤  ¶·¥¤¸É ¢¨³Ò ¢ ¢¨¤¥ ¶μ²¨´μ³μ¢ μÉ
¶¥·¥³¥´´μ°

u =
α2μ2(ni, nk)

α2μ2(ni, nk) + q2
, (2)

£¤¥

μ(ni, nk) =
μ(ni + nk)

nink
,

μ =
m1m2

m1 + m2

(§¤¥¸Ó α Å ¶μ¸ÉμÖ´´ Ö Éμ´±μ° ¸É·Ê±ÉÊ·Ò; m1,2 Å ³ ¸¸Ò Ô²¥³¥´É ·´ÒÌ Î -
¸É¨Í, ¸μ¸É ¢²ÖÕÐ¨Ì …�), ÎÉμ ¶μ§¢μ²Ö¥É ¶·μ¨§¢μ¤¨ÉÓ ¨Ì Î¨¸²¥´´Ò° · ¸Î¥É
¶· ±É¨Î¥¸±¨ ¸ ´¥μ£· ´¨Î¥´´μ° ÉμÎ´μ¸ÉÓÕ.

∗‘¢Ö§ ´´Ò¥ ¢μ¤μ·μ¤μ¶μ¤μ¡´Ò¥ ¸μ¸ÉμÖ´¨Ö ¤¢ÊÌ ¶·μÉ¨¢μ¶μ²μ¦´μ § ·Ö¦¥´´ÒÌ Ô²¥³¥´É ·´ÒÌ
Î ¸É¨Í ¶μ²ÊÎ¨²¨ ¢ ²¨É¥· ÉÊ·¥ ´ §¢ ´¨¥ Ô²¥³¥´É ·´ÒÌ  Éμ³μ¢ [11]. �·¨³¥· ³¨ É ±¨Ì  Éμ³μ¢
³μ£ÊÉ Ö¢²ÖÉÓ¸Ö A2e, Aeμ, A2μ, Aeπ , Aμπ .

∗∗‚ Î ¸É´μμ³ ¸²ÊÎ ¥, ±μ£¤  …� μ¡· §ÊÕÉ¸Ö ¤¢Ê³Ö ³¥§μ´ ³¨, ¨Ì ¨³¥´ÊÕÉ ¤¨³¥§μ Éμ³ ³¨.
ŒÒ ¶¥·¥Î¨¸²¨³ §¤¥¸Ó ²¨ÏÓ ¤¨³¥§μ Éμ³Ò A2π , AπK , AKK , ¨³¥ÕÐ¨¥ ´¥¶μ¸·¥¤¸É¢¥´´μ¥ μÉ´μ-
Ï¥´¨¥ ± ´ Ï¥³Ê · ¸¸³μÉ·¥´¨Õ.
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„²Ö ¨´É¥·¶·¥É Í¨¨ ¤ ´´ÒÌ Ô±¸¶¥·¨³¥´É  DIRAC É·¥¡ÊÕÉ¸Ö É ±¦¥ ¢Ò· -
¦¥´¨Ö ¤²Ö ¶¥·¥Ìμ¤´ÒÌ Ëμ·³Ë ±Éμ·μ¢ ¢¨¤ 

Sfi(�q) = S�p,nlm(�q)
∫

ψ∗
�p(�r)ei�q�rψnlm(�r)d3r , (3)

¢ ±μÉμ·ÒÌ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ψf ¤μ²¦´Ò ¡ÒÉÓ ¶·¥¤¸É -
¢²¥´Ò ± ± [15]

ψf (�r) = ψ
(−)
�p (�r) = c(−) exp(i�p�r) · Φ (−iξ, 1,−i(pr + �p�r)) , (4)

c(−) = (2π)−
3
2 exp

(
πξ

2

)
Γ(1 + iξ) ,

ξ =
μα

p
.

