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¤²Ö ·¥Ï¥´¨Ö £ ³¨²ÓÉμ´μ¢ÒÌ ¸¨¸É¥³ Ê· ¢´¥´¨°

�·¥¤² £ ÕÉ¸Ö ´μ¢ Ö ¶·μÍ¥¤Ê·  ¶μ¸É·μ¥´¨Ö ¸¨³¶²¥±É¨Î¥¸±¨Ì Î¨¸²¥´´ÒÌ ¸Ì¥³
¤²Ö ·¥Ï¥´¨Ö £ ³¨²ÓÉμ´μ¢ÒÌ ¸¨¸É¥³ Ê· ¢´¥´¨° ¨ ´μ¢Ò° ¶μ¤Ìμ¤ ± ¸¨³³¥É·¨§ Í¨¨
¶μ²ÊÎ¥´´ÒÌ ¸¨³¶²¥±É¨Î¥¸±¨Ì · §´μ¸É´ÒÌ ¸Ì¥³. —¨¸²¥´´Ò¥ ¸Ì¥³Ò, ¶μ¸É·μ¥´´Ò¥
¸ ¶μ³μÐÓÕ ¶·¥¤²μ¦¥´´μ° ¶·μÍ¥¤Ê·Ò, ¸μÌ· ´ÖÕÉ Ô´¥·£¨Õ ¸¨¸É¥³Ò ´  ¡μ²ÓÏμ³
¨´É¥·¢ ²¥ Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ¶·¨ μÉ´μ¸¨É¥²Ó´μ ¡μ²ÓÏ¨Ì ¢¥²¨Î¨´ Ì
Ï £  ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¸· ¢´¥´¨Õ ¸ ³¥Éμ¤μ³ ‚¥·²¥, ±μÉμ·Ò° μ¡ÒÎ´μ ¨¸¶μ²Ó-
§Ê¥É¸Ö ¶·¨ ·¥Ï¥´¨¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ³μ²¥±Ê²Ö·´μ° ¤¨´ ³¨±¨. �·¨¢¥¤¥´Ò
·¥§Ê²ÓÉ ÉÒ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢, μÉ· ¦ ÕÐ¨¥ μ¸´μ¢´Ò¥ ¶·¥¨³ÊÐ¥¸É¢  ¶μ-
²ÊÎ¥´´ÒÌ ¢ · ¡μÉ¥ ¸¨³³¥É·¨Î´ÒÌ ¸¨³¶²¥±É¨Î¥¸±¨Ì Î¨¸²¥´´ÒÌ ¸Ì¥³ É·¥ÉÓ¥£μ
¶μ·Ö¤±  ÉμÎ´μ¸É¨ ¶μ Ï £Ê ¨´É¥£·¨·μ¢ ´¨Ö £ ³¨²ÓÉμ´μ¢ÒÌ ¸¨¸É¥³ Ê· ¢´¥´¨° ¶μ
¸· ¢´¥´¨Õ ¸ Î¨¸²¥´´Ò³¨ ¸Ì¥³ ³¨ ³¥Éμ¤  ‚¥·²¥ ¢Éμ·μ£μ ¶μ·Ö¤± .
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A Procedure for Constructing Symplectic Numerical Schemes
for Solving Hamiltonian Systems of Equations

A new procedure for constructing symplectic numerical schemes for solving the
Hamiltonian systems of equations is proposed. A method for symmetrization of
the obtained symplectic numerical schemes is suggested. The numerical schemes
constructed by the above procedure conserve the energy of a system on the large
interval of numerical integration for relatively large integration step in comparison
with the Verlet method which is usually used for solving equations of motion in
molecular dynamics. Results of numerical experiments are given. These results
show the main advantages of the obtained symmetric symplectic numerical schemes
of the third order of accuracy for the integration step for the Hamiltonian systems of
equations in comparison with numerical schemes of the Verlet method of the second
order of accuracy.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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‚‚…„…�ˆ…

‚ ±² ¸¸¨Î¥¸±μ° ³μ²¥±Ê²Ö·´μ° ¤¨´ ³¨±¥ ¤²Ö μ¶¨¸ ´¨Ö ¤¢¨¦¥´¨Ö Î ¸É¨Í
¨¸¶μ²Ó§ÊÕÉ¸Ö Ê· ¢´¥´¨Ö �ÓÕÉμ´ . �·¨ ÔÉμ³ ¤²Ö ¶μ²ÊÎ¥´¨Ö ±μμ·¤¨´ É ¨ ¸±μ-
·μ¸É¥° ¸¨¸É¥³Ò, ¸μ¸ÉμÖÐ¥° ¨§ N Î ¸É¨Í, É·¥¡Ê¥É¸Ö ´  ± ¦¤μ³ ¢·¥³¥´´μ³
Ï £¥ ¢ É·¥Ì³¥·´μ³ ¸²ÊÎ ¥ ·¥Ï¨ÉÓ 6N Ê· ¢´¥´¨°. „²Ö ³μ¤¥²¨·μ¢ ´¨Ö ¶μ¢¥¤¥-
´¨Ö ¸¨¸É¥³Ò ¨§ N Î ¸É¨Í ¶·¨ ·¥Ï¥´¨¨ ¶·¨±² ¤´ÒÌ § ¤ Î ¨¸¸²¥¤μ¢ ´¨Ö Ô¢μ-
²ÕÍ¨¨ Ë¨§¨Î¥¸±¨Ì ¸¨¸É¥³ ´¥μ¡Ìμ¤¨³μ ¨¸¶μ²Ó§μ¢ ÉÓ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ° ¨´-
É¥·¢ ² ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¢·¥³¥´¨. ‘ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ É· ¤¨Í¨μ´´μ ¨¸¶μ²Ó-
§Ê¥³Ò¥ ¤²Ö ·¥Ï¥´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ³μ²¥±Ê²Ö·´μ° ¤¨´ ³¨±¨ Î¨¸²¥´´Ò¥
¸Ì¥³Ò ‚¥·²¥ [1] Ê¸Éμ°Î¨¢Ò ²¨ÏÓ ¶·¨ ¤μ¸É ÉμÎ´μ ³ ²ÒÌ §´ Î¥´¨ÖÌ Ï £  ¨´-
É¥£·¨·μ¢ ´¨Ö ¶μ ¢·¥³¥´¨, ´  ¡μ²ÓÏμ³ ¨´É¥·¢ ²¥ ¨´É¥£·¨·μ¢ ´¨¥ ¶·¨¢μ¤¨É
± ¡μ²ÓÏμ³Ê ±μ²¨Î¥¸É¢Ê ¢·¥³¥´´ÒÌ Ï £μ¢. ‚ ÔÉμ³ ¸²ÊÎ ¥, ÎÉμ¡Ò Ê¢¥²¨Î¨ÉÓ
§´ Î¥´¨¥ Ï £  ¨´É¥£·¨·μ¢ ´¨Ö ¤²Ö Ê³¥´ÓÏ¥´¨Ö ±μ²¨Î¥¸É¢  Ï £μ¢ ¶·¨ § ¤ ´-
´μ³ ¨´É¥·¢ ²¥ ¨´É¥£·¨·μ¢ ´¨Ö, ´¥μ¡Ìμ¤¨³μ μ¡¥¸¶¥Î¨ÉÓ Ê¸Éμ°Î¨¢μ¸ÉÓ ¸Ì¥³Ò
¶μ Ï £Ê ¨´É¥£·¨·μ¢ ´¨Ö. Š·μ³¥ Éμ£μ, Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò ¤μ²¦´Ò ¸μÌ· ´ÖÉÓ
μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  ÉμÎ´ÒÌ ·¥Ï¥´¨°, ¢ Î ¸É´μ¸É¨ É ±¨¥ ¶¥·¢Ò¥ ¨´É¥£· ²Ò,
± ± Ô´¥·£¨Ö ¸¨¸É¥³Ò ¨ ¸Ê³³ ·´Ò° ³μ³¥´É ¨³¶Ê²Ó¸ .

� ±¥ÉÒ ¶·μ£· ³³ ³μ²¥±Ê²Ö·´μ° ¤¨´ ³¨±¨ ¤²Ö Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ-
¢ ´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¨¸¶μ²Ó§ÊÕÉ ¸Ì¥³Ò ¶μ ³¥Éμ¤Ê ‚¥·²¥. ‚ ´¨Ì ¨´-
É¥£·¨·μ¢ ´¨¥ ¢¥¤¥É¸Ö ¸ ¤μ¸É ÉμÎ´μ ³ ²Ò³ Ï £μ³ ¶μ ¢·¥³¥´¨ ¨ ±μ´É·μ²¥³
¸μÌ· ´¥´¨Ö £ ³¨²ÓÉμ´¨ ´  (Ô´¥·£¨¨ ¸¨¸É¥³Ò), ¶μ¸±μ²Ó±Ê Ê¦¥ ¶·¨ §´ Î¥´¨¨
¶·¨¢¥¤¥´´μ° ¢¥²¨Î¨´Ò Ï £  ¶μ·Ö¤±  0,1 ¨ ±μ²¨Î¥¸É¢¥ Ï £μ¢ ¶μ·Ö¤±  103

´ ±μ¶²¥´´ Ö ¢ÒÎ¨¸²¨É¥²Ó´ Ö μÏ¨¡±  ¶·¨¢μ¤¨É ± ´¥Ê¸Éμ°Î¨¢μ¸É¨ Î¨¸²¥´´μ°
¸Ì¥³Ò ¨ ¶μÉ¥·¥ ¸μÌ· ´¥´¨Ö £ ³¨²ÓÉμ´¨ ´ .

