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¢ ¶μ²¥ Í¥´É· ²Ó´μ£μ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² 

ˆ¸¸²¥¤Ê¥É¸Ö ¤¢Ê³¥·´μ¥ ¤¢¨¦¥´¨¥ ³¥¤²¥´´μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥ Í¥´-
É· ²Ó´μ£μ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´Í¨ ² , Ê¡Ò¢ ÕÐ¥£μ ¢ ¶·¥¤¥²¥ ¡μ²ÓÏ¨Ì · ¸-
¸ÉμÖ´¨° r ± ± ¸É¥¶¥´´ Ö ËÊ´±Í¨Ö r−β ¸ ¶μ± § É¥²¥³ β ∈ (1, 2). � °¤¥´Ò ´¨§-
±μÔ´¥·£¥É¨Î¥¸±¨¥  ¸¨³¶ÉμÉ¨±¨ ¢¸¥Ì ¶ ·Í¨ ²Ó´ÒÌ Ë § ¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥-
Î¥´¨Ö · ¸¸¥Ö´¨Ö É ±μ° Î ¸É¨ÍÒ. �μ²ÊÎ¥´μ ¶·μ¸Éμ¥ ¶·¨¡²¨¦¥´¨¥ ¤²Ö Ô´¥·£¨° ¥¥
¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°.
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Two-Dimensional Movement of a Slow Quantum Particle
in the Field of a Central Long-Range Potential

We study the two-dimensional movement of a slow quantum particle in the ˇeld
of a central long-range potential decreasing in the limit of large distances r as a
power function r−β with the exponent β ∈ (1, 2). For this particle, we found the
low-energy asymptotics of the phase-shifts and differential cross-section, as well as
a simple approximation for the energies of weakly bound states.
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‚‚…„…�ˆ…

� Î´¥³ ¸ ¶·¥¤¶μ²μ¦¥´¨°. �·¥¤¶μ²μ¦¨³, ÎÉμ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¤¢¨-
¦¥É¸Ö ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ¸É¨ P ¨ μ¡² ¤ ¥É ¶μ²´μ° Ô´¥·£¨¥° E. �Ê¸ÉÓ
ÉμÎ±  O ²¥¦¨É ¢ P ¨ Ö¢²Ö¥É¸Ö ´¥¶μ¤¢¨¦´Ò³ ¸¨²μ¢Ò³ Í¥´É·μ³, Ê¤ ²¥´´Ò³ μÉ
Î ¸É¨ÍÒ p1 ´  · ¸¸ÉμÖ´¨¥ r. �μ μ¶·¥¤¥²¥´¨Õ ¸¨²μ¢μ° Í¥´É· O ¢μ§¤¥°¸É¢Ê¥É
´  ÔÉÊ Î ¸É¨ÍÊ ¶μ¸·¥¤¸É¢μ³ Í¥´É· ²Ó´μ£μ ³¥¤²¥´´μ Ê¡Ò¢ ÕÐ¥£μ ¶μÉ¥´Í¨ ² 

V (r) = αV0r
−β , α = ±1, V0 > 0, β ∈ (1, 2). (1)

� Ï  § ¤ Î  Å ´ °É¨ £² ¢´μ¥ ¸² £ ¥³μ¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ° (E → 0+)
 ¸¨³¶ÉμÉ¨±¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¨ ¶·¨¡²¨-
¦¥´´Ò¥ Ô´¥·£¨¨ ee ¢¸¥Ì ¸² ¡μ¸¢Ö§ ´´ÒÌ (E → 0−) ¸μ¸ÉμÖ´¨°.

„²Ö ·¥Ï¥´¨Ö ÔÉμ° § ¤ Î¨ ¶·¨³¥´¨³ ¨§¢¥¸É´Ò° ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö  ¸¨³-
¶ÉμÉ¨Î¥¸±¨Ì ·¥Ï¥´¨° ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤±  ¸ ³ -
²Ò³ ¶ · ³¥É·μ³ ¶¥·¥¤ ¸É ·Ï¥° ¶·μ¨§¢μ¤´μ° [1].

‚ · §¤. 1 ± Ê· ¢´¥´¨Õ É ±μ£μ É¨¶  ¸¢¥¤¥³ μ¤´μ³¥·´μ¥ Ê· ¢´¥´¨¥ ˜·¥-
¤¨´£¥· , μ¶¨¸Ò¢ ÕÐ¥¥ · ¤¨ ²Ó´μ¥ ¤¢¨¦¥´¨¥ Î ¸É¨ÍÒ p1 ¢ ¤ ²Ó´μ¤¥°¸É¢ÊÕ-
Ð¥³ ¶μ²¥ (1). � §¤. 2 ¨ 3 ¶μ¸¢ÖÉ¨³ ¢Ò¢μ¤Ê ¨  ´ ²¨§Ê ´¥Ö¢´ÒÌ ¨ Ö¢´ÒÌ ´¨§-
±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± ¢¸¥Ì ¶ ·Í¨ ²Ó´ÒÌ Ë § ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö
Î ¸É¨ÍÒ p1 μÉÉ ²±¨¢ ÕÐ¨³ (α = 1) ¨²¨ ¶·¨ÉÖ£¨¢ ÕÐ¨³ (α = −1) ¶μÉ¥´Í¨ -
²μ³ (1). B · §¤. 4 ¨ 5 ¤²Ö  ³¶²¨ÉÊ¤Ò ¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö
¶μÉ¥´Í¨ ²μ³ (1), α = ±1, ¶μ¸É·μ¨³ ¤μ¢μ²Ó´μ ¶·μ¸ÉÒ¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥
¶·¨¡²¨¦¥´¨Ö. ‚ · §¤. 6 ´ °¤¥³ ¶·¨¡²¨¦¥´¨¥ ¤²Ö Ô´¥·£¨° ¢¸¥Ì ¸² ¡μ¸¢Ö§ ´-
´ÒÌ ¸μ¸ÉμÖ´¨° Î ¸É¨ÍÒ p1 ¢ ¶·¨ÉÖ£¨¢ ÕÐ¥³ ¶μÉ¥´Í¨ ²¥ (1). ‚ § ±²ÕÎ¥´¨¨
¶·μ¸Ê³³¨·Ê¥³ ·¥§Ê²ÓÉ ÉÒ ´ Ï¨Ì ¨¸¸²¥¤μ¢ ´¨°.

‘¤¥² ¥³ ´¥¸±μ²Ó±μ ¢ ¦´ÒÌ § ³¥Î ´¨°.
’·¥Ì³¥·´μ¥ · ¸¸¥Ö´¨¥ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥ ¶μÉ¥´Í¨ ²  É¨¶  (1) ¤μ