‚ÒÎ¨¸²¥´¨¥ ÔÉ¨Ì Ëμ·³Ë ±Éμ·μ¢, ¢ μÉ²¨Î¨¥ μÉ ¶μÌμ¦¨Ì ´  ´¨Ì Ëμ·³Ë ±-
Éμ·μ¢ ¶¥·¥Ìμ¤μ¢ ³¥¦¤Ê ¸μ¸ÉμÖ´¨Ö³¨ ¤¨¸±·¥É´μ£μ ¸¶¥±É· , ´¥ Ê¤ ¥É¸Ö ¸¢¥¸É¨
± ±μ´¥Î´μ³Ê Î¨¸²Ê  ²£¥¡· ¨Î¥¸±¨Ì μ¶¥· Í¨°. ‡  ´¥¸±μ²Ó±¨³¨ ·¥¤±¨³¨ ¨¸-
±²ÕÎ¥´¨Ö³¨, ±μ£¤  ÔÉ¨ Ëμ·³Ë ±Éμ·Ò ¸¢μ¤ÖÉ¸Ö ± ¨§¢¥¸É´Ò³ ¸¶¥Í¨ ²Ó´Ò³ ¸²Ê-
Î Ö³, ¢ÒÎ¨¸²¥´¨¥ ¶μ¤μ¡´ÒÌ Ëμ·³Ë ±Éμ·μ¢ ¸μ¤¥·¦¨É μ¶¥· Í¨Õ μ¤´μ±· É´μ£μ
¨´É¥£·¨·μ¢ ´¨Ö, ÎÉμ Ê¸²μ¦´Ö¥É § ¤ ÎÊ ¶μ²ÊÎ¥´¨Ö ¨Ì Î¨¸²¥´´ÒÌ §´ Î¥´¨°.

’· ¤¨Í¨μ´´μ [10] Ê± § ´´ Ö § ¤ Î  ·¥Ï ² ¸Ó ¶ÊÉ¥³ · §²μ¦¥´¨Ö ¢μ²´μ¢μ°
ËÊ´±Í¨¨ ±μ´¥Î´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ·Ö¤ ¶μ ¸Ë¥·¨Î¥¸±¨³ £ ·³μ´¨± ³

ψ
(−)
�p (�r) =

∞∑
l1=0

+l1∑
m1=−l1

il1Y ∗
l1m1

(
�p

p

)
ψpl1m1(�r) , (5)

ψpl1m1(�r) = Y ∗
l1m1

(
�r

r

)
Rpl1(r) (6)

c ¶μ¸²¥¤ÊÕÐ¨³ · ¸Î¥Éμ³ ¶¥·¥Ìμ¤´ÒÌ Ëμ·³Ë ±Éμ·μ¢ ¢¨¤ 

Spl1m1,nlm(�q) =
∫

ψ∗
pl1m1

(�r)ei�q�rψnlm(�r)d3r , (7)

É ± ÎÉμ

S�p,nlm =
∞∑

l1=0

l1∑
m1=−l1

il1Y ∗
l1m1

(
�p

p

)
Spl1m1,nlm(�q) . (8)

Ÿ¸´μ, ÎÉμ ¢ ÔÉμ³ ¶μ¤Ìμ¤¥ ³μ¦¥É ¡ÒÉÓ ÊÎÉ¥´μ ²¨ÏÓ ±μ´¥Î´μ¥ Î¨¸²μ Î²¥´μ¢
·Ö¤  (8). ‚μ§´¨± ÕÐ Ö ¶·¨ ÔÉμ³ § ¤ Î   ¶¶·μ±¸¨³ Í¨¨ ¡¥¸±μ´¥Î´μ£μ ·Ö¤ 
(
∑∞

l=0) ±μ´¥Î´μ° ¸Ê³³μ° (
∑lmax

l=0 ), ± ± ¨ μÍ¥´±  ¢±² ¤  ¡¥¸±μ´¥Î´μ£μ μ¸É É± 
·Ö¤  (

∑∞
lmax+1), Ö¢²ÖÕÉ¸Ö ´¥¶·μ¸ÉÒ³¨ § ¤ Î ³¨.
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‚ ´ ¸ÉμÖÐ¥° · ¡μÉ¥ ÔÉ¨ É·Ê¤´μ¸É¨ μ¡μ°¤¥´Ò ¶ÊÉ¥³ ¶μ²ÊÎ¥´¨Ö ÉμÎ´ÒÌ
 ´ ²¨É¨Î¥¸±¨Ì ¢Ò· ¦¥´¨° ¤²Ö Ëμ·³Ë ±Éμ·μ¢ ¶¥·¥Ìμ¤μ¢ |nlm〉 → |�p〉 ¢ É¥·-
³¨´ Ì ¶μ²¨´μ³μ¢ ƒ¥£¥´¡ ÊÔ· , ÎÉμ ¸¢μ¤¨É § ¤ ÎÊ · ¸Î¥É  ÔÉ¨Ì Ëμ·³Ë ±Éμ·μ¢
± ±μ´¥Î´μ³Ê Î¨¸²Ê  ²£¥¡· ¨Î¥¸±¨Ì μ¶¥· Í¨°.