„²Ö ·¥Ï¥´¨Ö ¶·μ¡²¥³ · §³¥·´μ¸É¨ ¨ ¡Ò¸É·μ¤¥°¸É¢¨Ö, ¢μ§´¨± ÕÐ¨Ì ¶·¨
³μ²¥±Ê²Ö·´μ-¤¨´ ³¨Î¥¸±¨Ì · ¸Î¥É Ì, ¨¸¶μ²Ó§ÊÕÉ¸Ö ¸²¥¤ÊÕÐ¨¥ ¶ÊÉ¨.

• “¸μ¢¥·Ï¥´¸É¢μ¢ ´¨¥ ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ¶ ±¥Éμ¢ ¶·μ£· ³³:
Å ¢¥±Éμ·¨§ Í¨Ö, ± ±, ´ ¶·¨³¥·, ¢ ¶·μ£· ³³¥ DL-POLY [2];
Å · ¸¶ · ²²¥²¨¢ ´¨¥ ¨ Ê¸±μ·¥´¨¥ ³¥¦¶·μÍ¥¸¸μ·´ÒÌ μ¡³¥´μ¢ ´  ³´μ-

£μ¶·μÍ¥¸¸μ·´ÒÌ ¸¨¸É¥³ Ì;
Å · §· ¡μÉ±  ¸¶¥Í¶·μÍ¥¸¸μ·μ¢ [3].

• � §· ¡μÉ±  ÔËË¥±É¨¢´ÒÌ ´μ¢ÒÌ ¨ μ¶É¨³¨§ Í¨Ö ¸ÊÐ¥¸É¢ÊÕÐ¨Ì ³¥Éμ¤μ¢
Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö.

�·¥¤² £ ¥É¸Ö ´μ¢Ò° ¶μ¤Ìμ¤ ± ¶μ¸É·μ¥´¨Õ Î¨¸²¥´´ÒÌ ¸Ì¥³ ¤²Ö ·¥Ï¥´¨Ö
Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ³μ²¥±Ê²Ö·´μ° ¤¨´ ³¨±¨. �μ¸É·μ¥´´Ò¥ Î¨¸²¥´´Ò¥ ¸Ì¥³Ò
¸μÌ· ´ÖÕÉ ¢ ¶·¨¡²¨¦¥´´μ³ ·¥Ï¥´¨¨ μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  ÉμÎ´μ£μ ·¥Ï¥´¨Ö ¨
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μ¡² ¤ ÕÉ ¡μ²¥¥ ¢Ò¸μ±¨³ ¶μ·Ö¤±μ³  ¶¶·μ±¸¨³ Í¨¨, Î¥³ ¸Ì¥³Ò ¶μ ³¥Éμ¤Ê
‚¥·²¥,   É ±¦¥ Ö¢²ÖÕÉ¸Ö Ê¸Éμ°Î¨¢Ò³¨ ¶μ μÉ´μÏ¥´¨Õ ± Ï £Ê  ¶¶·μ±¸¨³ Í¨¨.

�·¥¤²μ¦¥´´Ò° ¶μ¤Ìμ¤ § ±²ÕÎ ¥É¸Ö ¢ ¸²¥¤ÊÕÐ¥³:
• ˆ¸¶μ²Ó§μ¢ ´¨¥ £ ³¨²ÓÉμ´μ¢μ° Ëμ·³Ê²¨·μ¢±¨ Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ³μ-

²¥±Ê²Ö·´μ° ¤¨´ ³¨±¨.
• � §²μ¦¥´¨¥ ÉμÎ´μ£μ ·¥Ï¥´¨Ö ¢ ·Ö¤ ’¥°²μ·  [4]. �·¨ ÔÉμ³ ¢μ§³μ¦´μ

¶·¨³¥´¥´¨¥  ¶¶ · É  ±μ³¶ÓÕÉ¥·´μ°  ²£¥¡·Ò ¤²Ö ¶μ²ÊÎ¥´¨Ö  ´ ²¨É¨Î¥¸±¨Ì
¢Ò· ¦¥´¨° ¤²Ö ¶·μ¨§¢μ¤´ÒÌ ·Ö¤  ’¥°²μ· .

• ˆ¸¶μ²Ó§μ¢ ´¨¥ ¶·¨ ¢Ò¢μ¤¥ Î¨¸²¥´´ÒÌ ¸Ì¥³  ¶¶ · É  ¶·μ¨§¢μ¤ÖÐ¨Ì
ËÊ´±Í¨° ¤²Ö ¸μÌ· ´¥´¨Ö £¥μ³¥É·¨Î¥¸±¨Ì ¸¢μ°¸É¢ ÉμÎ´μ£μ ·¥Ï¥´¨Ö [1].

‚ · ¡μÉ¥ ·¥Ï¥´Ò ¸²¥¤ÊÕÐ¨¥ § ¤ Î¨:
• �μ¸É·μ¥´¨¥ ¸¨³³¥É·¨Î´ÒÌ ¸¨³¶²¥±É¨Î¥¸±¨Ì Î¨¸²¥´´ÒÌ ¸Ì¥³ ¨´É¥£·¨-

·μ¢ ´¨Ö £ ³¨²ÓÉμ´μ¢ÒÌ ¸¨¸É¥³ Ê· ¢´¥´¨° ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±  ÉμÎ´μ¸É¨,
Î¥³ ¸Ì¥³Ò ¶μ ³¥Éμ¤Ê ‚¥·²¥, ÎÉμ ¶μ§¢μ²Ö¥É Ê¢¥²¨Î¨ÉÓ Ï £ ¶·¨ Ë¨±¸¨·μ¢ ´-
´μ³ ¨´É¥·¢ ²¥ ¨´É¥£·¨·μ¢ ´¨Ö ¨, ¸μμÉ¢¥É¸É¢¥´´μ, Ê³¥´ÓÏ¨ÉÓ μ¡Ð¨° μ¡Ñ¥³
¢ÒÎ¨¸²¥´¨°.

• �·μ¢¥¤¥´¨¥ Î¨¸²¥´´ÒÌ Ô±¸¶¥·¨³¥´Éμ¢ ¤²Ö ¸· ¢´¨É¥²Ó´μ£μ  ´ ²¨§ 
¸¢μ°¸É¢ ¸Ì¥³ ¶μ ³¥Éμ¤Ê ‚¥·²¥ ¨ ¶μ¸É·μ¥´´ÒÌ Î¨¸²¥´´ÒÌ ¸Ì¥³.

• �Í¥´±  ¶¥·¸¶¥±É¨¢Ò ¶·¨³¥´¥´¨Ö ¶μ¸É·μ¥´´ÒÌ Î¨¸²¥´´ÒÌ ¸Ì¥³ ¢ ¸Ê-
Ð¥¸É¢ÊÕÐ¨Ì ¶ ±¥É Ì ¶·μ£· ³³, ´ ¶·¨³¥·, ¢ LPMD [5].

1. ��‘’���‚Š� ‡�„�—ˆ

„¢¨¦¥´¨¥ ¸¨¸É¥³Ò N ³ É¥·¨ ²Ó´ÒÌ ÉμÎ¥± ¢ ¶μ²¥ ¸ ¶μÉ¥´Í¨ ²μ³ V (q),
£¤¥ q = (q1, . . . , qd)T Å ±μμ·¤¨´ É  Î ¸É¨ÍÒ, d = 3N Å · §³¥·´μ¸ÉÓ ¶·μ-
¸É· ´¸É¢  ±μμ·¤¨´ É, ³μ¦¥É ¡ÒÉÓ μ¶¨¸ ´μ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸¨¸É¥³Ò £ ³¨²Ó-
Éμ´μ¢ÒÌ Ê· ¢´¥´¨°

ṗ = −∂H(p,q)
∂q

, (1)

q̇ =
∂H(p,q)

∂p
(2)

¸ ´ Î ²Ó´Ò³¨ Ê¸²μ¢¨Ö³¨

p(0) = p0, q(0) = q0. (3)

‡¤¥¸Ó p = (p1, . . . , pd)T Å ¨³¶Ê²Ó¸ Î ¸É¨ÍÒ, H(p,q) Å £ ³¨²ÓÉμ´¨ ´ ¸¨-
¸É¥³Ò

H(p,q) =
1
2
pT M−1(q)p + V (q), (4)

£¤¥ M(q) Å ¸¨³³¥É·¨Î´ Ö ¨ ¶μ²μ¦¨É¥²Ó´μ μ¶·¥¤¥²¥´´ Ö ³ É·¨Í  ³ ¸¸.