¸¨Ì ¶μ· ´¥ ¨¸¸²¥¤μ¢ ´μ ¢ ¶μ²´μ³ μ¡Ñ¥³¥. ’μÎ´Ò¥ ·¥Ï¥´¨Ö § ¤ Î¨ · ¸¸¥Ö-
´¨Ö ¨ § ¤ Î¨ ´  ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ É ±μ³ ¶μ²¥ ´¥
¨§¢¥¸É´Ò. ‚ · ¡μÉ¥ [2] ¢¶¥·¢Ò¥ ´ °¤¥´Ò ¤¢  ¶¥·¢ÒÌ ¸² £ ¥³ÒÌ ´¨§±μÔ´¥·-
£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± ¶ ·Í¨ ²Ó´ÒÌ Ë § É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö. ‘É ·Ï¥¥
¸² £ ¥³μ¥  ³¶²¨ÉÊ¤Ò É·¥Ì³¥·´μ£μ · ¸¸¥Ö´¨Ö ¢¶¥·¢Ò¥ ¶μ²ÊÎ¥´μ ¢ · ¡μÉ¥ [3].
�¢Éμ·Ò · ¡μÉ [2, 3] ¨¸¶μ²Ó§μ¢ ²¨ ³¥Éμ¤ ¶μ¸É·μ¥´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ·¥Ï¥-
´¨° ¤¨ËË¥·¥´Í¨ ²Ó´ÒÌ Ê· ¢´¥´¨° ¢Éμ·μ£μ ¶μ·Ö¤±  ¸ ³ ²Ò³ ¶ · ³¥É·μ³ ¶¥-
·¥¤ ¸É ·Ï¥° ¶·μ¨§¢μ¤´μ° [1].
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„¢Ê³¥·´μ¥ ¤¢¨¦¥´¨¥ ³¥¤²¥´´μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥ ³¥¤²¥´´μ Ê¡Ò-
¢ ÕÐ¥£μ ¶μÉ¥´Í¨ ²  (1) · ´¥¥ ´¥ ¨¸¸²¥¤μ¢ ²μ¸Ó. � ¸ÉμÖÐ Ö · ¡μÉ  Ö¢²Ö¥É¸Ö
¶μ¶ÒÉ±μ° ¢μ¸¶μ²´¨ÉÓ ÔÉμÉ ¶·μ¡¥² ¸μ¢·¥³¥´´μ° É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö
³ É¥³ É¨Î¥¸±¨ μ¡μ¸´μ¢ ´´Ò³  ´ ²¨§μ³. �μÔÉμ³Ê ¢ · §¤. 2Ä6 μ¸μ¡μ¥ ¢´¨³ -
´¨¥ Ê¤¥²Ö¥É¸Ö ¤μ± § É¥²Ó¸É¢ ³ ¸Ìμ¤¨³μ¸É¨ ¨¸¶μ²Ó§Ê¥³ÒÌ ¨´É¥£· ²μ¢ ¨ ·Ö¤μ¢,
¢Ò¢μ¤ ³ μ¶É¨³ ²Ó´ÒÌ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¶·¥¤¸É ¢²¥´¨° ¨ ¨¸¸²¥¤μ¢ ´¨Õ ´¥Ö¢-
´ÒÌ ¨ Ö¢´ÒÌ, · ¢´μ³¥·´ÒÌ ¨ ´¥· ¢´μ³¥·´ÒÌ  ¸¨³¶ÉμÉ¨± ¢¸¥Ì ¨¸¶μ²Ó§Ê¥³ÒÌ
ËÊ´±Í¨°.

1. ��„ˆ�‹œ�›… ‡�„�—ˆ „‚“Œ…���ƒ� ��‘‘…Ÿ�ˆŸ

‚ ¶²μ¸±μ¸É¨ P ¢¢¥¤¥³ ¸É ´¤ ·É´Ò³ μ¡· §μ³ ¶μ²Ö·´ÊÕ ¸¨¸É¥³Ê ±μμ·¤¨-
´ É ¸ ´ Î ²Ó´μ° ÉμÎ±μ°, ¸μ¢¶ ¤ ÕÐ¥° ¸ ¸¨²μ¢Ò³ Í¥´É·μ³ O. �μ²μ¦¥´¨¥
±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¶²μ¸±μ¸É¨ P § ¤ ¤¨³ ¥¥ ¶μ²Ö·´Ò³¨ ±μμ·¤¨´ É ³¨
r = (r, ϕ), £¤¥ r Å · ¸¸ÉμÖ´¨¥ μÉ Î ¸É¨ÍÒ p1 ¤μ ÉμÎ±¨ O,   ϕ Å  §¨³ÊÉ ²Ó´Ò°
Ê£μ² ¤¢Ê³¥·´μ£μ ¢¥±Éμ·  r. �Ê¸ÉÓ � Å ¶μ¸ÉμÖ´´ Ö �² ´± . ‘¨³¢μ² ³¨ m1,
k ¨ E μ¡μ§´ Î¨³ ³ ¸¸Ê, ¢μ²´μ¢μ° ¢¥±Éμ· ¨ ¶μ²´ÊÕ Ô´¥·£¨Õ Î ¸É¨ÍÒ p1.
‘Î¨É ¥³, ÎÉμ ¢μ²´μ¢μ° ¢¥±Éμ· k0 ¥¥ ´ Î ²Ó´μ£μ ¸μ¸ÉμÖ´¨Ö ¨³¥¥É ´Ê²¥¢μ°
 §¨³ÊÉ ²Ó´Ò° Ê£μ².

�Ê¸ÉÓ d Å ´¥±μÉμ·μ¥ Ë¨±¸¨·μ¢ ´´μ¥ ´¥´Ê²¥¢μ¥ · ¸¸ÉμÖ´¨¥. 	¥§· §³¥·-
´Ò¥ ¢μ²´μ¢μ¥ Î¨¸²μ q,  ·£Ê³¥´ÉÒ x, ρ ¨ ¶ · ³¥É· b μ¶·¥¤¥²¨³ ¸μμÉ´μÏ¥´¨Ö³¨

q ≡ kd, x ≡ r

d
, ρ ≡ kr = qx, b ≡

(
2m1

�2
d2−βV0

)1/β

. (2)

�·¨¢¥¤¥³ Ëμ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¶μ²´μ° Ô´¥·£¨¨ ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1:

E =
1

2m1
(�k)2, E =

1
2m1

(
�q

d

)2

. (3)

‚ ¸¨²Ê ÔÉ¨Ì Ëμ·³Ê² q → 0+ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  E → 0+, ¨ ´ μ¡μ·μÉ.
�¥·¥°¤¥³ ± Ëμ·³Ê²¨·μ¢±¥ ¨¸Ìμ¤´μ° · ¤¨ ²Ó´μ° § ¤ Î¨ ¤¢Ê³¥·´μ£μ · ¸-

¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¶μÉ¥´Í¨ ²μ³ (1). 
ÉμÉ ¶μÉ¥´Í¨ ² ´¥ § ¢¨¸¨É μÉ Ê£²  ϕ.
�μÔÉμ³Ê ¸μ£² ¸´μ É¥μ·¨¨ ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö [4,5] ¤¢Ê³¥·´ Ö § ¤ Î  ˜·¥-
¤¨´£¥·  ¤²Ö ¢μ²´μ¢μ° ËÊ´±Í¨¨ Î ¸É¨ÍÒ p1 ¤μ¶Ê¸± ¥É · §¤¥²¥´¨¥ ¶¥·¥³¥´-
´ÒÌ r ¨ ϕ ¨ ¸¢μ¤¨É¸Ö ± ¡¥¸±μ´¥Î´μ°, ´μ ¸Î¥É´μ° (2λ = −1, 1, . . .) ¸μ¢μ±Ê¶-
´μ¸É¨ · ¤¨ ²Ó´ÒÌ ±· ¥¢ÒÌ § ¤ Î ˜·¥¤¨´£¥· . ‚ ¶·¨´ÖÉÒÌ μ¡μ§´ Î¥´¨ÖÌ (2)
± ¦¤ Ö ¨§ É ±¨Ì § ¤ Î Ö¢²Ö¥É¸Ö μ¤´μ³¥·´Ò³ Ê· ¢´¥´¨¥³ ˜·¥¤¨´£¥· [

∂2
x − λ(λ + 1)

x2
+ q2 − α

(
b

x

)β
]

ũλ(x, q) = 0, x > 0, q > 0, (4)
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c Ê¸²μ¢¨¥³
ũλ(x, q) = O(xλ+1), x → 0, (5)

¨ Ê¸²μ¢¨¥³

ũλ(x, q) = sin [ρ − πλ/2 + δm(q)] + O(ρ−1), ρ → ∞, m ≡ λ − 1/2. (6)

�¥¶·¥·Ò¢´μ¥ ¢ μ¡² ¸É¨ 0 � x < ∞ ·¥Ï¥´¨¥ ũλ ±· ¥¢μ° § ¤ Î¨ (4)Ä(6)
Ö¢²Ö¥É¸Ö ·¥£Ê²Ö·´μ° · ¤¨ ²Ó´μ° ¢μ²´μ¢μ° ËÊ´±Í¨¥° Î ¸É¨ÍÒ p1 ¢ ¸μ¸ÉμÖ´¨¨
· ¸¸¥Ö´¨Ö |q, λ〉 ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ q ¨ λ. �¸¨³¶ÉμÉ¨±  (6) É ±μ° ËÊ´±Í¨¨
¸μ¤¥·¦¨É ¨¸±μ³ÊÕ Ë §Ê · ¸¸¥Ö´¨Ö δm(q).