‚ · §¤. 1 ³Ò ·¥ ²¨§Ê¥³ ´ ÏÊ ¶·μ£· ³³Ê ¤²Ö ¶·μ¸É¥°Ï¥£μ ¸²ÊÎ Ö, ±μ-
£¤  μ·¡¨É ²Ó´Ò° ³μ³¥´É ¨¸Ìμ¤´μ£μ ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö · ¢¥´ ´Ê²Õ (nS-
¸μ¸ÉμÖ´¨Ö). �¡μ¡Ð¥´¨¥ · ¸¸³μÉ·¥´¨Ö ´  ¸²ÊÎ ° ¶·μ¨§¢μ²Ó´μ£μ ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö ¢μ¤μ·μ¤μ¶μ¤μ¡´μ£μ  Éμ³  ¤ ´μ ¢ · §¤. 2. ˆ, ´ ±μ´¥Í, ¢ · §¤. 3 ³Ò
¶·μ¢μ¤¨³ · ¸Î¥É ¸¶¥±É·  π+π− ¶ ·, ¢μ§´¨± ÕÐ¨Ì ¢ ·¥§Ê²ÓÉ É¥ ¨μ´¨§ Í¨¨
 Éμ³μ¢ AnS

2π ¢ ±Ê²μ´μ¢¸±μ³ ¶μ²¥  Éμ³μ¢ ³¨Ï¥´¨, ¤²Ö ¨²²Õ¸É· Í¨¨ ¢μ§³μ¦-
´ÒÌ ¶·¨²μ¦¥´¨° ¶·¥¤¸É ¢²¥´´ÒÌ ¢ · ¡μÉ¥ Ëμ·³Ë ±Éμ·μ¢.

1. ���‹ˆ’ˆ—…‘Šˆ… ‚›��†…�ˆŸ „‹Ÿ ”��Œ”�Š’���‚
�…�…•�„�‚ |n00〉 → |�p〉

� Î´¥³ ¸ · ¸¸³μÉ·¥´¨Ö Ëμ·³Ë ±Éμ·μ¢ |n00〉 → |�p〉 ¶¥·¥Ìμ¤o¢. ‚μ²´μ¢Ò¥
ËÊ´±Í¨¨ ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ¢ ¢Ò· ¦¥´¨¨ (3) ¢ ÔÉμ³ ¸²ÊÎ ¥ ¨³¥ÕÉ ¢¨¤

ψi = ψn00(�r) =
(

ω3

π

) 1
2

· e−ωrΦ(−n + 1; 2; 2ωr). (9)

�·¥¤¸É ¢¨³ ¨Ì Î¥·¥§ ¶μ²¨´μ³Ò ‹ £¥··  Lλ
k :

ψn00(�r) =
(

ω3

π

) 1
2

· 1
n
· e−ωrL1

n−1(2ωr) . (10)

ω =
μα

n
.

‡¤¥¸Ó Φ Å ¢Ò·μ¦¤¥´´ Ö £¨¶¥·£¥μ³¥É·¨Î¥¸± Ö ËÊ´±Í¨Ö, L1
n−1 Å ¶μ²¨´μ³Ò

‹ £¥·· .
ˆ¸¶μ²Ó§Ê¥³ ·¥±Ê··¥´É´Ò¥ ¸μμÉ´μÏ¥´¨Ö [16]

Lλ+1
k (x) =

1
x

[
(k + λ + 1)Lλ

k−1(x) − (k + 1)Lλ
k(x)

]
(11)

¨ ¶·¥¤¸É ¢²¥´¨¥ ¶μ²¨´μ³μ¢ ‹ £¥··  ¸ ¶μ³μÐÓÕ ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¨

Lλ
k(x) = Δ(k)

z

[
(1 − z)−(λ+1) exp

(
xz

z − 1

)]
, (12)

£¤¥ μ¶¥· Éμ· Δ(k)
z μ¶·¥¤¥²¥´ ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨¥³:

Δ(k)
z (f(z)) =

1
k!