2



ƒ ³¨²ÓÉμ´μ¢  ¸¨¸É¥³  Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö Ô±¢¨¢ ²¥´É´  Ê· ¢´¥´¨Ö³, ¶μ-
²ÊÎ¥´´Ò³ ¢ · ³± Ì ´ÓÕÉμ´μ¢¸±μ£μ Ëμ·³ ²¨§³ , ¥¸²¨ ¸¨²Ò, ¤¥°¸É¢ÊÕÐ¨¥ ´ 
³ É¥·¨ ²Ó´Ò¥ ÉμÎ±¨, ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥ f(q) = ∇V (q) ¨ ¸É ´¤ ·É´Ò³ μ¡· -
§μ³ ¶¥·¥°É¨ μÉ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö �ÓÕÉμ´  2-£μ ¶μ·Ö¤±  ¸ § ³¥-
´μ° ¶¥·¥³¥´´ÒÌ ± ¸¨¸É¥³¥ Ê· ¢´¥´¨° 1-£μ ¶μ·Ö¤± :

ṗ = −f(q),

q̇ = p.
(5)

2. —ˆ‘‹…��›… Œ…’�„›

2.1. ƒ¥μ³¥É·¨Î¥¸±¨¥ ³¥Éμ¤Ò. ƒ¥μ³¥É·¨Î¥¸±¨³ ´ §Ò¢ ÕÉ É ±μ° ³¥Éμ¤,
±μÉμ·Ò° ¸μÌ· ´Ö¥É ´¥±μÉμ·Ò¥ £¥μ³¥É·¨Î¥¸±¨¥ ¸¢μ°¸É¢  ÉμÎ´μ£μ ·¥Ï¥´¨Ö ¸¨-
¸É¥³Ò (1)Ä(3) [1].

Œμ¦´μ ¢Ò¤¥²¨ÉÓ ¸²¥¤ÊÕÐ¨¥ £¥μ³¥É·¨Î¥¸±¨¥ ¸¢μ°¸É¢  ·¥Ï¥´¨°:
• �Éμ¡· ¦¥´¨¥ ϕ : (p(t0), q(t0)) �→ (p(t), q(t)), ·¥ ²¨§ÊÕÐ¥¥ ·¥Ï¥´¨¥

£ ³¨²ÓÉμ´μ¢μ° ¸¨¸É¥³Ò Ê· ¢´¥´¨° (1)Ä(3), Ö¢²Ö¥É¸Ö ¸¨³¶²¥±É¨Î¥¸±¨³.
• �¥Ï¥´¨¥ μ¡· É¨³μ ¢μ ¢·¥³¥´¨.
• �¥Ï¥´¨¥ ¸μÌ· ´Ö¥É §´ Î¥´¨¥ £ ³¨²ÓÉμ´¨ ´  (4) ¤²Ö ²Õ¡μ£μ ³μ³¥´É 

¢·¥³¥´¨.
2.2. ‘¨³¶²¥±É¨Î¥¸±¨¥ ³¥Éμ¤Ò. „¨ËË¥·¥´Í¨·Ê¥³μ¥ μÉμ¡· ¦¥´¨¥

ϕ : U → R
2d (U ∈ R

2d)

´ §Ò¢ ¥É¸Ö ¸¨³¶²¥±É¨Î¥¸±¨³ [1], ¥¸²¨ Ö±μ¡¨ ´ ϕ′(p,q) Ê¤μ¢²¥É¢μ·Ö¥É Éμ¦¤¥-
¸É¢Ê

ϕ′(p,q)T J ϕ′(p,q) = J, (6)

£¤¥

J =
(

0d Id

−Id 0d

)
,

0d, Id Å ´Ê²¥¢ Ö ¨ ¥¤¨´¨Î´ Ö ³ É·¨ÍÒ · §³¥·´μ¸É¨ d.
2.3. ‘¨³¶²¥±É¨Î¥¸±¨¥ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò. �  ¤¨¸±·¥É´μ³ ³´μ¦¥-

¸É¢¥ {tk : k = 0,1, . . . ; tk+1 − tk = h} μ¤´μÏ £μ¢Ò° ³¥Éμ¤ ·¥Ï¥´¨Ö ¸¨¸É¥³Ò
(1)Ä(3) ¶·¨ ¶μ¸ÉμÖ´´μ³ Ï £¥ ¶μ ¢·¥³¥´¨ h ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ ¢ ¢¨¤¥

(pk+1,qk+1) = Φh(pk,qk), (7)

£¤¥ Φh(p,q) Å ¶·¥μ¡· §μ¢ ´¨¥ ¶·¨¡²¨¦¥´´μ£μ ·¥Ï¥´¨Ö (pk,qk) ¶·¨ t = tk
¢ ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ (pk+1,qk+1) ¶·¨ t = tk+1.

�¤´μÏ £μ¢Ò° ³¥Éμ¤ (7) ´ §Ò¢ ¥É¸Ö ¸¨³¶²¥±É¨Î¥¸±¨³, ¥¸²¨ ¶·¥μ¡· §μ¢ -
´¨¥ (7), ·¥ ²¨§ÊÕÐ¥¥ ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ £ ³¨²ÓÉμ´μ¢μ° ¸¨¸É¥³Ò (1)Ä(2),
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Ö¢²Ö¥É¸Ö ¸¨³¶²¥±É¨Î¥¸±¨³. ‚ ± Î¥¸É¢¥ ¶·¨³¥·μ¢ ¸¨³¶²¥±É¨Î¥¸±¨Ì Î¨¸²¥´´ÒÌ
³¥Éμ¤μ¢ 1-£μ ¨ 2-£μ ¶μ·Ö¤±   ¶¶·μ±¸¨³ Í¨¨ ³μ¦´μ ¶·¨¢¥¸É¨ Ö¢´Ò° ¨ ´¥Ö¢´Ò°
³¥Éμ¤Ò �°²¥·  [1] ¨ ³¥Éμ¤ ‚¥·²¥.

Œ¥Éμ¤ ‚¥·²¥:

qk+1 = qk + hpk − h2

2
f(qk), (8)

pk+1 = pk − h

2
[
f(qk) + f(qk+1)

]
. (9)

	²£μ·¨É³ ¢ÒÎ¨¸²¥´¨Ö ¶μ ³¥Éμ¤Ê ‚¥·²¥ ¸²¥¤ÊÕÐ¨°:

pk+1/2 = pk − h

2
f(qk), (10)

qk+1 = qk + hpk+1/2, (11)

pk+1 = pk+1/2 − h

2
f(qk+1). (12)

Š ± Ê¦¥ Ê¶μ³¨´ ²μ¸Ó, ³¥Éμ¤ ‚¥·²¥ Ö¢²Ö¥É¸Ö μ¸´μ¢´Ò³ ³¥Éμ¤μ³ Î¨¸²¥´´μ£μ
¨´É¥£·¨·μ¢ ´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ¢ ³μ²¥±Ê²Ö·´μ° ¤¨´ ³¨±¥.

…¸²¨ ¶¥·¥¶¨¸ ÉÓ ¸¨¸É¥³Ê Ê· ¢´¥´¨° (5) ¢ ¢¨¤¥ μ¡Ò±´μ¢¥´´μ£μ ¤¨ËË¥·¥´-
Í¨ ²Ó´μ£μ Ê· ¢´¥´¨Ö

q̈ = −f(q), (13)

Éμ ³¥Éμ¤ ‚¥·²¥ ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¢ Ëμ·³¥ ¸É ´¤ ·É´μ° · §´μ¸É´μ° ¸Ì¥³Ò
2-£μ ¶μ·Ö¤± :

qk+1 − 2qk + qk−1

h2
= −f(qk), k = 0, 1, . . . (14)

�μ²ÓÏ¨´¸É¢μ ¸É ´¤ ·É´ÒÌ Î¨¸²¥´´ÒÌ ³¥Éμ¤μ¢ ¨§´ Î ²Ó´μ ´¥ Ö¢²ÖÕÉ¸Ö
¸¨³¶²¥±É¨Î¥¸±¨³¨, ¢ Î ¸É´μ¸É¨, ³¥Éμ¤Ò �Ê´£¥ÄŠÊÉÉÒ. „²Ö Éμ£μ ÎÉμ¡Ò ³¥Éμ¤
¸É ² ¸¨³¶²¥±É¨Î¥¸±¨³, ´¥μ¡Ìμ¤¨³μ ¶·μ¤¥² ÉÓ ·Ö¤ ´¥É·¨¢¨ ²Ó´ÒÌ Ï £μ¢ ¤²Ö
³μ¤¨Ë¨± Í¨¨ ³¥Éμ¤  ¢ ¸Éμ·μ´Ê ¸¨³¶²¥±É¨Î´μ¸É¨.