’¥¶¥·Ó ¶¥·¥¶¨Ï¥³ ±· ¥¢ÊÕ § ¤ ÎÊ (4)Ä(6) ¢ ¢¨¤¥, ´ ¨¡μ²¥¥ Ê¤μ¡´μ³ ¤²Ö
´ Ï¨Ì ¨¸¸²¥¤μ¢ ´¨°. „²Ö ÔÉμ£μ ¸´ Î ²  ¶μ²μ¦¨³ ¶μ μ¶·¥¤¥²¥´¨Õ

p2(y, s) ≡ 1 − α

(
b

y

)β

−
(

s

y

)2

, y � 0, s � 0, β ∈ (1, 2). (7)

‡ É¥³ ¶μ¤¸É ´μ¢±μ°

x = q−2/βy, ũλ(x, q) = uλ(y, q), ν = (2 − β)/β, s = qν
√

λ(λ + 1), ρ = yq−ν

(8)
¸¢¥¤¥³ Ê· ¢´¥´¨¥ (4) ± Ê· ¢´¥´¨Õ[

q2ν∂2
y + p2(y, s)

]
uλ(y, q) = 0, (9)

  ¨§ £· ´¨Î´ÒÌ Ê¸²μ¢¨° (5) ¨ (6) ¢Ò¢¥¤¥³ Ê¸²μ¢¨¥

uλ(y, q) = O(yλ+1), q2/βy → 0, (10)

¨ Ê¸²μ¢¨¥

uλ(y, q) = sin [ρ − πλ/2 + δm(q)] + O(ρ−1), ρ → ∞, m ≡ λ − 1/2. (11)

�·¥¤¥²μ³ ´¨§±¨Ì Ô´¥·£¨° · ¸¸¥Ö´¨Ö ´ §Ò¢ ¥³ ¶·¥¤¥² q → 0+ ¶·¨ Ë¨±-
¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ ±¢ ´Éμ¢μ£μ Î¨¸²  λ, ¶ · ³¥É·  d ¨ ¶ · ³¥É·μ¢ α, V0

¨ β ¶μÉ¥´Í¨ ²  (1).

2. ��‚��Œ…��›… �ˆ‡Š���…�ƒ…’ˆ—…‘Šˆ…
�‘ˆŒ�’�’ˆŠˆ ”�‡

�¸¨³¶ÉμÉ¨±Ê Ë §Ò δm(q), ¸¶· ¢¥¤²¨¢ÊÕ ¶·¨ q → 0+ ¨ ²Õ¡μ³ §´ Î¥´¨¨
¥¥ ´μ³¥·  m = λ + 1/2, ´ §μ¢¥³ · ¢´μ³¥·´μ° ¶μ ÔÉμ³Ê ´μ³¥·Ê ´¨§±μÔ´¥·£¥-
É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±μ°.
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�¶·¥¤¥²¨³ ËÊ´±Í¨¨ y0(s) ¨ p(y, s). „²Ö ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³ μ¶·¥¤¥²¥-
´¨¥ (7) ËÊ´±Í¨¨ p2(y, s) ¨ ¶¥·¥¶¨Ï¥³ Ê· ¢´¥´¨¥ p2(y, s) = 0 ¢ ¢¨¤¥ Ê· ¢-
´¥´¨Ö

y2 − αbβy2−β = s2, y � 0, s � 0, β ∈ (1, 2). (12)

…£μ ²¥¢ÊÕ ¨ ¶· ¢Ò¥ Î ¸É¨ ¸Î¨É ¥³ ËÊ´±Í¨Ö³¨ f1(y) ¨ s2 � 0  ·£Ê³¥´É  y
¢ μ¡² ¸É¨ y � 0. �μ¸É·μ¨³ £· Ë¨±¨ ÔÉ¨Ì ËÊ´±Í¨°. �·¨ α = 1 ¨ ¶·¨
α = −1 ËÊ´±Í¨Ö f1(y) ³μ´μÉμ´´μ ¢μ§· ¸É ¥É, ¥¸²¨ Ê¢¥²¨Î¨¢ ¥É¸Ö ¥¥  ·£Ê-
³¥´É y. ‚ ÉμÎ±¥ y = 0 ÔÉ  ËÊ´±Í¨Ö · ¢´  ´Ê²Õ ¨²¨ ¥¤¨´¨Í¥, ¥¸²¨ α = 1
¨²¨ α = −1. �μÔÉμ³Ê ±·¨¢ Ö f1(y) ¢¸¥£¤  ¶¥·¥¸¥± ¥É ¶·Ö³ÊÕ s2 > 0, ¶·¨Î¥³
Éμ²Ó±μ ¢ μ¤´μ° ÉμÎ±¥. �¡¸Í¨¸¸  y0(s) ÔÉμ° ÉμÎ±¨ Ö¢²Ö¥É¸Ö ¥¤¨´¸É¢¥´´Ò³,
¶·¨Î¥³ ´¥μÉ·¨Í É¥²Ó´Ò³, ±μ·´¥³ Ê· ¢´¥´¨Ö (12). 
É  ¦¥  ¡¸Í¨¸¸  Ö¢²Ö-
¥É¸Ö ³μ´μÉμ´´μ ¢μ§· ¸É ÕÐ¥° ËÊ´±Í¨¥° ¶¥·¥³¥´´μ° s. ‚ ÉμÎ±¥ s = 0 ÔÉ 
ËÊ´±Í¨Ö · ¢´  ´Ê²Õ ¨²¨ Î¨¸²Ê b, ¥¸²¨ α = −1 ¨²¨ α = 1. ‘μ£² ¸´μ μ¶·¥¤¥-
²¥´¨Õ (7) ËÊ´±Í¨Ö p2(y, s) ´¥μÉ·¨Í É¥²Ó´ Ö, ¥¸²¨ α = ±1, y � y0(s) ¨ s � 0.
�·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ËÊ´±Í¨Ö p(y, s) ≡

√
p2(y, s) Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´μ° ¨

´¥μÉ·¨Í É¥²Ó´μ°. ˆ³¥´´μ ÔÉμÉ ¸²ÊÎ ° ¨ · ¸¸³ É·¨¢ ¥É¸Ö ´¨¦¥.
�·¨¸ÉÊ¶¨³ ± ¢Ò¢μ¤Ê · ¢´μ³¥·´ÒÌ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì  ¸¨³¶ÉμÉ¨± Ë §

· ¸¸¥Ö´¨Ö δm(q).
�μ²μ¦¨³ q → 0+. ’μ£¤  ¨¸¸²¥¤Ê¥³μ¥ Ê· ¢´¥´¨¥ (9) ¸É ´¥É ¤¢ÊÎ²¥´´Ò³

¤¨ËË¥·¥´Í¨ ²Ó´Ò³ Ê· ¢´¥´¨¥³ ¢Éμ·μ£μ ¶μ·Ö¤±  ¸ ³ ²Ò³ ¶ · ³¥É·μ³ q2ν

¶¥·¥¤ ¸É ·Ï¥° ¶·μ¨§¢μ¤´μ°. ‘²¥¤ÊÖ ³μ´μ£· Ë¨¨ [1], ¶·¨³¥´¨³ ¨§¢¥¸É´Ò°
³¥Éμ¤ ¶μ¸É·μ¥´¨Ö  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ·¥Ï¥´¨° Ê· ¢´¥´¨° É ±μ£μ É¨¶  ¢ ¸²ÊÎ ¥
Ë¨§¨Î¥¸±¨Ì £· ´¨Î´ÒÌ Ê¸²μ¢¨° (10) ¨ (11). ‘´ Î ²  ¢Ò¶μ²´¨³ § ³¥´Ò

λ(λ + 1) → (λ + 1/2)2 = m2, qν
√

λ(λ + 1) → qνm.