(
dk

dzk
f(z)

)∣∣∣∣
z=0

. (13)
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’μ£¤ 

ψi(r) =
ω

1
2

2
√

π · r

[
Δ(n−1)

z − Δ(n)
z

] [
(1 − z)−1 exp (−ω(z)r)

]
, (14)

ω(z) = ω · (1 + z)(1 − z)−1 (15)

¨

S�p,noo(�q) =
ω

1
2 c(−)

2
√

π

[
Δ(n−1)

z − Δ(n)
z

] [
J(�q, �p, z)
(1 − z)

]
, (16)

J(�q, �p, z) =
∫

d3r

r
Φ (iξ, 1, i(pr + �p�r)) exp[i(�q − �p)�r − ω(z) · r] . (17)

�μ¸²¥¤´¨° ¨´É¥£· ² ²¥£±μ ¢ÒÎ¨¸²Ö¥É¸Ö ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¨´É¥£· ²Ó´μ£μ
¶·¥¤¸É ¢²¥´¨Ö ¤²Ö £¨¶¥·£¥μ³¥É·¨Î¥¸±¨Ì ËÊ´±Í¨° (¸³., ´ ¶·¨³¥·, [17]). �¥-
§Ê²ÓÉ É ¨³¥¥É ¢¨¤

J(�q, �p, z) = 4π[ω2(z) + �Δ2]−1+iξ[(ω(z) − ip)2 + q2]−iξ , (18)

£¤¥
�Δ = �q − �p .

‘ ÊÎ¥Éμ³ μ¶·¥¤¥²¥´¨Ö (15) ¨ μÎ¥¢¨¤´μ£μ ¸μμÉ´μÏ¥´¨Ö

Δ(n)
z (zf(z)) = Δ(n−1)

z f(z) (19)

¢Ò· ¦¥´¨¥ (16) ³μ¦¥É ¡ÒÉÓ ¶¥·¥¶¨¸ ´μ ¢ ¢¨¤¥

S�p,noo(�q) = −4
√

πc(−)ω
1
2

(
Δ(n)

z − 2Δ(n−1)
z + Δ(n−2)

z

)
×

×
[
D−1+iξ

1 D−iξ
2

]
, (20)

D1 = (1 + z2)(ω2 + �Δ2) − 2z(�Δ2 − ω2) , (21)

D2 = (ω − ip)2 + q2 − 2z(q2 − p2 − ω2) + z2[(ω + ip)2 + q2] .

ˆ¸¶μ²Ó§ÊÖ μ¶·¥¤¥²¥´¨¥ ¶μ²¨´μ³μ¢ ƒ¥£¥´¡ ÊÔ·  [16]

(1 − 2xz + z)−λ =
∞∑

k=0

C
(λ)
k (x) · zk , (22)

²¥£±μ ¶μ²ÊÎ¨ÉÓ

D−1+iξ
1 = (Δ2 + ω2)−1+iξ

∞∑
k=0

C
(1−iξ)
k (u) · zk , (23)
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u =
Δ2 − ω2

Δ2 + ω2
;

D−iξ
2 = [(ω − ip)2 + q2]−iξ

∞∑
k=0

C
(iξ)
k (v) · zk · wk , (24)

v =
q2 − p2 − ω2√

[(ω − ip)2 + q2][(ω + ip)2 + q2]
,

w =

√
(ω + ip)2 + q2

(ω − ip)2 + q2
.

� ±μ´¥Í, ¸ ¶μ³μÐÓÕ ¸μμÉ´μÏ¥´¨°

Δ(n)
z [f1(z)f2(z)] =

n∑
k=0

[
Δ(n−k)

z f1(z)
] [

Δ(k)
z f2(z)

]
, (25)

C(λ)
n (x) − C

(λ)
n−1(x) =

Γ(λ − 1
2 )Γ(n − 1 + 2λ)

Γ(2λ − 1)Γ(n + λ − 1
2 )

· P (λ− 3
2 ,λ− 1

2 )(x) , (26)

£¤¥ P (λ− 3
2 ,λ− 1

2 )(x) Å ¶μ²¨´μ³Ò Ÿ±μ¡¨, μ±μ´Î É¥²Ó´μ ¶μ²ÊÎ ¥³

S�p,noo(�q) = −2
√

πc(−)ω
1
2 (ω2 + Δ2)−1+iξ[(ω − ip)2 + q2]−iξ×

×
Γ

(
1
2 − iξ

)
Γ (1 − 2iξ)

n∑
k=0

wkC
(iξ)
k (v)

[
Γ (n − k + 1 − 2iξ)
Γ

(
n − k + 1

2 − iξ
) ×

×P
(− 1

2−iξ, 1
2−iξ)

n−k (u) − Γ (n − k − 2iξ)
Γ

(
n − k − 1

2 − iξ
)P

(− 1
2−iξ, 1

2−iξ)

n−k−1 (u)

]
. (27)

’ ±¨³ μ¡· §μ³, Ëμ·³Ë ±Éμ·Ò |nS〉 → |�p〉 ¶¥·¥Ìμ¤μ¢ ¢Ò· ¦ ÕÉ¸Ö ¢ É¥·-
³¨´ Ì ±² ¸¸¨Î¥¸±¨Ì ¶μ²¨´μ³μ¢ ¨ ²¥£±μ ³μ£ÊÉ ¡ÒÉÓ · ¸¸Î¨É ´Ò Î¨¸²¥´´μ ¸
¶·μ¨§¢μ²Ó´μ° ÉμÎ´μ¸ÉÓÕ [18].