2.4. ‘¨³³¥É·¨Î´Ò¥ Î¨¸²¥´´Ò¥ ³¥Éμ¤Ò. �¤´μÏ £μ¢Ò° ³¥Éμ¤ (7) ´ §Ò-
¢ ¥É¸Ö ¸¨³³¥É·¨Î´Ò³, ¥¸²¨ Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ

Φh = Φ−1
−h. (15)

‚ ± Î¥¸É¢¥ ¶·¨³¥·  ¸¨³³¥É·¨Î´μ£μ ¸¨³¶²¥±É¨Î¥¸±μ£μ ³¥Éμ¤  ³μ¦´μ ¶·¨¢¥-
¸É¨ ³¥Éμ¤ ¸·¥¤´¨Ì ÉμÎ¥±, ±μÉμ·Ò° ¤²Ö £ ³¨²ÓÉμ´μ¢ÒÌ ¸¨¸É¥³ ¢¨¤  (1), (2)
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³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´ ¸²¥¤ÊÕÐ¨³ μ¡· §μ³:

pk+1 = pk − h
∂H

∂q

(
pk + pk+1

2
,
qk + qk+1

2

)
, (16)

qk+1 = qk + h
∂H

∂p

(
pk + pk+1

2
,
qk + qk+1

2

)
. (17)

3. ‘ˆŒ�‹…Š’ˆ—…‘Šˆ… ��…����‡�‚��ˆŸ
ˆ ���ˆ‡‚�„Ÿ™ˆ… ”“�Š–ˆˆ

3.1. Š ´μ´¨Î¥¸±¨¥ ¶·¥μ¡· §μ¢ ´¨Ö. ‚ £ ³¨²ÓÉμ´μ¢μ° ³¥Ì ´¨±¥ ± ´μ-
´¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ Å ÔÉμ ¶·¥μ¡· §μ¢ ´¨¥ ± ´μ´¨Î¥¸±¨Ì ¶¥·¥³¥´´ÒÌ
¨ £ ³¨²ÓÉμ´¨ ´ 

ϕ : (p,q) �→ (P,Q), (18)

´¥ ³¥´ÖÕÐ¥¥ μ¡Ð¨° ¢¨¤ Ê· ¢´¥´¨° ƒ ³¨²ÓÉμ´  [6].
Š ´μ´¨Î¥¸±¨¥ ¶·¥μ¡· §μ¢ ´¨Ö ¢§ ¨³´μ-μ¤´μ§´ Î´μ μ¶·¥¤¥²ÖÕÉ¸Ö ¶·μ¨§-

¢μ¤ÖÐ¥° ËÊ´±Í¨¥° S(p,q), ±μÉμ· Ö Ö¢²Ö¥É¸Ö ·¥Ï¥´¨¥³ Ê· ¢´¥´¨Ö ƒ ³¨²ÓÉμ-
´ ÄŸ±μ¡¨ ¨ ¶μ²´Ò° ¤¨ËË¥·¥´Í¨ ² ±μÉμ·μ° · ¢¥´

dS = P�dQ− p�dq. (19)

3.2. �·μ¨§¢μ¤ÖÐ¨¥ ËÊ´±Í¨¨. �·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö ³μ¦¥É ¡ÒÉÓ ¢Ò-
· ¦¥´  Î¥·¥§ ²Õ¡ÊÕ ¶ ·Ê ¨§ Î¥ÉÒ·¥Ì ¶¥·¥³¥´´ÒÌ p, q, P, Q (¢μ§³μ¦´Ò
Î¥ÉÒ·¥ ¢ ·¨ ´É  ¶ ·). �μ²ÊÎ¥´´Ò¥ ¶·¨ ÔÉμ³ ËÊ´±Í¨¨ ¶·¨´ÖÉμ ´ §Ò¢ ÉÓ
¶·μ¨§¢μ¤ÖÐ¨³¨ ËÊ´±Í¨Ö³¨ ¶¥·¢μ£μ, ¢Éμ·μ£μ, É·¥ÉÓ¥£μ ¨²¨ Î¥É¢¥·Éμ£μ É¨¶ 
¸μμÉ¢¥É¸É¢¥´´μ (¸³. É ¡²¨ÍÊ).

�·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö �·μ¨§¢μ¤´Ò¥

S = S1(q,Q, t) p = −∂S1

∂q
P =

∂S1

∂Q

S = S2(q,P, t) p =
∂S2

∂q
Q =

∂S2

∂P

S = S3(p,Q, t) q = −∂S3

∂p
P = −∂S3

∂Q

S = S4(p,P, t) q =
∂S4

∂q
Q = −∂S4

∂P
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3.3. ‘¢Ö§Ó ¸¨³¶²¥±É¨Î¥¸±¨Ì ¶·¥μ¡· §μ¢ ´¨° ¨ ¶·μ¨§¢μ¤ÖÐ¨Ì ËÊ´±-
Í¨°. ‚ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¨§¢¥¸É´μ° É¥μ·¥³μ° �Ê ´± ·¥ [1] ¤²Ö ²Õ¡μ£μ ¸¨³¶²¥±-
É¨Î¥¸±μ£μ ¶·¥μ¡· §μ¢ ´¨Ö ϕ ¸ÊÐ¥¸É¢Ê¥É ¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö S(q,Q), ¨
´ μ¡μ·μÉ, ¤²Ö ±μ´±·¥É´μ° ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¨ S(q,Q) ¸ÊÐ¥¸É¢Ê¥É ¸¨³-
¶²¥±É¨Î¥¸±μ¥ ¶·¥μ¡· §μ¢ ´¨¥ ϕ, ±μÉμ·μ¥ ³μ¦¥É ¡ÒÉÓ ·¥±μ´¸É·Ê¨·μ¢ ´μ ¶·¨
¶μ³μÐ¨ Ëμ·³Ê²

p = −∂S

∂q
(q,Q), P =

∂S

∂Q
(q,Q). (20)

4. ���–…„“�� ��‘’��…�ˆŸ ‘ˆŒ�‹…Š’ˆ—…‘Šˆ•
��‡��‘’�›• ‘•…Œ �� �‘��‚… ���ˆ‡‚�„Ÿ™…‰

”“�Š–ˆˆ �…�‚�ƒ� ’ˆ��

„²Ö ¶·μÍ¥¤Ê·Ò ¶μ¸É·μ¥´¨Ö ¸¨³¶²¥±É¨Î¥¸±¨Ì · §´μ¸É´ÒÌ ¸Ì¥³ ¢Ò¡· ´ 
¶·μ¨§¢μ¤ÖÐ Ö ËÊ´±Í¨Ö ¶¥·¢μ£μ É¨¶  S = S1(q,Q, t).

�·¨ ¶μ¸É·μ¥´¨¨ Î¨¸²¥´´ÒÌ ¸Ì¥³ ¨¸¶μ²Ó§ÊÕÉ¸Ö μ¡μ§´ Î¥´¨Ö:

t = tk, p = pk, q = qk ,

t = tk+1 = tk + h, P = pk+1, Q = qk+1.

„²Ö ¶·μ¨§¢μ¤ÖÐ¥° ËÊ´±Í¨¨ ¨¸¶μ²Ó§ÊÕÉ¸Ö μ¡μ§´ Î¥´¨Ö: Sm,1 Å ¢ ¸²ÊÎ ¥
· §²μ¦¥´¨Ö ¢ ·Ö¤ ’¥°²μ·  ®¢¶¥·¥¤¯ ¨ Sm,2 Å ¢ ¸²ÊÎ ¥ · §²μ¦¥´¨Ö ¢ ·Ö¤
’¥°²μ·  ®´ § ¤¯, m Å ¶μ·Ö¤μ±  ¶¶·μ±¸¨³ Í¨¨ ÉμÎ´μ£μ ·¥Ï¥´¨Ö.

4.1. ‘Ì¥³  ¸ · §²μ¦¥´¨¥³ ¢ ·Ö¤ ’¥°²μ·  ®¢¶¥·¥¤¯.
1. �·¥¤¸É ¢¨ÉÓ qk+1 ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢ ·Ö¤ ’¥°²μ·  ¢ ÉμÎ±¥ tk ¸ ÉμÎ-

´μ¸ÉÓÕ ¤μ O(hm+1).
2. ‡ ³¥´¨ÉÓ pk ¢ · §²μ¦¥´¨¨ · §´μ¸É´μ° ¶·μ¨§¢μ¤´μ° μÉ q, ±·μ³¥ ¢Éμ-

·μ£μ Î²¥´  · §²μ¦¥´¨Ö. �μ²ÊÎ¨³ Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ qk+1.
3. �¥Ï¨ÉÓ ¶μ²ÊÎ¥´´μ¥ ¢ ¶. 2, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥²¨´¥°´μ¥ ¤²Ö ¸Ì¥³ ¢ÒÏ¥

3-£μ ¶μ·Ö¤±   ¶¶·μ±¸¨³ Í¨¨ Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ qk+1. ‚ ¸²ÊÎ ¥ ´¥²¨-
´¥°´μ£μ Ê· ¢´¥´¨Ö ³μ¦´μ ¨¸¶μ²Ó§μ¢ ÉÓ ³¥Éμ¤ �ÓÕÉμ´ .

4. ‚Ò· §¨ÉÓ pk Î¥·¥§ qk ¨ qk+1 ¸ ¶μ³μÐÓÕ ¶μ²ÊÎ¥´´μ£μ ¢ ¶. 1 · §²μ¦¥´¨Ö
¢ ·Ö¤ ’¥°²μ· .

5. � °É¨ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ Sm,1 = S(qk,qk+1) ¶ÊÉ¥³ ¨´É¥£·¨·μ-
¢ ´¨Ö ¶μ²ÊÎ¥´´μ£μ ¢ ¶. 4 ¢Ò· ¦¥´¨Ö ¶μ qk .