‡ É¥³ § ¶¨Ï¥³ ¨¸±μ³ÊÕ  ¸¨³¶ÉμÉ¨±Ê Ë §Ò δm(q) ¢ ¢¨¤¥ · ¢¥´¸É¢ 

δm(q) = q−νg(s) + O(qν), m = 0, 1, . . . , s = qνm, q → 0 + . (13)

‚ ÔÉμ³ · ¢¥´¸É¢¥ ËÊ´±Í¨Ö g(s) μ¶·¥¤¥²¥´  Ëμ·³Ê²μ°

g(s) ≡ π

2
s +

∞∫
y0(s)

[p(y, s) − 1]dy − y0(s), s � 0. (14)

�μÔÉμ³Ê ¶·μ¨§¢μ¤´ Ö ∂sg(s) ÔÉμ° ËÊ´±Í¨¨ · ¢´  ¸²¥¤ÊÕÐ¥° · §´μ¸É¨:

∂sg(s) =
π

2
− h(s), h(s) ≡ s

∞∫
y0(s)

dy

y2p(y, s)
, s � 0. (15)
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�¡¸Ê¤¨³ Ëμ·³Ê²Ò (13)Ä(15). ‘μ£² ¸´μ Ëμ·³Ê²¥ (13) ËÊ´±Í¨Ö q−νg(s)
¶·¨ Î ¸É´μ³ §´ Î¥´¨¨ qνm  ·£Ê³¥´É  s Ö¢²Ö¥É¸Ö £² ¢´Ò³ ¸² £ ¥³Ò³  ¸¨³-
¶ÉμÉ¨±¨ Ë §Ò · ¸¸¥Ö´¨Ö δm(q) ¶·¨ q → 0+. �¸¨³¶ÉμÉ¨±  (13) Ö¢²Ö¥É¸Ö
· ¢´μ³¥·´μ° ¶μ ´μ³¥·Ê m. �·¨ ²Õ¡μ³ s � 0 ËÊ´±Í¨Ö g(s) μ¶·¥¤¥²¥´  ¸μμÉ-
´μÏ¥´¨¥³ (14). �·¥¤¸É ¢²¥´¨Ö (14) ¨ (15) ËÊ´±Í¨° g(s) ¨ ∂sg(s) ¸μ¤¥·¦ É
¨´É¥£· ²Ò, ´¨¦´¨¥ ¶·¥¤¥²Ò ±μÉμ·ÒÌ § ¢¨¸ÖÉ μÉ ¶¥·¥³¥´´μ° s,   ¢¥·Ì´¨¥
· ¢´Ò ¡¥¸±μ´¥Î´μ¸É¨. ’ ±¨¥ ¨´É¥£· ²Ò ¸²μ¦´μ ¨ ¨¸¸²¥¤μ¢ ÉÓ, ¨ ¢ÒÎ¨¸²ÖÉÓ.
�μÔÉμ³Ê ´¥μ¡Ìμ¤¨³μ ¢Ò¢¥¸É¨ ¡μ²¥¥ Ê¤μ¡´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨° g(s)
¨ h(s) ¢ ¢¨¤¥ ¨´É¥£· ²μ¢ ¶μ ±μ´¥Î´μ³Ê μÉ·¥§±Ê 0 � z � 1.

�¥Ï¨³ ÔÉÊ § ¤ ÎÊ. ‘´ Î ²  ¶μ¤¸É ´μ¢±μ°

y =
1

τ(s)

(
s2

bβ

) 1
2−β

(16)

¸¢¥¤¥³ Ê· ¢´¥´¨¥ p2(y, s) = 0 ± Ê· ¢´¥´¨Õ

τ2(s) + ατβ(s) =
(s

b

) 2β
2−β

, s � 0, α = ±1, β ∈ (1, 2). (17)

ƒ· Ë¨Î¥¸±¨³ ¸¶μ¸μ¡μ³ ´¥É·Ê¤´μ ¶μ± § ÉÓ, ÎÉμ ¶·¨ ²Õ¡μ³ s > 0 ÔÉμ Ê· ¢-
´¥´¨¥ ¨³¥¥É ¥¤¨´¸É¢¥´´Ò°, ¶·¨Î¥³ ¶μ²μ¦¨É¥²Ó´Ò° ±μ·¥´Ó, ±μÉμ·Ò° ³μ´μ-
Éμ´´μ ¢μ§· ¸É ¥É ´  ¶μ²Êμ¸¨ s � 0,   ¢ ¶·¥¤¥²¥ s → 0 ¸Ìμ¤¨É¸Ö ± ´Ê²Õ
¢ ¸²ÊÎ ¥ α = 1 ¨ ± ¥¤¨´¨Í¥ ¢ ¸²ÊÎ ¥ α = −1. ’ ±μ° ±μ·¥´Ó μ¡μ§´ Î¨³
¸¨³¢μ²μ³ τ0(s). ’ ± ± ± Ê· ¢´¥´¨¥ p2(y, s) = 0 § ³¥´μ° (16) ¸¢μ¤¨É¸Ö ±
Ê· ¢´¥´¨Õ (17), Éμ ¨³¥¥É¸Ö μ¤´μ§´ Î´ Ö ¸¢Ö§Ó ³¥¦¤Ê ±μ·´Ö³¨ y0(s) ¨ τ0(s)
ÔÉ¨Ì Ê· ¢´¥´¨°. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ¢ ¶· ¢μ° Î ¸É¨ · ¢¥´¸É¢  (16) § ³¥´¨ÉÓ
ËÊ´±Í¨Õ τ(s) ±μ·´¥³ τ0(s) Ê· ¢´¥´¨Ö (17), Éμ ²¥¢ Ö Î ¸ÉÓ ÔÉμ£μ ¦¥ · ¢¥´¸É¢ 
¡Ê¤¥É ±μ·´¥³ y0(s) Ê· ¢´¥´¨Ö p2(y, s) = 0. �μÔÉμ³Ê ¨§ · ¢¥´¸É¢ 

y =
1

zτ0(s)

(s

b

) 2β
2−β

(18)

¸²¥¤Ê¥É, ÎÉμ y = y0(s), ¥¸²¨ z = 1, ¨ y = ∞, ¥¸²¨ z = 0. ˆ¸¶μ²Ó§ÊÖ ÔÉ¨
¸μμÉ´μÏ¥´¨Ö, ¸´ Î ²  ¶¥·¥°¤¥³ ¢ ¨´É¥£· ²¥, ¸μ¤¥·¦ Ð¥³¸Ö ¢ ¸Ê³³¥ (14), ±
¶¥·¥³¥´´μ° z, § É¥³ ¶·μ¨´É¥£·¨·Ê¥³ ¶μ²ÊÎ¥´´Ò° ¨´É¥£· ² ¶μ Î ¸ÉÖ³ ¨ É¥³
¸ ³Ò³ § ±μ´Î¨³ ¢Ò¢μ¤ ¨¸±μ³μ£μ ¶·¥¤¸É ¢²¥´¨Ö ËÊ´±Í¨¨ g(s):

g(s) =
s

2

⎡
⎣π −

1∫
0

2 + αβτβ−2
0 (s)zβ−2√

1 − z2 + ατβ−2
0 (s)(1 − zβ)

dz

⎤
⎦ , α = ±1, s � 0.

(19)
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‡ É¥³ Éμ° ¦¥ ¶μ¤¸É ´μ¢±μ° (18) ¸¢¥¤¥³ ¨¸Ìμ¤´μ¥ ¶·¥¤¸É ¢²¥´¨¥ (15) ËÊ´±-
Í¨¨ h(s) ± ¨¸±μ³μ³Ê ¶·¥¤¸É ¢²¥´¨Õ

h(s) =

1∫
0

dz√
1 − z2 + ατβ−2

0 (s)(1 − zβ)
, α = ±1, s � 0. (20)

�μ²ÊÎ¥´´Ò¥ ¶·¥¤¸É ¢²¥´¨Ö (18), z = 1, ¨ (19), (20) ËÊ´±Í¨° y0(s), g(s)
¨ h(s) ¸μ¤¥·¦ É ²¨ÏÓ μ¤´Ê ´¥¨§¢¥¸É´ÊÕ ËÊ´±Í¨Õ τ0(s). ‚μ¸¶μ²Ó§Ê¥³¸Ö ÔÉ¨³
Ë ±Éμ³ ¢ ¸²¥¤ÊÕÐ¥³ · §¤¥²¥.