2. ���‹ˆ’ˆ—…‘Šˆ… ‚›��†…�ˆŸ „‹Ÿ ”��Œ”�Š’���‚
�…�…•�„�‚ |nlm〉 → |�p〉

�¥·¥°¤¥³ É¥¶¥·Ó ± · ¸¸³μÉ·¥´¨Õ μ¡Ð¥£μ ¸²ÊÎ Ö:

ψi(�r) = ψnlm(�r) = Ylm

(
�r

r

)
Rnl(r) , (28)
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Rnl(r) =
2ω3/2

Γ(2l + 2)

[
Γ(n + l + 1)
nΓ(n − l)

]1/2

(2ωr)l×

× Φ(−n + l + 1, 2l + 2; 2ωr)e−ωr =

= 2ω3/2

[
Γ(n − l)

nΓ(n + l + 1)

]1/2

(2ωr)l · L2l+1
n−l−1(2ωr)e−ωr ,

Rnl =
ω1/2

r

[
Γ(n − l)

nΓ(n + l + 1)

]1/2

(2ωr)l×

×
[
(n + l)Δ(n−l−2)

z − (n − l)Δ(n−l−1)
z

]
×

×
[
(1 − z)−(l+1) exp (−ω(z)r)

]
. (29)

�¥É·Ê¤´μ ¢¨¤¥ÉÓ, ÎÉμ ¢ ÔÉμ³ ¸²ÊÎ ¥ § ¤ Î  ¶μ ¸ÊÐ¥¸É¢Ê ¸¢μ¤¨É¸Ö ± · ¸Î¥ÉÊ
¢¥²¨Î¨´

Ij
lm = Δ(j)

z

[
(1 − z)−(2l+1)Jlm(�q, �p, z)

]
, (30)

Jlm(�q, �p, z) =
∫

d3r

r
Ylm

(
�r

r

)
Φ (iξ, 1; i(pr + �p�r))×

× exp[i(�q − �p)�r − ω(z)r](2ωr)l exp [−ω(z)r] , (31)

j = n − l − 2, n − l − 1 .

ˆ¸¶μ²Ó§ÊÖ ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¤²Ö £¨¶¥·£¥μ³¥É·¨Î¥¸±μ° ËÊ´±-
Í¨¨

Φ (iξ, 1; i(pr + �p�r)) = − 1
2πi

∮
C

(−t)(iξ−1)(1 − t)−iξ×

× exp[it(pr + �p�r)]dt , (32)

Ëμ·³Ê²Ê · §²μ¦¥´¨Ö ¶²μ¸±μ° ¢μ²´Ò ¶μ ¸Ë¥·¨Î¥¸±¨³ £ ·³μ´¨± ³

exp(i�τ�r) = 4π

∞∑
l=0

l∑
m=−l

ilYlm

(
�τ

τ

)
Y ∗

lm

(
�r

r

)
jl(τr) , (33)

£¤¥ jl Å ¸Ë¥·¨Î¥¸±¨¥ ËÊ´±Í¨¨ �¥¸¸¥²Ö

jl(x) =
√

π

2x
Jl+ 1

2
(x) , (34)
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§´ Î¥´¨¥ ¨´É¥£· ² 

∞∫
0

rl+ 1
2 Jl+ 1

2
(τr)e−ω̄·rdr =

(2τ)l+ 1
2 Γ(l + 1)√

π(τ2 + ω̄2)l+1
, (35)

¨ ¶μ² £ Ö ¢ (33), (35)

�τ = �q − �p(1 − t), ω̄ = ω(z) − ip · t , (36)

¶ÊÉ¥³ ´¥¸²μ¦´ÒÌ ¢ÒÎ¨¸²¥´¨° ¶μ²ÊÎ ¥³

Jlm(�q, �p, z) = −Γ(l + 1)
2πi

∮
C

dt(−t)(iξ−1)(1 − t)−iξ×

×
4π(4iω)lYlm

(
�τ
τ

)
τ l

(τ2 + ω̄2)l+1
. (37)