6. � °É¨ pk+1 ¸ ¶μ³μÐÓÕ · ¢¥´¸É¢ 

pk+1 =
∂Sm,1

∂qk+1
(21)

¶ÊÉ¥³ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö.
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4.2. ‘Ì¥³  ¸ · §²μ¦¥´¨¥³ ¢ ·Ö¤ ’¥°²μ·  ®´ § ¤¯.
1. �·¥¤¸É ¢¨ÉÓ qk ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢ ·Ö¤ ’¥°²μ·  ¢ ÉμÎ±¥ tk+1 ¸ ÉμÎ-

´μ¸ÉÓÕ ¤μ O(hm+1).
2. ‡ ³¥´¨ÉÓ pk+1 ¢ · §²μ¦¥´¨¨ · §´μ¸É´μ° ¶·μ¨§¢μ¤´μ° μÉ q, ±·μ³¥

¢Éμ·μ£μ Î²¥´  · §²μ¦¥´¨Ö.
3. ‚Ò· §¨ÉÓ pk+1 Î¥·¥§ qk ¨ qk+1 ¸ ¶μ³μÐÓÕ ¶μ²ÊÎ¥´´μ£μ ¢ÒÏ¥ · §²μ-

¦¥´¨Ö ¢ ·Ö¤ ’¥°²μ· .
4. � °É¨ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ Sm,2 = S(qk,qk+1) ¶ÊÉ¥³ ¨´É¥£·¨·μ-

¢ ´¨Ö ¶μ²ÊÎ¥´´μ£μ ¢ ¶. 3 ¢Ò· ¦¥´¨Ö ¶μ qk+1.
5. � °É¨ pk ¸ ¶μ³μÐÓÕ · ¢¥´¸É¢ 

pk = −∂Sm,2

∂qk
(22)

¶ÊÉ¥³ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö.
6. �¥Ï¨ÉÓ, ¢μμ¡Ð¥ £μ¢μ·Ö, ´¥²¨´¥°´μ¥ μÉ´μ¸¨É¥²Ó´μ qk+1 Ê· ¢´¥´¨¥ (22).

‚ ¤ ²Ó´¥°Ï¥³ ¨¸¶μ²Ó§Ê¥É¸Ö ³¥Éμ¤ �ÓÕÉμ´ .
7. �μ²ÊÎ¨ÉÓ pk+1 ¶·¨ ¶μ³μÐ¨ ¶μ²ÊÎ¥´´μ£μ ¢ ¶. 2 ¢Ò· ¦¥´¨Ö, ¨¸¶μ²Ó§ÊÖ

¨§¢¥¸É´μ¥ §´ Î¥´¨¥ qk ¨ ¶μ²ÊÎ¥´´μ¥ ¢ ¶. 6 §´ Î¥´¨¥ qk+1.
4.3. ‘¨³¶²¥±É¨Î¥¸± Ö · §´μ¸É´ Ö ¸Ì¥³  2-£μ ¶μ·Ö¤± . „²Ö ¢ÒÎ¨¸²¥´¨Ö

¢¥²¨Î¨´Ò pk ¨¸¶μ²Ó§Ê¥³ · §²μ¦¥´¨¥ ¤²Ö q ¢ ·Ö¤ ’¥°²μ·  ®¢¶¥·¥¤¯ ¤μ 2-£μ
¶μ·Ö¤± :

qk+1 = qk + hpk − h2

2
f(qk) + O(h3).

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ Ö¢´ÊÕ ¸¨³¶²¥±É¨Î¥¸±ÊÕ · §´μ¸É´ÊÕ ¸Ì¥³Ê 2-£μ ¶μ-
·Ö¤± :

pk =
qk+1 − qk

h
+

h

2
f(qk), (23)

S2 =
h

2

(
qk+1 − qk

h

)2

− h

2
[
V (qk) + V (qk+1)

]
, (24)

pk+1 =
qk+1 − qk

h
− h

2
f(qk+1). (25)

…¸²¨ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¢¥²¨Î¨´Ò pk+1 ¨¸¶μ²Ó§μ¢ ÉÓ · §²μ¦¥´¨¥ ¤²Ö q
¢ ·Ö¤ ’¥°²μ·  ®´ § ¤¯ ¤μ 2-£μ ¶μ·Ö¤± 

qk = qk+1 − hpk+1 − h2

2
f(qk+1) + O(h3),

Éμ ¶μ²ÊÎ¨³ ÉÊ ¦¥ ¸ ³ÊÕ ¸Ì¥³Ê (23), (25).
…¸²¨ ¢¢¥¸É¨ μ¡μ§´ Î¥´¨¥

qk+1 − qk

h
= pk+1/2,
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Éμ ¶μ²ÊÎ¨É¸Ö ¨§¢¥¸É´ Ö ¸Ì¥³  ‚¥·²¥ (10)Ä(12), ±μÉμ· Ö Ö¢²Ö¥É¸Ö ¸¨³¶²¥±É¨-
Î¥¸±μ° ¨ ¸¨³³¥É·¨Î´μ°.

4.4. Ÿ¢´ Ö ¨ ´¥Ö¢´ Ö ¸¨³¶²¥±É¨Î¥¸±¨¥ · §´μ¸É´Ò¥ ¸Ì¥³Ò 3-£μ ¶μ·Ö¤± .
�·¨ ¶μ¸É·μ¥´¨¨ Ö¢´ÒÌ ¨ ´¥Ö¢´ÒÌ ¸Ì¥³ 3-£μ ¶μ·Ö¤±  ¸ ¶μ³μÐÓÕ ¶·μ¨§¢μ¤Ö-
Ð¥° ËÊ´±Í¨¨ ¶¥·¢μ£μ É¨¶  ¤²Ö ´ Ìμ¦¤¥´¨Ö ¢¥²¨Î¨´ pk ¨ pk+1 ¨¸¶μ²Ó§Ê¥³
· §²μ¦¥´¨¥ ÉμÎ´μ£μ ·¥Ï¥´¨Ö ¤²Ö ± ´μ´¨Î¥¸±μ° ¶¥·¥³¥´´μ° q ¢ ·Ö¤ ’¥°²μ· 
¤²Ö Ö¢´μ° ¸Ì¥³Ò Å ®¢¶¥·¥¤¯, ¤²Ö ´¥Ö¢´μ° Å ®´ § ¤¯.

Ÿ¢´ Ö ¸Ì¥³ :

qk+1 = qk + hpk − h2

2
f(qk) − h3

6
∇f(qk) · pk + O(h4).

…¸²¨ § ³¥´¨ÉÓ pk ¢ ¶μ¸²¥¤´¥³ Î²¥´¥ ·Ö¤  · §´μ¸É´Ò³ μÉ´μÏ¥´¨¥³

pk =
qk+1 − qk

h
+ O(h),

Éμ ¶μ²ÊÎ¨³ Ö¢´ÊÕ ¸Ì¥³Ê 3-£μ ¶μ·Ö¤± :

pk =
qk+1 − qk

h
+

h

2
f(qk) +

h2

6
∇f(qk) · qk+1 − qk

h
, (26)

S3,1 =
h

2

(
qk+1 − qk

h

)2

− h

3
[
2V (qk) + V (qk+1)

]
− h2

6
f(qk)·q

k+1 − qk

h
, (27)

pk+1 =
qk+1 − qk

h
− h

6
[
f(qk) + 2f(qk+1)

]
. (28)

‚¢¥¤Ö μ¡μ§´ Î¥´¨¥

Θk =
[
I +

h2

6
∇f(qk)

]−1

,

¶μ²ÊÎ¨³ Ëμ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö p ¨ q ´  ¸²¥¤ÊÕÐ¥³ ¢·¥³¥´´μ³ Ï £¥:

pk+1/2 = pk − h

2
f(qk), (29)

p̃k+1/2 = Θkpk+1/2, (30)

qk+1 = qk + hp̃k+1/2, (31)

pk+1 = p̃k+1/2 − h

6
[
f(qk) + 2f(qk+1)

]
. (32)
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�¥Ö¢´ Ö ¸Ì¥³ :

„²Ö ¶μ²ÊÎ¥´¨Ö ´¥Ö¢´μ° ¸Ì¥³Ò ¶·¥¤¸É ¢¨³ §´ Î¥´¨¥ ¤²Ö ¶¥·¥³¥´´μ° q ´ 
k-³ Ï £¥ ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢ ·Ö¤ ’¥°²μ·  ®´ § ¤¯:

qk = qk+1 − hpk+1 − h2

2
f(qk+1) +

h3

6
∇f(qk+1) · pk+1 + O(h4).

�·¥¤¸É ¢¨³ pk+1 ¢ ¶μ¸²¥¤´¥³ Î²¥´¥ · §²μ¦¥´¨Ö ¢ ¢¨¤¥ · §´μ¸É´μ° ¶·μ¨§¢μ¤-
´μ°:

pk+1 =
qk+1 − qk

h
+ O(h).

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥ ¢Ò· ¦¥´¨¥:

pk+1 =
qk+1 − qk

h
− h

2
f(qk+1) +

h2

6
∇f(qk+1) · qk+1 − qk

h
. (33)

�μ¸²¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ qk+1 ¶μ²ÊÎ ¥³ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ

S3,2 =
h

2

(
qk+1 − qk

h

)2

−

− h

3
[
V (qk) + 2V (qk+1)

]
+

h2

6
f(qk+1) · qk+1 − qk

h
(34)

¨ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥³ ¶μ qk ¸ ÊÎ¥Éμ³ §´ ±  ´ Ìμ¤¨³ ¢Ò· ¦¥´¨¥

pk =
qk+1 − qk

h
+

h

6
[
2f(qk) + f(qk+1)

]
. (35)

„ ²¥¥  ´ ²μ£¨Î´μ Ö¢´μ° ¸Ì¥³¥ ¶μ²ÊÎ ¥³ Ëμ·³Ê²Ò ¤²Ö ´¥Ö¢´μ° ¸Ì¥³Ò 3-£μ
¶μ·Ö¤± 

pk+1/2 = pk − h

2
f(qk), (36)

q̃k+1 = qk + hpk+1/2, (37)

F(qk+1) = q̃k+1, (38)

μk+1 =
h

6
[
f(qk+1) − f(qk)

]
, (39)