3. �…��‚��Œ…��›… �ˆ‡Š���…�ƒ…’ˆ—…‘Šˆ…
�‘ˆŒ�’�’ˆŠˆ ”�‡

‘Î¨É ¥³, ÎÉμ §´ Î¥´¨Ö ¶ · ³¥É·μ¢ d, α, β ¨ b Ë¨±¸¨·μ¢ ´Ò. �¸¨³-
¶ÉμÉ¨±Ê Ë §Ò δm(q) ¶·¨ q → 0+ ¨ ¤μ¶μ²´¨É¥²Ó´μ³ Ê¸²μ¢¨¨ m � q−ν ¨²¨
m � q−ν ´ §Ò¢ ¥³ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±μ° ÔÉμ° Ë §Ò ¶·¨ ³ ²ÒÌ
¨²¨ ¡μ²ÓÏ¨Ì §´ Î¥´¨ÖÌ ¥¥ ´μ³¥·  m. ’ ± Ö  ¸¨³¶ÉμÉ¨±  ¢¥·´  ´¥ ¶·¨ ¢¸¥Ì
§´ Î¥´¨ÖÌ ´μ³¥·  m ¨ ¶μÔÉμ³Ê ´ §Ò¢ ¥É¸Ö ´¥· ¢´μ³¥·´μ° ¶μ ÔÉμ³Ê ´μ³¥·Ê.

‘Ëμ·³Ê²¨·Ê¥³ ´ ÏÊ § ¤ ÎÊ ¨ ¶μÖ¸´¨³ ¶² ´ ¥¥ ·¥Ï¥´¨Ö. ˆÉ ±, ´¥μ¡Ìμ-
¤¨³μ ´ °É¨ Ö¢´Ò¥ ¶·¨¡²¨¦¥´¨Ö  ¸¨³¶ÉμÉ¨±¨ (13) Ë §Ò δm(q) ¶·¨ Ê¸²μ¢¨¨
qνm � 1 ¨ ¶·¨ Ê¸²μ¢¨¨ qνm � 1. „²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¸´ Î ²  ¢ ¶·¥¤-
¸É ¢²¥´¨¨ (13) § ³¥´¨ÉÓ ËÊ´±Í¨Õ g(s) ¥¥ Ö¢´Ò³¨  ¸¨³¶ÉμÉ¨± ³¨ ¶·¨ s → 0
¨²¨ s → ∞,   § É¥³ ¶μ²μ¦¨ÉÓ s = qνm. —Éμ¡Ò ¶μ²ÊÎ¨ÉÓ É ±¨¥  ¸¨³¶ÉμÉ¨±¨,
¶·¨¤¥É¸Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ ¢Ò¢¥¸É¨ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° τ0(s), y0(s)
¨ h(s) ¢ ¶·¥¤¥²¥ s → 0 ¨ ¢ ¶·¥¤¥²¥ s → ∞. „²Ö ÔÉμ£μ Ê¤μ¡´μ ¸´ Î ² 
¨¸¸²¥¤μ¢ ÉÓ ±μ·¥´Ó τ0(s) Ê· ¢´¥´¨Ö (17),   § É¥³ ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö ¶·¥¤¸É -
¢²¥´¨Ö³¨ (18), z = 1, ¨ (19), (20) ËÊ´±Í¨° y0(s) ¨ g(s), h(s) Î¥·¥§ ÔÉμÉ
±μ·¥´Ó.

3.1. Ÿ¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ τ0(s). � ¶μ³´¨³, ÎÉμ τ0(s) Å ¥¤¨´-
¸É¢¥´´Ò°, ¶·¨Î¥³ ´¥μÉ·¨Í É¥²Ó´Ò°, ±μ·¥´Ó Ê· ¢´¥´¨Ö (17). �μ± ¦¥³, ÎÉμ
¶·¨ β = 4/3 ¨ β = 3/2 ÔÉμ Ê· ¢´¥´¨¥ ¨³¥¥É ÉμÎ´μ¥ ·¥Ï¥´¨¥.

‚ ¸²ÊÎ ¥ β = 4/3 Ê· ¢´¥´¨¥ (17) ¶μ¤¸É ´μ¢±μ° τ(s) = (v/3)3/2 c Ê¸²μ-
¢¨¥³ v � 0 ¸¢μ¤¨É¸Ö ± ±Ê¡¨Î¥¸±μ³Ê Ê· ¢´¥´¨Õ

v3 + 3αv2 = 2u, u ≡ (27/2) (s/b)4 � 0, α = ±1.

ˆ§¢¥¸É´Ò³ ¸¶μ¸μ¡μ³ [6] ´ °¤¥³ ´¥μÉ·¨Í É¥²Ó´Ò° ±μ·¥´Ó v1 É ±μ£μ Ê· ¢´¥-
´¨Ö. ‡ É¥³ ¢ ¨¸¶μ²Ó§μ¢ ´´μ° ¶μ¤¸É ´μ¢±¥ τ(s) = (v/3)3/2 ¶μ²μ¦¨³ v = v1.
‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ÉμÎ´μ¥ ·¥Ï¥´¨¥ τ0(s) ¨¸Ìμ¤´μ£μ Ê· ¢´¥´¨Ö (17): ¢ ¸²ÊÎ ¥
α = 1 ¨ β = 4/3

τ0(s) = 3−3/2 [2 cos (t/3) − 1]3/2 , t ≡ arccos (u − 1), u ∈ [0, 2];

τ0(s) = 3−3/2 [2 ch (t/3) − 1]3/2
, t ≡ arch (u − 1), u > 2,

(21)
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  ¢ ¸²ÊÎ ¥ α = −1 ¨ β = 4/3

τ0(s) = 3−3/2 [2 ch (t/3) + 1]3/2 , t ≡ arch(u + 1), u � 0. (22)

„²Ö ¸²ÊÎ Ö α = ±1, β = 3/2 μ¡¸Ê¦¤ ¥³μ¥ Ê· ¢´¥´¨¥ (17) É ±¦¥ ¨³¥¥É
ÉμÎ´μ¥ ·¥Ï¥´¨¥, ¶μÉμ³Ê ÎÉμ ¶μ¤¸É ´μ¢±μ° τ = v2, v ≥ 0, ¸¢μ¤¨É¸Ö ± ¡¨-
±¢ ¤· É´μ³Ê Ê· ¢´¥´¨Õ, ¶μ²μ¦¨É¥²Ó´Ò° ±μ·¥´Ó ±μÉμ·μ£μ ´¥É·Ê¤´μ ¢Ò· §¨ÉÓ
Î¥·¥§ Ô²¥³¥´É ·´Ò¥ ËÊ´±Í¨¨ ¶μ ¨§¢¥¸É´Ò³ Ëμ·³Ê² ³ [6].

�·¨ §´ Î¥´¨ÖÌ ¶ · ³¥É·  β, μÉ²¨Î´ÒÌ μÉ 4/3 ¨ 3/2, Ê· ¢´¥´¨¥ (17)
·¥Ï¨ÉÓ ´¥ Ê¤ ²μ¸Ó. �¤´ ±μ ¶·¨ ²Õ¡ÒÌ Ë¨±¸¨·μ¢ ´´ÒÌ ¶ · ³¥É· Ì α = ±1,
β ∈ (1, 2) ¨ b > 0 Ê¤ ²μ¸Ó ¶μ¸É·μ¨ÉÓ Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ±μ·´Ö τ0(s) ÔÉμ£μ
Ê· ¢´¥´¨Ö ¢ ¤¢ÊÌ ¶·¥¤¥² Ì s → 0 ¨ s → ∞. �μÖ¸´¨³ ¢Ò¢μ¤ É ±¨Ì  ¸¨³¶ÉμÉ¨±.

� Î´¥³ ¸μ ¸²ÊÎ Ö α = 1, s → 0. ˆ¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ (17). �·¨
s → 0 ¥£μ ¶· ¢ Ö,   §´ Î¨É, ¨ ²¥¢ Ö Î ¸É¨ ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ. ‘²¥¤μ¢ É¥²Ó´μ,
τ(s) → 0+. ’ ± ± ± β < 2, Éμ τ2(s) � τβ(s). �μÔÉμ³Ê ¢ μ¡¸Ê¦¤ ¥³μ³ Ê· ¢-
´¥´¨¨ ³μ¦´μ ¶·¥´¥¡·¥ÎÓ ¸² £ ¥³Ò³ τ2(s),   § É¥³ ¶μ²ÊÎ¨ÉÓ ¶·¨¡²¨¦¥´´μ¥
¸μμÉ´μÏ¥´¨¥

τ(s) ≈
(s

b

) 2
2−β

, α = 1, s → 0.