“Î¨ÉÒ¢ Ö ¤ ²¥¥ ¶· ¢¨²  · §²μ¦¥´¨Ö £ ·³μ´¨Î¥¸±¨Ì ¶μ²¨´μ³μ¢ [19]

Ylm

(
�τ

τ

)
τ l =

l∑
l1=0

ql1(−p)l−l1

[
4πΓ(2l + 2)

Γ(2l1 + 2)Γ(2l − 2l1 + 2)

]1/2

×

× (1 − t)l−l1

[
Yl1

(
�q

q

)
⊗ Yl−l1

(
�p

p

)]
lm

, (38)

[
Yl1

(
�q

q

)
⊗ Yl−l1

(
�p

p

)]
lm

=

=
∑

m1+m2=m

Clm
l1m1(l−l1)m2

· Yl1m1

(
�q

q

)
· Y(l−l1)m2

(
�p

p

)
(39)

¨ ²¥£±μ ¶·μ¢¥·Ö¥³Ò¥ ¸μμÉ´μÏ¥´¨Ö

τ2 + ω̄2 = a(1 − t) + c · t ,

a = ω2(z) + �Δ2 , c = (ω(z) − ip)2 + q2 , (40)
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  É ±¦¥

− 1
2πi

∮
C

t(iξ−1)(1 − t)−iξ+l−l1

[a(1 − t) + ct]l+1
=

= a−(l+1) Γ(1 − iξ + l − l1)
Γ(1 − iξ)

F (iξ, l + 1; l − l1 + 1; 1 − c/a) =

= aiξ−l−1)c−iξ Γ(1 − iξ + l − l1)
Γ(1 − iξ)

F (iξ,−l1; l − l1 + 1; 1 − a/c) =

= aiξ−l−1)c−iξ Γ(l − l1 + 1)Γ(l + 1 − iξ)
Γ(l + 1)Γ(1 − iξ)

F (iξ,−l1; iξ − l; a/c) =

=
l1∑

s=0

(−1)l−s Γ(iξ + s)Γ(l1 + 1)
Γ(l1 − s + 1)Γ(iξ − l + s)Γ(s + 1)Γ(l + 1)

aiξ+s−l−1)c−s−iξ =

= (1 − z)2l+2
l1∑

s=0

(−1)l−s Γ(iξ + s)Γ(l1 + 1)
Γ(l1 − s + 1)Γ(iξ − l + s)Γ(s + 1)Γ(l + 1)

×

× Diξ+s−l−1
1 D−s−iξ

2 , (41)

¶μ ¸ÊÐ¥¸É¢Ê ¶·¨¢μ¤¨³ § ¤ ÎÊ ± · ¸¸³μÉ·¥´´μ° ¢ ¶·¥¤Ò¤ÊÐ¥³ · §¤¥²¥.
�μÔÉμ³Ê, μ¶Ê¸± Ö É¥Ì´¨Î¥¸±¨¥ ¤¥É ²¨, ¶·¨¢¥¤¥³ μ±μ´Î É¥²Ó´Ò° μÉ¢¥É:

S�p,nlm(�q) = 4π · 22lilωl+1/2

[
Γ(n − l)

nΓ(n + l + 1)

]1/2

=

=
l∑

s=0

Glms(�p, �q)Hnls(�p, �q) · (ω2 + Δ2)iξ+s−l−1[(ω − ip)2 + q2]−s−iξ ; (42)

Glms(�p, �q) = (−1)l−s Γ(iξ + s)
Γ(iξ − l + s)Γ(s + 1)

×

×
l∑

l1=s

[
4πΓ(2l + 2)

Γ(2l1 + 2)Γ(2l − 2l1 + 2)

]1/2 Γ(l1 + 1)
Γ(l1 − s + 1)

ql1(−p)l−l1×

×
[
Yl1

(
�q

q

)
⊗ Yl−l1

(
�p

p

)]
lm

; (43)

Hnls(�p, �q) = (n + l)Fn1ls(�p, �q) − (n − l)Fn2ls(�p, �q) ; (44)

n1 = n − l − 1 , n2 = n − l − 2 ;
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Fn1(2)ls(�p, �q) =
Γ(l − s + 1