θk+1 = I +
h2

6
∇f(qk+1), (40)

p̃k+1/2 = θk+1(pk+1/2 − μk+1), (41)

pk+1 = p̃k+1/2 − h

2
f(qk+1), (42)
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£¤¥ ËÊ´±Í¨Ö F(qk+1) μ¶·¥¤¥²Ö¥É¸Ö ¶μ Ëμ·³Ê²¥

F(qk+1) = qk+1 +
h2

6
[
f(qk+1) − f(qk)

]
. (43)

5. ‘ˆŒŒ…’�ˆ—�›… ‘ˆŒ�‹…Š’ˆ—…‘Šˆ… ��‡��‘’�›… ‘•…Œ›

„²Ö ¶μ¸É·μ¥´¨Ö ¸¨³³¥É·¨Î´ÒÌ ¸¨³¶²¥±É¨Î¥¸±¨Ì · §´μ¸É´ÒÌ ¸Ì¥³ · ¸-
¸³μÉ·¨³ μ¤´μ¶ · ³¥É·¨Î¥¸±μ¥ ¸¥³¥°¸É¢μ ¶·μ¨§¢μ¤ÖÐ¨Ì ËÊ´±Í¨° ¢¨¤ 

Sm(α) = αSm,1 + (1 − α)Sm,2, (44)

£¤¥ α : 0 � α � 1, Sm,1 ¨ Sm,2 Å ¶·μ¨§¢μ¤ÖÐ¨¥ ËÊ´±Í¨¨, ¶μ²ÊÎ¥´´Ò¥
¶·¨ ¶μ³μÐ¨ ¶·μÍ¥¤Ê· (21) ¨ (22) ¸μμÉ¢¥É¸É¢¥´´μ. Š ¦¤ Ö ¨§ ÔÉ¨Ì ¶·μ¨§¢μ-
¤ÖÐ¨Ì ËÊ´±Í¨° Sm(α) ¶μ·μ¦¤ ¥É ¸¨³¶²¥±É¨Î¥¸±ÊÕ · §´μ¸É´ÊÕ ¸Ì¥³Ê m-£μ
¶μ·Ö¤± . …¸²¨ α = 1/2, Éμ ¶μ²ÊÎ ¥³ ¶·μÍ¥¤Ê·Ò ¶μ¸É·μ¥´¨Ö ¸¨³³¥É·¨Î´ÒÌ
¸¨³¶²¥±É¨Î¥¸±¨Ì · §´μ¸É´ÒÌ ¸Ì¥³.

„²Ö Î¨¸²¥´´ÒÌ · ¸Î¥Éμ¢ ´ ¨¡μ²ÓÏ¨° ¨´É¥·¥¸ ¶·¥¤¸É ¢²ÖÕÉ ¸Ì¥³Ò 3-£μ ¨
4-£μ ¶μ·Ö¤± . ‘Ì¥³  4-£μ ¶μ·Ö¤±  ¤²Ö ¶·μ¸ÉμÉÒ ¶·¥¤¸É ¢²¥´¨Ö ¶·¨¢¥¤¥´  ¤²Ö
μ¤´μ³¥·´μ£μ ¸²ÊÎ Ö. ‘Ì¥³Ò ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±   ¶¶·μ±¸¨³ Í¨¨ ¨³¥¥É
¸³Ò¸² ¢Ò¢μ¤¨ÉÓ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ¸·¥¤¸É¢ ±μ³¶ÓÕÉ¥·´μ°  ²£¥¡·Ò.

5.1. ‘¨³³¥É·¨Î´ Ö ¸¨³¶²¥±É¨Î¥¸± Ö ¸Ì¥³  ¤²Ö m = 3.

S3,3 =
h

2

(
qk+1 − qk

h

)2

− h

2
[
V (qk) + V (qk+1)

]
+

+
h2

12
[
f(qk+1) − f(qk)

]
· qk+1 − qk

h
, (45)

pk =
qk+1 − qk

h
+

h

12
[
5f(qk) + f(qk+1)

]
+

h2

12
∇f(qk) · qk+1 − qk

h
, (46)

pk+1 =
qk+1 − qk

h
− h

12
[
f(qk) + 5f(qk+1)

]
+

+
h2

12
∇f(qk+1) · qk+1 − qk

h
. (47)

5.2. ‘¨³³¥É·¨Î´ Ö ¸¨³¶²¥±É¨Î¥¸± Ö ¸Ì¥³  ¤²Ö m = 4. „²Ö ¶μ¸É·μ¥´¨Ö
¸¨³³¥É·¨Î´μ° ¸¨³¶²¥±É¨Î¥¸±μ° Î¨¸²¥´´μ° ¸Ì¥³Ò 4-£μ ¶μ·Ö¤±  ¢Ò¢μ¤¨É¸Ö
¸Ì¥³  ®¢¶¥·¥¤¯.
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�·¥¤¸É ¢¨³ qk+1 ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢ ·Ö¤ ’¥°²μ·  ®¢¶¥·¥¤¯:

qk+1 = qk + hpk − h2

2
f(qk) − h3

6
f ′(qk)pk−

− h4

24
[
f ′′(qk)p2

k − f ′(qk)f(qk)
]
+ O(h5).

�μ¸²¥ § ³¥´Ò pk ¢ Î²¥´¥ · §²μ¦¥´¨Ö ¸ h3

pk =
qk+1 − qk

h
+

h

2
f(qk) + O(h2)

¨ ±¢ ¤· É  pk ¢ Î²¥´¥ · §²μ¦¥´¨Ö ¸ h4

pk =
qk+1 − qk

h
+ O(h)

¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö pk, § ¢¨¸ÖÐ¥¥ Éμ²Ó±μ μÉ qk ¨ qk+1:

pk =
qk+1 − qk

h
+

h

2
f(qk) +

h2

6
f ′(qk)

[
qk+1 − qk

h
+

h

2
f(qk)

]
+

+
h3

24

[
f ′′(qk)

(
qk+1 − qk

h

)2

− f ′(qk)f(qk)

]
.

„ ²¥¥ ¨´É¥£·¨·μ¢ ´¨¥³ ¶μ²ÊÎ ¥³ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ

S4,1 =
h

2

(
qk+1 − qk

h

)2

− h

4
[3V (qk) + V (qk+1)]−

− h2

4
f(qk)

(
qk+1 − qk

h

)
− h3

24
f ′(qk)

(
qk+1 − qk

h

)2

+

+
h3

48
[
f2(qk+1) − f2(qk)

]
¨ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥³ ¢Ò· ¦¥´¨¥

pk+1 =
qk+1 − qk

h
− h

4
[f(qk) + f(qk+1)]−

− h2

12
f ′(qk)

(
qk+1 − qk

h

)
+

h3

24
f ′(qk+1)f(qk+1).

	´ ²μ£¨Î´μ, ¢ ¸μμÉ¢¥É¸É¢¨¨ ¸ ¶·μÍ¥¤Ê·μ° (22), ¸É·μ¨É¸Ö ¸Ì¥³  ®´ § ¤¯
4-£μ ¶μ·Ö¤± .
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�·¥¤¸É ¢¨³ qk ¢ ¢¨¤¥ · §²μ¦¥´¨Ö ¢ ·Ö¤ ’¥°²μ·  ®´ § ¤¯:

qk = qk+1 − hpk+1 −
h2

2
f(qk+1) +

h3

6
f ′(qk+1)pk+1−

− h4

24
[
f ′′(qk+1)p2

k+1 − f ′(qk+1)f(qk+1)
]
+ O(h5).

‡ É¥³ § ³¥´¨³ pk+1 ¢ Î²¥´¥ · §²μ¦¥´¨Ö ¸ h3

pk+1 =
qk+1 − qk

h
− h

2
f(qk) + O(h2)

¨ ±¢ ¤· É pk+1 ¢ Î²¥´¥ · §²μ¦¥´¨Ö ¸ h4

pk+1 =
qk+1 − qk

h
+ O(h).

‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¢Ò· ¦¥´¨¥ ¤²Ö pk+1, § ¢¨¸ÖÐ¥¥ Éμ²Ó±μ μÉ qk ¨ qk+1:

pk+1 =
qk+1 − qk

h
− h

2
f(qk+1) +

h2

6
f ′(qk+1)

(
qk+1 − qk

h

)
+

+
h3

24

[
f ′′(qk+1)

(
qk+1 − qk

h

)2

+ f ′(qk+1)f(qk+1)

]
.

„ ²¥¥ ¨´É¥£·¨·μ¢ ´¨¥³ ¶μ²ÊÎ ¥³ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ

S4,2 =
h

2

(
qk+1 − qk

h

)2

− h

4
[V (qk) + 3V (qk+1)] +

+
h2

4
f(qk+1)

(
qk+1 − qk

h

)
− h3

24
f ′(qk+1)

(
qk+1 − qk

h

)2

+

+
h3

48
[
f2(qk+1) − f2(qk)

]
¨ ¤¨ËË¥·¥´Í¨·μ¢ ´¨¥³ ¢Ò· ¦¥´¨¥

pk =
qk+1 − qk

h
+

h

4
[f(qk) + f(qk+1)]−

− h2

12
f ′(qk+1)

(
qk+1 − qk

h

)
+

h3

24
f ′(qk)f(qk).