…£μ ¶· ¢ Ö Î ¸ÉÓ Å ¸É ·Ï¥¥ ¸² £ ¥³μ¥ ¨¸±μ³μ°  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ τ(s).
�μÔÉμ³Ê ÔÉÊ ËÊ´±Í¨Õ ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥ ¶·μ¨§¢¥¤¥´¨Ö É ±μ£μ ¸² £ ¥³μ£μ ¨
¸Ê³³Ò 1 + w(t):

τ(s) =
(s

b

) 2
2−β

[1 + w(t)] . (23)

‡ ³¥´¨³ ¢ ¨¸Ìμ¤´μ³ Ê· ¢´¥´¨¨ (17) ËÊ´±Í¨Õ τ(s) É ±¨³ ¶·μ¨§¢¥¤¥´¨¥³,
§ É¥³ ¢Ò¢¥¤¥³ Ê· ¢´¥´¨¥ ¤²Ö ¨¸±μ³μ° ËÊ´±Í¨¨ w(t) ¨ ¶μ¶ÊÉ´μ μ¶·¥¤¥²¨³ ¥¥
 ·£Ê³¥´É t:

βt [1 + w(t)]2 + [1 + w(t)]β = 1, t ≡ 1
β

(s

b

)2

.

‚ ÔÉμ³ Ê· ¢´¥´¨¨ ¶·¥¤¸É ¢¨³ ËÊ´±Í¨Õ w(t) ¸Ê³³μ°

w(t) =
3∑

n=1

antn + χ(t), χ(t) =
∞∑

n=4

antn, (24)

¸μ¤¥·¦ Ð¥° ¨¸±μ³Ò¥ ±μÔËË¨Í¨¥´ÉÒ an ¨ ËÊ´±Í¨Õ χ(t). ‚ ¶μ²ÊÎ¥´´μ³
¸μμÉ´μÏ¥´¨¨ · §²μ¦¨³ ËÊ´±Í¨¨ [1 + w(t)]2 ¨ [1 + w(t)]β ¢ ·Ö¤Ò Œ ±²μ-
·¥´  [7] ¶μ  ·£Ê³¥´ÉÊ t, § É¥³ ¶·¨¢¥¤¥³ ¶μ¤μ¡´Ò¥ Î²¥´Ò ¨ ¶μ²μ¦¨³ · ¢-
´Ò³¨ ´Ê²Õ ±μÔËË¨Í¨¥´ÉÒ ¶¥·¥¤ ²¨´¥°´μ ´¥§ ¢¨¸¨³Ò³¨ ¸É¥¶¥´´Ò³¨ ËÊ´±-
Í¨Ö³¨ tn, n = 1, 2, 3. ’ ±¨³ μ¡· §μ³ μ¤´μ§´ Î´μ μ¶·¥¤¥²¨³ ±μÔËË¨Í¨¥´ÉÒ
an, n = 1, 2, 3, Î¥·¥§ ¶ · ³¥É· β ¨ Ê¡¥¤¨³¸Ö ¢ Éμ³, ÎÉμ χ(t) = O(t4) ¶·¨
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s → 0. ‡ É¥³ ¢ · ¢¥´¸É¢¥ (23) § ³¥´¨³ ËÊ´±Í¨Õ w(t) ¸Ê³³μ° (24) ¸ ´ °-
¤¥´´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ an, n = 1, 2, 3, ¨ ¢ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¨¸±μ³ÊÕ Ö¢´ÊÕ
 ¸¨³¶ÉμÉ¨±Ê ±μ·´Ö τ0(s) Ê· ¢´¥´¨Ö (17) ¤²Ö ¸²ÊÎ Ö α = 1, s → 0. ‡ ¶¨Ï¥³
¥¥ ¢ ¢¨¤¥

τ0(s) =
(s

b

) 2
2−β

[
1 − t + (5 − β)

t2

2
+ (7 − β)(2β − 7)

t3

6
+ O(t4)

]
,

t =
1
β

(s

b

)2

→ 0.

(25)

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¸²ÊÎ ° α = −1, s → 0. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢Éμ·μ¥ ¸² -
£ ¥³μ¥ ²¥¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö (17) μÉ·¨Í É¥²Ó´μ¥. �μÔÉμ³Ê τ(s) → 1+, ¨
¸²¥¤Ê¥É ¨¸¶μ²Ó§μ¢ ÉÓ ¶μ¤¸É ´μ¢±Ê τ(s) = 1 + w(t). ’ ±μ° ¶μ¤¸É ´μ¢±μ° ¸¢¥-
¤¥³ ¨¸¸²¥¤Ê¥³μ¥ Ê· ¢´¥´¨¥ (17) ± Ê· ¢´¥´¨Õ

[1 + w(t)]2 − [1 + w(t)]β = (2 − β)t, t ≡ 1
2 − β

(s

b

) 2β
2−β

.

�¥Ï¥´¨¥ w(t) ÔÉμ£μ Ê· ¢´¥´¨Ö ´ °¤¥³ ¸¶μ¸μ¡μ³, ¶μ¤·μ¡´μ ¨§²μ¦¥´´Ò³ ¤²Ö
¶·¥¤Ò¤ÊÐ¥£μ ¸²ÊÎ Ö (α = 1, s → 0): ËÊ´±Í¨Õ w(t) § ³¥´¨³ ¸Ê³³μ° (24),
§ É¥³ μ¶·¥¤¥²¨³ ¢¸¥ ±μÔËË¨Í¨¥´ÉÒ an, n = 1, 2, 3, ¢ · ¢¥´¸É¢μ τ(s) =
1+w(t) ¶μ¤¸É ¢¨³ ¸Ê³³Ê (24) ¸ ´ °¤¥´´Ò³¨ ±μÔËË¨Í¨¥´É ³¨ an, n = 1, 2, 3.
�μ²ÊÎ¥´´ÊÕ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ±μ·´Ö τ0(s) Ê· ¢´¥´¨Ö (17) ¢ ¸²ÊÎ ¥ α = −1,
s → 0 ¶·¥¤¸É ¢¨³ Ëμ·³Ê²μ°

τ0(s) = 1+t−(β+1)
t2

2
+(β+3)(2β+1)

t3

6
+O(t4), t =

1
2 − β

(s

b

) 2β
2−β → 0.

(26)
�¸É ²μ¸Ó · ¸¸³μÉ·¥ÉÓ ¸²ÊÎ ° α ± 1, s → ∞. ˆ¸¸²¥¤Ê¥³ Ê· ¢´¥´¨¥ (17).

’ ± ± ± β < 2, Éμ s → ∞. �μÔÉμ³Ê μ¡¥ Î ¸É¨ ÔÉμ£μ Ê· ¢´¥´¨Ö ´¥μ£· ´¨Î¥´´μ
¢μ§· ¸É ÕÉ ¨, ±·μ³¥ Éμ£μ, τ2(s) � τβ(s). �μÔÉμ³Ê ¢ μ¡¸Ê¦¤ ¥³μ³ Ê· ¢´¥´¨¨
³μ¦´μ ¶·¥´¥¡·¥ÎÓ ¸² £ ¥³Ò³ τβ(s), ¶μ²ÊÎ¨ÉÓ ¶·¨¡²¨¦¥´´μ¥ ¸μμÉ´μÏ¥´¨¥

τ(s) ≈
(s

b

) β
2−β

, α = ±1, s → ∞

¨, ¨¸¶μ²Ó§ÊÖ ¥£μ, ¶μ²μ¦¨ÉÓ

τ(s) =
(s

b

) β
2−β

[1 + w(t)] ,

  § É¥³ ¢Ò¢¥¸É¨ Ê· ¢´¥´¨¥

[1 + w(t)]2 + αt [1 + w(t)]β = 1, t =
(

b

s

)β

.
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� §·¥Ï¨¢ ¥£μ É¥³ ¦¥ ¸¶μ¸μ¡μ³, ÎÉμ ¨ ¤²Ö · ¸¸³μÉ·¥´´ÒÌ ¢ÒÏ¥ ¸²ÊÎ ¥¢
(α = ±1, s → 0), ´¥É·Ê¤´μ ¶μ²ÊÎ¨ÉÓ ¨¸±μ³ÊÕ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ±μ·´Ö τ0(s)
Ê· ¢´¥´¨Ö (17) ¢ ¸²ÊÎ ¥ α = ±1, s → ∞. ‡ ¶¨Ï¥³ ÔÉÊ  ¸¨³¶ÉμÉ¨±Ê ¢ ¢¨¤¥

τ0(s) =
(s

b

) β
2−β

[
1 − αt + (2β − 1)

t2

4
− α(β − 1)(3β − 1)

t3

16
+ O(t4)

]
,

t =
(

b

s

)β

.