2 − iξ)
Γ(2l − 2s + 1 − 2iξ)

n1(2)∑
k=0

wkC
(iξ+s)
k (v)×

×
Γ(n1(2) − k + 2l − 2s + 1 − 2iξ)

Γ(n1(2) − k + l − s + 1
2 − iξ)

P
(l−s− 1

2−iξ,l−s+ 1
2−iξ)

n1(2)−k (u) . (45)

’ ±¨³ μ¡· §μ³, Ëμ·³Ë ±Éμ·Ò ¶¥·¥Ìμ¤  ¨§ ¶·μ¨§¢μ²Ó´ÒÌ ¸¢Ö§ ´´ÒÌ ¸μ-
¸ÉμÖ´¨° ¢μ¤μ·μ¤μ¶μ¤μ¡´ÒÌ  Éμ³μ¢ ¢ �p-¸μ¸ÉμÖ´¨Ö ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É·  ¢Ò-
· ¦ ÕÉ¸Ö ¢ ¢¨¤¥ ¸Ê¶¥·¶μ§¨Í¨¨ ±μ´¥Î´μ£μ Î¨¸²  ¸² £ ¥³ÒÌ ¸ ¶·μ¸Éμ°  ´ ²¨É¨-
Î¥¸±μ° ¸É·Ê±ÉÊ·μ° ¨ É ±¦¥ ³μ£ÊÉ ¡ÒÉÓ · ¸¸Î¨É ´Ò Î¨¸²¥´´μ ¸ ¶·μ¨§¢μ²Ó´μ°
¸É¥¶¥´ÓÕ ÉμÎ´μ¸É¨ [20].

3. ‘�…Š’� ���„“Š’�‚ ˆ��ˆ‡�–ˆˆ �’�Œ�‚ A2π

„²Ö ¨´É¥·¶·¥É Í¨¨ ¤ ´´ÒÌ Ô±¸¶¥·¨³¥´É  DIRAC [12Ä14], ´ ·Ö¤Ê ¸μ §´ -
Î¥´¨Ö³¨ ¶μ²´ÒÌ ¸¥Î¥´¨° ¶¥·¥Ìμ¤  ³¥¦¤Ê ¸¢Ö§ ´´Ò³¨ ¸μ¸ÉμÖ´¨Ö³¨  Éμ³ 
¶¨μ´¨Ö, ´¥μ¡Ìμ¤¨³Ò É ±¦¥ ¢Ò· ¦¥´¨Ö ¤²Ö ¸¥Î¥´¨° ¶¥·¥Ìμ¤μ¢ ÔÉ¨Ì  Éμ³μ¢
¨§ ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨° ¢ ¸μ¸ÉμÖ´¨Ö ´¥¶·¥·Ò¢´μ£μ ¸¶¥±É· , Ì · ±É¥·¨§Ê¥-
³Ò¥ μ¶·¥¤¥²¥´´Ò³ §´ Î¥´¨¥³ μÉ´μ¸¨É¥²Ó´μ£μ ¨³¶Ê²Ó¸  π+π−-¸¨¸É¥³Ò �p ¢
´¥¸¢Ö§ ´´μ³ ¸μ¸ÉμÖ´¨¨, ¨ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ · ¸¶·¥¤¥²¥´¨Ö ¶μ ¢¥²¨Î¨´¥ ¨ ´ -
¶· ¢²¥´¨Õ Ê± § ´´μ£μ ¨³¶Ê²Ó¸ . �μ¸²¥¤´¨¥ ¨¸¶μ²Ó§ÊÕÉ¸Ö ¤²Ö ´ ¡²Õ¤¥´¨Ö
 Éμ³μ¢ A2π/AπK ¨ ¨§³¥·¥´¨Ö ¨Ì ¢·¥³¥´¨ ¦¨§´¨.

‚ ¡μ·´μ¢¸±μ³ ¶·¨¡²¨¦¥´¨¨ ¸¥Î¥´¨Ö ¶¥·¥Ìμ¤μ¢ |nlm〉 → |�p〉 ¢Ò· ¦ ÕÉ¸Ö
Î¥·¥§ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¶¥·¥Ìμ¤´Ò¥ Ëμ·³Ë ±Éμ·Ò S�p,nlm μ¡ÒÎ´Ò³¨ ¸μμÉ´μ-
Ï¥´¨Ö³¨:

σ(nlm→�p) =
∫

|U(�q)|2
[
S�p,nlm

(
�q

2

)
− S�p,nlm

(
−�q

2

)]2

d2q . (46)

‡¤¥¸Ó U(�q) Ä ËÊ·Ó¥-¶·¥μ¡· §μ¢ ´¨¥ ¶μÉ¥´Í¨ ²Ó´μ° Ô´¥·£¨¨ ¢§ ¨³μ¤¥°¸É¢¨Ö
¤¨³¥§μ Éμ³μ¢ ¸  Éμ³ ³¨ ³¨Ï¥´¨.