‘ ¶μ³μÐÓÕ Ëμ·³Ê²Ò (44) ¶·¨ α = 0,5

S4,3 =
1
2

(S4,1 + S4,2)
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¶μ²ÊÎ ¥³ ¸¨³³¥É·¨Î´ÊÕ ¶·μ¨§¢μ¤ÖÐÊÕ ËÊ´±Í¨Õ

S4,3 =
h

2

(
qk+1 − qk

h

)2

− h

2
[V (qk) + V (qk+1)] +

+
h2

8
[f(qk+1) − f(qk)]

(
qk+1 − qk

h

)
−

− h3

48
[f ′(qk+1) + f ′(qk)]

(
qk+1 − qk

h

)2

+

+
h3

48
[
f2(qk+1) − f2(qk)

]
.

‚ ·¥§Ê²ÓÉ É¥ ¶μ¸²¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¶·μÍ¥¤Ê·Ò ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¶μ²ÊÎ¨³
¸¨³³¥É·¨Î´ÊÕ ¸¨³¶²¥±É¨Î¥¸±ÊÕ ¸Ì¥³Ê 4-£μ ¶μ·Ö¤± :

pk =
qk+1 − qk

h
+

h

8
[3f(qk) + f(qk+1)]−

− h2

24
[2f ′(qk) − f ′(qk+1)]

(
qk+1 − qk

h

)
+

+
h2

48
f ′′(qk)

(
qk+1 − qk

h

)2

− h3

24
f ′(qk)f(qk),

pk+1 =
qk+1 − qk

h
− h

8
[f(qk) + 3f(qk+1)]−

− h2

24
[f ′(qk) − 2f ′(qk+1)]

(
qk+1 − qk

h

)
−

− h2

48
f ′′(qk+1)

(
qk+1 − qk

h

)2

− h3

24
f ′(qk+1)f(qk+1).

6. —ˆ‘‹…��›… 	Š‘�…�ˆŒ…�’›

—¨¸²¥´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ ¢Ò¶μ²´¥´Ò ¤²Ö ¸· ¢´¨É¥²Ó´μ£μ  ´ ²¨§  Î¨¸²¥´-
´μ° ¸Ì¥³Ò ¶μ ³¥Éμ¤Ê ‚¥·²¥ ¨ Î¨¸²¥´´ÒÌ ¸Ì¥³ ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±   ¶-
¶·μ±¸¨³ Í¨¨ ¶·¨ m = 3, ¶μ²ÊÎ¥´´ÒÌ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ · §· ¡μÉ ´´μ°  ¢Éμ-
· ³¨ ¶·μÍ¥¤Ê·Ò, ´  ¶·¨³¥·¥ § ¤ Î¨ Š¥¶²¥·  [1], ¢ ±μÉμ·μ° ¤¢¨¦¥´¨¥ ¤¢ÊÌ
³ É¥·¨ ²Ó´ÒÌ ÉμÎ¥± μ¶¨¸Ò¢ ¥É¸Ö £ ³¨²ÓÉμ´¨ ´μ³ ¸²¥¤ÊÕÐ¥£μ ¢¨¤ :

H(p,q) =
1
2
(p2

1 + p2
2) −

1√
q12 + q2

2

. (48)
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—¨¸²¥´´Ò¥ · ¸Î¥ÉÒ ¶·μ¢μ¤¨²¨¸Ó ¶·¨ ¶ · ³¥É· Ì:

h = 0,01 ¨ T = 1000; h = 0,05 ¨ T = 1000;
h = 0,10 ¨ T = 1000; h = 0,20 ¨ T = 5000.

‡¤¥¸Ó h Å Ï £ ¶μ ¢·¥³¥´¨, T Å £· ´¨Í  ¨´É¥·¢ ²  ¢·¥³¥´¨ [0, T ] Ô¢μ²ÕÍ¨¨
¸¨¸É¥³Ò.

„²Ö ± ¦¤μ£μ Ë¨±¸¨·μ¢ ´´μ£μ Ï £  ¶μ ¢·¥³¥´¨ h ¸· ¢´¨¢ ²¨¸Ó ·¥§Ê²Ó-
É ÉÒ · ¸Î¥Éμ¢, ¶μ²ÊÎ¥´´Ò¥ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³ ³¥Éμ¤  ‚¥·²¥, ¸ ·¥§Ê²ÓÉ É ³¨,
¶μ²ÊÎ¥´´Ò³¨ ¶·¨ ¨¸¶μ²Ó§μ¢ ´¨¨ Ö¢´μ°, ´¥Ö¢´μ° ¨ ¸¨³³¥É·¨Î´μ° Î¨¸²¥´-
´ÒÌ ¸Ì¥³ 3-£μ ¶μ·Ö¤± , ¶μ¸É·μ¥´´ÒÌ ¢ · ¡μÉ¥. ‚ ± Î¥¸É¢¥ ÉμÎ´μ£μ ·¥Ï¥´¨Ö
¨¸¶μ²Ó§μ¢ ²¨¸Ó ·¥§Ê²ÓÉ ÉÒ · ¸Î¥Éμ¢ ¶μ ³¥Éμ¤Ê ‚¥·²¥ ¸ Ï £μ³ ¶μ ¢·¥³¥´¨,
· ¢´Ò³ h/10.

�¥§Ê²ÓÉ ÉÒ ³μ¤¥²¨·μ¢ ´¨Ö ¶·¥¤¸É ¢²¥´Ò ´  ·¨¸. 1Ä14.

‡ ¤ Î  Š¥¶²¥· . Ÿ¢´ Ö ¸Ì¥³ :

Š ± ¶μ± §Ò¢ ÕÉ Î¨¸²¥´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ, ¶·¨ ¢¥²¨Î¨´¥ Ï £  ¶μ ¢·¥-
³¥´¨ ¤μ h = 0,1 ¢±²ÕÎ¨É¥²Ó´μ ¸Ì¥³  ‚¥·²¥ ¨ Ö¢´ Ö ¸Ì¥³  3-£μ ¶μ·Ö¤±  μÎ¥´Ó
¡²¨§±¨ ¨ ¶μ · ¸Î¥É´Ò³ Ë §μ¢Ò³ É· ¥±Éμ·¨Ö³, ¨ ¶μ §´ Î¥´¨Ö³ £ ³¨²ÓÉμ´¨-
 ´  ´  ¢¸¥³ ¨´É¥·¢ ²¥ ¨´É¥£·¨·μ¢ ´¨Ö (¸³. ·¨¸. 1Ä3). � Î¨´ Ö ¸ ¢¥²¨Î¨´Ò
Ï £  h = 0,2, ¸Ì¥³  ‚¥·²¥ μ± § ² ¸Ó ¡μ²¥¥ Ê¸Éμ°Î¨¢μ°, ÌμÉÖ ¨ ³¥´¥¥ ÉμÎ´μ°
¶μ ¸· ¢´¥´¨Õ c Ö¢´μ° ¸Ì¥³μ° 3-£μ ¶μ·Ö¤± . Š·μ³¥ Éμ£μ, ´ Î¨´ Ö ¶·¨³¥·´μ
¸ 500-£μ Ï £ , μ´  ¸É ´μ¢¨É¸Ö ´¥Ê¸Éμ°Î¨¢μ° (¸³. ·¨¸. 4) ¶μ Ï £Ê ¨´É¥£·¨·μ-
¢ ´¨Ö.

‡ ¤ Î  Š¥¶²¥· . �¥Ö¢´ Ö ¸Ì¥³ :

	´ ²μ£¨Î´μ Î¨¸²¥´´Ò³ Ô±¸¶¥·¨³¥´É ³ ¸ Ö¢´μ° ¸Ì¥³μ° 3-£μ ¶μ·Ö¤±  ¢
¸²ÊÎ ¥ ´¥Ö¢´μ° ¸Ì¥³Ò, ¶·¨ ¢¥²¨Î¨´¥ Ï £  ¶μ ¢·¥³¥´¨ ¤μ h = 0,1 ¢±²ÕÎ¨-
É¥²Ó´μ, ¸Ì¥³  ‚¥·²¥ ¨ ´¥Ö¢´ Ö ¸Ì¥³  3-£μ ¶μ·Ö¤±  μÎ¥´Ó ¡²¨§±¨ ¨ ¶μ · ¸Î¥É-
´Ò³ Ë §μ¢Ò³ É· ¥±Éμ·¨Ö³, ¨ ¶μ §´ Î¥´¨Ö³ £ ³¨²ÓÉμ´¨ ´  ´  ¢¸¥³ ¨´É¥·¢ ²¥
¨´É¥£·¨·μ¢ ´¨Ö (¸³. ·¨¸. 5Ä7). � Î¨´ Ö ¸ ¢¥²¨Î¨´Ò Ï £  h = 0,2, ¸Ì¥³ 
‚¥·²¥ ¸´μ¢  μ± §Ò¢ ¥É¸Ö ¡μ²¥¥ Ê¸Éμ°Î¨¢μ° ¶μ ¸· ¢´¥´¨Õ c ´¥Ö¢´μ° ¸Ì¥³μ°
3-£μ ¶μ·Ö¤± , μ¤´ ±μ ¶·¨³¥·´μ ¸ 250-£μ Ï £  ¸É ´μ¢¨É¸Ö ´¥Ê¸Éμ°Î¨¢μ° ¶μ
Ï £Ê ¨´É¥£·¨·μ¢ ´¨Ö (¸³. ·¨¸. 8).