(27)
’¥¶¥·Ó ¤μ± ¦¥³, ÎÉμ ËÊ´±Í¨Ö τ0 ¡¥¸±μ´¥Î´μ ¤¨ËË¥·¥´Í¨·Ê¥³  ¢ μ¡² ¸É¨

s � 0. „²Ö ÔÉμ£μ § ³¥´μ° τ(s) → τ0(s) ¸¢¥¤¥³ Ê· ¢´¥´¨¥ (17) ± Éμ¦¤¥¸É¢Ê.
�·μ¤¨ËË¥·¥´Í¨·Ê¥³ ÔÉμ Éμ¦¤¥¸É¢μ ¶μ ¶¥·¥³¥´´μ° s. � §·¥Ï¨¢ ¶μ²ÊÎ¥´´μ¥
¸μμÉ´μÏ¥´¨¥ μÉ´μ¸¨É¥²Ó´μ ¨¸±μ³μ° ¶·μ¨§¢μ¤´μ°, ¶μ²ÊÎ¨³ · ¢¥´¸É¢μ

∂sτ0(s) =
2bβ

2 − β

(s

b

) 3β−2
2β 1

aτ (s)
, aτ (s) ≡ 2τ0(s) + αβτβ−1

0 (s). (28)

‚ ²Õ¡μ³ ¨§ ¸²ÊÎ ¥¢ α = 1 ¨²¨ α = −1 ¡² £μ¤ ·Ö  ¸¨³¶ÉμÉ¨± ³ (25)Ä(27)
¨ ³μ´μÉμ´´μ³Ê ¢μ§· ¸É ´¨Õ ËÊ´±Í¨¨ τ0(s) ¶· ¢ Ö Î ¸ÉÓ ÔÉμ£μ · ¢¥´¸É¢  ´¥-
¶·¥·Ò¢´  ¢ μ¡² ¸É¨ s � 0. ‘²¥¤μ¢ É¥²Ó´μ, ÔÉ¨³ ¦¥ ¸¢μ°¸É¢μ³ μ¡² ¤ ¥É
¨ ¶·μ¨§¢μ¤´ Ö ∂sτ0(s). �μ ¨´¤Ê±Í¨¨ ´¥¸²μ¦´μ ¶μ± § ÉÓ, ÎÉμ ¶·μ¨§¢μ¤´ Ö
²Õ¡μ£μ ¶μ·Ö¤±  ¶· ¢μ° Î ¸É¨ · ¢¥´¸É¢  (28) ´¥¶·¥·Ò¢´  ¢ μ¡² ¸É¨ s � 0.
‘²¥¤μ¢ É¥²Ó´μ, ¢ ÔÉμ° ¦¥ μ¡² ¸É¨ ¢¸¥ ¶·μ¨§¢μ¤´Ò¥ ∂n

s τ0(s), n = 1, 2, . . .,
Ö¢²ÖÕÉ¸Ö ´¥¶·¥·Ò¢´Ò³¨ ËÊ´±Í¨Ö³¨, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

3.2. Ÿ¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ y0(s). �μ μ¶·¥¤¥²¥´¨Õ y0(s) Å
´¥μÉ·¨Í É¥²Ó´Ò° ±μ·¥´Ó Ê· ¢´¥´¨Ö (12). � °¤¥³ ÔÉμÉ ±μ·¥´Ó ¤²Ö ¸²ÊÎ Ö
β = 4/3. �μ¤¸É ´μ¢±μ° y = b(v/

√
3)3/2 ¸¢¥¤¥³ Ê· ¢´¥´¨¥ (12) ± ±Ê¡¨Î¥¸±μ³Ê

Ê· ¢´¥´¨Õ

v3 − 3αv = 2u, u ≡ (3
√

3/2)(s/b)2 � 0, α = ±1, v � 0,

·¥Ï¨³ ÔÉμ Ê· ¢´¥´¨¥ ¨§¢¥¸É´Ò³ ¸¶μ¸μ¡μ³ [6],   § É¥³ ¶μ± ¦¥³, ÎÉμ ¢ ¸²ÊÎ ¥
α = 1, β = 4/3

y0(s) = b
[
(2/

√
3) cos (t/3)

]3/2

, t ≡ arccosu, u ∈ [0, 1];

y0(s) = b
[
(2/

√
3) ch (t/3)

]3/2

, t ≡ arcshu, u > 1,

  ¢ ¸²ÊÎ ¥ α = −1, β = 4/3

y0(s) = b
[
(2/

√
3) sh (t/3)

]3/2

, t ≡ arcshu, u � 0.
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�¥·¥°¤¥³ ± ¢Ò¢μ¤Ê Ö¢´ÒÌ  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨¨ y0(s) ¢ ¤¢ÊÌ ¶·¥¤¥² Ì
s → 0 ¨ s → ∞ ¨ ¶·¨ ²Õ¡ÒÌ Ë¨±¸¨·μ¢ ´´ÒÌ ¶ · ³¥É· Ì α = ±1, β ∈ (1, 2)
¨ b > 0. „²Ö ÔÉμ£μ ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨¥ (18), z = 1, ËÊ´±Í¨¨ y0(s)
Î¥·¥§ ËÊ´±Í¨Õ τ0(s). �μ¸²¥¤μ¢ É¥²Ó´μ § ³¥´¨³ ¢ ´¥³ ËÊ´±Í¨Õ τ0(s) ¥¥
 ¸¨³¶ÉμÉ¨±μ° (25), (26) ¨ (27). �· ¢ÊÕ Î ¸ÉÓ ± ¦¤μ£μ ¶μ²ÊÎ¥´´μ£μ · ¢¥´¸É¢ 
· §²μ¦¨³ ¢ ·Ö¤ Œ ±²μ·¥´  ¶μ  ·£Ê³¥´ÉÊ t. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¨¥
Ö¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ y0(s): ¢ ¸²ÊÎ ¥ α = 1 ¨ s → 0

y0(s) = b

[
1 + t + (β − 3)

t2

2
+ (β − 5)(2β − 5)

t3

6
+ O(t4)

]
, t =

1
β

(s

b

)2

;

¢ ¸²ÊÎ ¥ α = −1 ¨ s → 0

y0(s) =
(

s2

bβ

) 1
2−β
[
1 − t + (3 + β)

t2

2
− (β + 5)(2β + 3)

t3

6
+ O(t4)

]
,

t =
1

2 − β

(s

b

) 2β
2−β

;

¨, ´ ±μ´¥Í, ¢ ¸²ÊÎ ¥ α = ±1 ¨ s → ∞

y0(s) = s

[
1 + αt + (3 − 2β)

t2

4
+ α(1 − β)(5 − 3β)

t3

16
+ O(t4)

]
, t =

(
b

s

)β

.

�É³¥É¨³, ÎÉμ ËÊ´±Í¨Ö y0(s) ¡¥¸±μ´¥Î´μ ¤¨ËË¥·¥´Í¨·Ê¥³  ¢ μ¡² ¸É¨
s � 0. 
Éμ ÊÉ¢¥·¦¤¥´¨¥ ¤μ± §Ò¢ ¥É¸Ö ¸¶μ¸μ¡μ³,  ´ ²μ£¨Î´Ò³ ¨§²μ¦¥´´μ³Ê
¢ ±μ´Í¥ ¶·¥¤Ò¤ÊÐ¥£μ ¶Ê´±É , ´μ ¨¸¶μ²Ó§Ê¥É¸Ö Ê· ¢´¥´¨¥ (12) ¨ ¶·¨¢¥¤¥´´Ò¥
¢ÒÏ¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨¨ y0(s).

3.3. ‘¢μ°¸É¢  ËÊ´±Í¨¨ h(s) ¨ ¥¥ ¶·μ¨§¢μ¤´μ° ∂sh(s). ‚ÒÖ¢¨³ ¸¢μ°-
¸É¢  ËÊ´±Í¨¨ h(s), ¶μ·μ¦¤¥´´Ò¥ ¥¥ ¨´É¥£· ²Ó´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ (20) Î¥·¥§
ËÊ´±Í¨Õ τ0(s).