� ¸¶·¥¤¥²¥´¨Ö ¶μ μÉ´μ¸¨É¥²Ó´μ³Ê ¨³¶Ê²Ó¸Ê ³μ£ÊÉ ¡ÒÉÓ · ¸¸Î¨É ´Ò ¢ ¸μ-
μÉ¢¥É¸É¢¨¨ ¸ Ëμ·³Ê² ³¨

d3σ(nlm→�p)

d3�p
=

1
(2π)3

∫
d2q σ0(�q) [S�p,nlm(�p, �q1) − S�p,nlm(�p, �q2)] , (47)

�q1 =
�qm1

M
, �q2 = −�qm2

M
, M = m1 + m2, (48)

σ0(�q) =
(

2α

q2

)2 {
[Z − Fel(�q)]

2 + ZFinel(�q)
}

, (49)

Fel(�q = 0) = Z,
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�¨¸. 1. ‘¶¥±É· ¶¨μ´μ¢ μÉ ¨μ´¨§ Í¨¨
 Éμ³μ¢ A1S

2π

�¨¸. 2. ‘¶¥±É· ¶¨μ´μ¢ μÉ ¨μ´¨§ Í¨¨
 Éμ³μ¢ A10S

2π

£¤¥ σ(nlm→�p) Å ¸¥Î¥´¨¥ ¶¥·¥Ìμ¤  ¤¨³¥§μ Éμ³  ¨§ ¸μ¸ÉμÖ´¨Ö |nlm〉 ¢ ±μ´É¨-
´ÊÊ³; m1,2 Å ³ ¸¸Ò π±- ¨ π∓/K∓-³¥§μ´μ¢; α Å ¶μ¸ÉμÖ´´ Ö Éμ´±μ° ¸É·Ê±-
ÉÊ·Ò; Fel(�q) ¨ Finel(�q) Å Ê¶·Ê£¨° ¨ ´¥Ê¶·Ê£¨° Ëμ·³Ë ±Éμ·Ò  Éμ³μ¢ ³¨Ï¥´¨
¸μμÉ¢¥É¸É¢¥´´μ; Z Å  Éμ³´Ò° ´μ³¥·  Éμ³μ¢ ³¨Ï¥´¨.

�¥§Ê²ÓÉ ÉÒ ¸μμÉ¢¥É¸É¢ÊÕÐ¨Ì · ¸Î¥Éμ¢ ¨²²Õ¸É·¨·ÊÕÉ¸Ö ·¨¸. 1, 2. �  Ê± -
§ ´´ÒÌ ·¨¸Ê´± Ì ¶·¨¢¥¤¥´Ò · ¸¶·¥¤¥²¥´¨Ö ¶μ ¨³¶Ê²Ó¸Ê (p) ¨ Ê£²Ê (θ) ³¥¦¤Ê
´ ¶· ¢²¥´¨¥³ ¤¢¨¦¥´¨Ö ¤¨³¥§μ Éμ³μ¢ ¨ ´ ¶· ¢²¥´¨¥³ μÉ´μ¸¨É¥²Ó´μ£μ ¨³-
¶Ê²Ó¸  ¶¨μ´´ÒÌ ¶ · π+π−

dσ(nlm→�p)

dθdp
= 2π sin θ p2 d3σ(nlm→�p)

d3�p
, (50)

¢μ§´¨± ÕÐ¨Ì ¶·¨ ¤¨¸¸μÍ¨ Í¨¨  Éμ³μ¢ A2π ¢ ¨¸Ìμ¤´ÒÌ 1S- ¨ 10S-¸μ¸ÉμÖ´¨ÖÌ
(·¨¸. 1, 2) ¢ ±Ê²μ´μ¢¸±μ³ ¶μ²¥  Éμ³μ¢ ³¨Ï¥´¨ [21].

�¢Éμ·Ò ¡² £μ¤ ·ÖÉ �. ‚. ’ · ¸μ¢  ¨ ‹. ƒ. �Ë ´ ¸Ó¥¢  §  ¶μ²¥§´Ò¥ μ¡¸Ê-
¦¤¥´¨Ö.
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