‡ ¤ Î  Š¥¶²¥· . ‘¨³³¥É·¨Î´ Ö ¸Ì¥³ :

‘μ¢¸¥³ ¨´ Ö ± ·É¨´  μÉ±·Ò¢ ¥É¸Ö ¶·¨ ¸· ¢´¥´¨¨ ·¥§Ê²ÓÉ Éμ¢ · ¸Î¥Éμ¢ ¸
¨¸¶μ²Ó§μ¢ ´¨¥³ ¸¨³³¥É·¨Î´μ° ¸¨³¶²¥±É¨Î¥¸±μ° Î¨¸²¥´´μ° ¸Ì¥³Ò 3-£μ ¶μ-
·Ö¤± . ‚¶²μÉÓ ¤μ ¢¥²¨Î¨´Ò Ï £  Î¨¸²¥´´μ£μ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ ¢·¥³¥´¨
h = 0,2 ¢±²ÕÎ¨É¥²Ó´μ ¸¨³³¥É·¨Î´ Ö ¸¨³¶²¥±É¨Î¥¸± Ö ¸Ì¥³  3-£μ ¶μ·Ö¤± 
¸ÊÐ¥¸É¢¥´´μ ¡μ²¥¥ ÉμÎ´  ¶μ · ¸Î¥É´Ò³ Ë §μ¢Ò³ É· ¥±Éμ·¨Ö³ ¨ μÉ±²μ´¥´¨Ö³
§´ Î¥´¨° £ ³¨²ÓÉμ´¨ ´  μÉ ´ Î ²Ó´μ£μ §´ Î¥´¨Ö ´  ¢¸¥³ ¨´É¥·¢ ²¥ ¨´É¥£·¨-
·μ¢ ´¨Ö (¸³. ·¨¸. 9Ä12).
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�¨¸. 1. Ÿ¢´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,01 ¨ 0,001:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 2. Ÿ¢´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,05 ¨ 0,005:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 3. Ÿ¢´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,1 ¨ 0,01:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨

17



�¨¸. 4. Ÿ¢´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,2 ¨ 0,02:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 5. �¥Ö¢´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,01 ¨ 0,001:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 6. �¥Ö¢´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,05 ¨ 0,005:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 7. �¥Ö¢´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,1 ¨ 0,01:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 8. �¥Ö¢´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,2 ¨ 0,02:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 9. ‘¨³³¥É·¨Î´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,01 ¨ 0,001:  ) Ë §μ¢Ò¥ É· ¥±Éμ-
·¨¨; ¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 10. ‘¨³³¥É·¨Î´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,05 ¨ 0,005:  ) Ë §μ¢Ò¥ É· ¥±-
Éμ·¨¨; ¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 11. ‘¨³³¥É·¨Î´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,1 ¨ 0,01:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 12. ‘¨³³¥É·¨Î´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,2 ¨ 0,02:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 13. ‘¨³³¥É·¨Î´ Ö ¸Ì¥³ , ¸Ì¥³  ‚¥·²¥ ¶·¨ h = 0,2 ¨ 0,02:  ) Ë §μ¢Ò¥ É· ¥±Éμ·¨¨;
¡) § ¢¨¸¨³μ¸ÉÓ £ ³¨²ÓÉμ´¨ ´  μÉ ¢·¥³¥´¨
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�¨¸. 14. Šμ²¨Î¥¸É¢μ ¨É¥· Í¨° ³¥Éμ¤  �ÓÕÉμ´  ´  ± ¦¤μ³ Ï £¥ ¶μ ¢·¥³¥´¨ ¶·¨ ε =
10−10

‡ ¤ Î  Š¥¶²¥· . ‘¨³³¥É·¨Î´ Ö ¸Ì¥³  (T = 5000):

ˆ, ´ ±μ´¥Í, ¢ Î¨¸²¥´´ÒÌ · ¸Î¥É Ì, ±μÉμ·Ò¥ ¶·μ¢μ¤¨²¨¸Ó ´  ¡
μ²ÓÏ¥³ ¨´-
É¥·¢ ²¥ Ô¢μ²ÕÍ¨¨ ¸¨¸É¥³Ò T = 5000, ¸¨³³¥É·¨Î´ Ö ¸¨³¶²¥±É¨Î¥¸± Ö Î¨¸²¥´-
´ Ö ¸Ì¥³  3-£μ ¶μ·Ö¤±  ¶·μ¤¥³μ´¸É·¨·μ¢ ²  ¸ÊÐ¥¸É¢¥´´μ ¡μ²ÓÏÊÕ ÉμÎ´μ¸ÉÓ ¨
Ê¸Éμ°Î¨¢μ¸ÉÓ ¶·¨ ¢¥²¨Î¨´¥ Ï £  h = 0,2. �·¨ ÔÉμ³ ¸Ì¥³  ‚¥·²¥ ¸É ´μ¢¨É¸Ö
´¥Ê¸Éμ°Î¨¢μ°, ´ Î¨´ Ö Ê¦¥ ¸ ¨´É¥·¢ ²μ¢ ¶μ·Ö¤±  T = 4000 (¸³. ·¨¸. 13).
	 ¢ÒÎ¨¸²¨É¥²Ó´Ò¥ § É· ÉÒ ¢ ³¥Éμ¤¥ �ÓÕÉμ´  ¶·¨ ¢ÒÎ¨¸²¥´¨ÖÌ ¤²Ö ´¥Ö¢-
´μ° Î ¸É¨ ¸¨³³¥É·¨Î´μ° ¸Ì¥³Ò ´¥ ¶·¥¢ÒÏ ÕÉ É·¥Ì ¨É¥· Í¨° ¶·¨ ÉμÎ´μ¸É¨
¢ÒÎ¨¸²¥´¨° ε = 10−10 (¸³. ·¨¸. 14).

‡�Š‹
—…�ˆ…

1. �·¥¤²μ¦¥´ ´μ¢Ò° ¶μ¤Ìμ¤ ± ¶μ¸É·μ¥´¨Õ ¸¨³³¥É·¨Î´ÒÌ ¸¨³¶²¥±É¨Î¥-
¸±¨Ì Î¨¸²¥´´ÒÌ ¸Ì¥³ ¨´É¥£·¨·μ¢ ´¨Ö Ê· ¢´¥´¨° ¤¢¨¦¥´¨Ö ³¥Éμ¤  ³μ²¥±Ê-
²Ö·´μ° ¤¨´ ³¨±¨ ¢ £ ³¨²ÓÉμ´μ¢μ° Ëμ·³Ê²¨·μ¢±¥.

2. �¶¨¸ ´  ²£μ·¨É³ ¶μ²ÊÎ¥´¨Ö ¸¨³³¥É·¨Î´ÒÌ ¸¨³¶²¥±É¨Î¥¸±¨Ì · §´μ¸É-
´ÒÌ ¸Ì¥³ § ¤ ´´μ£μ ¶μ·Ö¤±   ¶¶·μ±¸¨³ Í¨¨ ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³  ¶¶ · É  ¶·μ-
¨§¢μ¤ÖÐ¨Ì ËÊ´±Í¨°.

3. �·¨¢¥¤¥´Ò ¸¨³³¥É·¨Î´Ò¥ ¸¨³¶²¥±É¨Î¥¸±¨¥ · §´μ¸É´Ò¥ ¸Ì¥³Ò ¤μ 4-£μ
¶μ·Ö¤±   ¶¶·μ±¸¨³ Í¨¨ ¢±²ÕÎ¨É¥²Ó´μ. ‘Ì¥³Ò ¡μ²¥¥ ¢Ò¸μ±μ£μ ¶μ·Ö¤±   ¶-
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¶·μ±¸¨³ Í¨¨ É·¥¡ÊÕÉ ¡μ²¥¥ ¸²μ¦´μ£μ ¢Ò¢μ¤  ¨ ¢ ¤ ²Ó´¥°Ï¥³ ³μ£ÊÉ ¡ÒÉÓ
¶μ²ÊÎ¥´Ò ¸ ¨¸¶μ²Ó§μ¢ ´¨¥³  ´ ²¨É¨Î¥¸±¨Ì ¢ÒÎ¨¸²¥´¨°.

4. �·μ¢¥¤¥´´Ò¥ Î¨¸²¥´´Ò¥ Ô±¸¶¥·¨³¥´ÉÒ ¶μ± § ²¨, ÎÉμ ¶μ²ÊÎ¥´´Ò¥ ´ 
μ¸´μ¢¥ · §· ¡μÉ ´´μ£μ ¶μ¤Ìμ¤  · §´μ¸É´Ò¥ ¸Ì¥³Ò 3-£μ ¶μ·Ö¤±   ¶¶·μ±¸¨-
³ Í¨¨ ¸μÌ· ´ÖÕÉ Ê¸Éμ°Î¨¢μ¸ÉÓ ¤²Ö ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì §´ Î¥´¨° Ï £  ¨
¨´É¥·¢ ²  ¨´É¥£·¨·μ¢ ´¨Ö, ¢ μÉ²¨Î¨¥ μÉ ¸Ì¥³ ¶μ ³¥Éμ¤Ê ‚¥·²¥. �´¨ ¸ ¡μ-
²¥¥ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ ¸μÌ· ´ÖÕÉ £ ³¨²ÓÉμ´¨ ´ ¸¨¸É¥³Ò ´  ¢¸¥³ ¨´É¥·¢ ²¥
¨´É¥£·¨·μ¢ ´¨Ö.

� ¡μÉ  ¶μ¤¤¥·¦ ´  £· ´Éμ³ �””ˆ 15-01-06055 .
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