‚ ÉμÎ±¥ s = 0 ËÊ´±Í¨Ö τ0(s) · ¢´  ´Ê²Õ ¨²¨ ¥¤¨´¨Í¥, ¥¸²¨ α = 1
¨²¨ α = −1. ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ §´ Î¥´¨Ö ËÊ´±Í¨¨ τ0(s), ¢ÒÎ¨¸²¨³ §´ Î¥´¨¥
ËÊ´±Í¨¨ (2/π)h(s) ¢ ÉμÎ±¥ s = 0 ¸²¥¤ÊÕÐ¨³ ¸¶μ¸μ¡μ³: Ê³´μ¦¨³ μ¡¥ Î ¸É¨
¨´É¥£· ²Ó´μ£μ ¶·¥¤¸É ¢²¥´¨Ö (20) ´  Î¨¸²μ (2/π), § É¥³ ¶¥·¥°¤¥³ ± ¶·¥¤¥²Ê
s → 0 ¶μ¤ §´ ±μ³ ¨´É¥£· ²  ¨ ¢ ¨Éμ£¥ ¶μ²ÊÎ¨³

2
π

h(0) = 0, α = 1;
2
π

h(0) =

1∫
0

dz√
zβ − z2

=
2

2 − β
, α = −1.

‚ ¶·¥¤¥²¥ s → ∞, α = ±1 ËÊ´±Í¨Ö τ0(s) ´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É.
�μÔÉμ³Ê ¥¸²¨ ¢ ¶·¥¤¸É ¢²¥´¨¨ (20) ¶μ²μ¦¨ÉÓ s → ∞ ¶μ¤ §´ ±μ³ ¨´É¥£· ² ,
Éμ ¶μ²ÊÎ É¸Ö ¸μμÉ´μÏ¥´¨Ö

2
π

h(s) → 1−, α = 1, s → ∞;
2
π

h(s) → 1+, s → ∞, α = −1.
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‡ ³¥É¨³, ÎÉμ ¢ μ¡μ¨Ì ¸²ÊÎ ÖÌ α = 1 ¨²¨ α = −1 ËÊ´±Í¨Ö τ0(s) ³μ´μ-
Éμ´´μ ¢μ§· ¸É ¥É ´  ¶μ²Êμ¸¨ s � 0. �μÔÉμ³Ê ¢¸²¥¤¸É¢¨¥ ¶·¥¤¸É ¢²¥´¨Ö (20)
´  Éμ° ¦¥ ¶μ²Êμ¸¨ ËÊ´±Í¨Ö h(s) ³μ´μÉμ´´μ ¢μ§· ¸É ¥É ¨²¨ ³μ´μÉμ´´μ Ê¡Ò-
¢ ¥É, ¥¸²¨ α = 1 ¨²¨ α = −1.

‚ ¸¨²Ê ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ ¸¢μ°¸É¢ ËÊ´±Í¨¨ h(s) ¶·¨ ²Õ¡μ³ s � 0
¢¥·´Ò ´¥· ¢¥´¸É¢ 

0 � 2
π

h(s) < 1, α = 1; 1 <
2
π

h(s) � 2
2 − β

, α = −1. (29)

�μ¸²¥ ¤¨ËË¥·¥´Í¨·μ¢ ´¨Ö ¶μ  ·£Ê³¥´ÉÊ s · ¢¥´¸É¢μ (20) ¸É ´¥É ¶·¥¤-
¸É ¢²¥´¨¥³ ¶·μ¨§¢μ¤´μ° ∂sh(s) Î¥·¥§ ËÊ´±Í¨¨ τ0(s), ∂sτ0(s) ¨ ¨´É¥£· ²,
¸Ìμ¤ÖÐ¨°¸Ö ¶·¨ ²Õ¡μ³ s � 0. ‚ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ μ¡¥ ËÊ´±Í¨¨ τ0(s),
∂sτ0(s) ´¥¶·¥·Ò¢´Ò ´  ¢¸¥° ¶μ²Êμ¸¨ ¶·¨ s � 0. ‘²¥¤μ¢ É¥²Ó´μ, ´  ÔÉμ°
¶μ²Êμ¸¨ ¶·μ¨§¢μ¤´ Ö ∂sh(s) ¸ÊÐ¥¸É¢Ê¥É ¨ Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥°.
‚ ¸²ÊÎ ¥ α = 1 ËÊ´±Í¨Ö h(s) ³μ´μÉμ´´μ ¢μ§· ¸É ¥É, ¨ ¶μÔÉμ³Ê ∂sh(s) > 0,
s � 0. ‚ ¸²ÊÎ ¥ α = −1 ËÊ´±Í¨Ö h(s) ³μ´μÉμ´´μ Ê¡Ò¢ ¥É, ¸²¥¤μ¢ É¥²Ó´μ,
∂sh(s) < 0, s � 0. ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ |∂sh(s)| = α∂sh(s) ¶·¨ ²Õ¡μ³ s � 0.

� £²Ö¤´μ¥ ¶·¥¤¸É ¢²¥´¨¥ μ ¶¥·¥Î¨¸²¥´´ÒÌ ¢ÒÏ¥ ¸¢μ°¸É¢ Ì ËÊ´±Í¨° h(s)
¨ ∂sh(s) ¤ ¥É ·¨¸. 1. �  ´¥³ ¶·¥¤¸É ¢²¥´Ò £· Ë¨±¨ ÔÉ¨Ì ËÊ´±Í¨° ¤²Ö ¸²ÊÎ Ö
α = ±1, b = 2 ¨ β = 4/3. „²Ö ¶μ¸É·μ¥´¨Ö ¢¸¥Ì £· Ë¨±μ¢ ¨¸¶μ²Ó§μ¢ ²μ¸Ó
¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ (20) ¨ Ëμ·³Ê²Ò (21) ¨ (22).

�¨¸. 1. ‘²ÊÎ ° b = 2, β = 4/3. ƒ· Ë¨±¨ ËÊ´±Í¨° (2/π)h(s) ( ) ¨ (2/π)∂sh(s) (¡) ¶·¨
α = −1 Å ¸¶²μÏ´Ò¥ ±·¨¢Ò¥, ¶·¨ α = 1 Å ¶Ê´±É¨·´Ò¥ ±·¨¢Ò¥. ƒ· Ë¨±¨ ËÊ´±Í¨°
za(s) ≡ 1 ¨ zb(s) ≡ 0 Å Éμ´±¨¥ ¶·Ö³Ò¥

�¥·¥°¤¥³ ± ¢Ò¢μ¤Ê ´¥Ö¢´ÒÌ ¨ Ö¢´ÒÌ  ¸¨³¶ÉμÉ¨± ËÊ´±Í¨° h(s) ¨ ∂sh(s).
‘²ÊÎ ° α = 1, s → 0. ‘´ Î ²  § ¶¨Ï¥³ · ¢¥´¸É¢μ (20), α = 1, ¢ ¢¨¤¥

h(s) =
√

vS(v), S(v) ≡
1∫

0

dz√
(1 − z2)v + (1 − zβ)

, v ≡ τ2−β
0 (s), s � 0.

(30)
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‡ É¥³ ¶·¥¤¸É ¢¨³ ¨´É¥£· ² S(v) ·Ö¤μ³ Œ ±²μ·¥´ 

S(v) =
∞∑

n=0

(2n − 1)!!
2nn!

an(−v)n, an ≡
1∫

0

un(z)√
1 − zβ

dz, u(z) ≡ 1 − z2

1 − zβ
.

(31)
ˆ¸¸²¥¤Ê¥³ ÔÉμÉ ·Ö¤. ‘´ Î ²  μÍ¥´¨³ ¨´É¥£· ²Ò an. ‚ ÔÉ¨Ì ¨´É¥£· ² Ì

u(z) ∈ [1, 2/β] ¶·¨ ∀z ∈ [0, 1]. �μÔÉμ³Ê an < (2/β)na0 ¶·¨ ²Õ¡μ³ n � 1.
‘²¥¤μ¢ É¥²Ó´μ,

|S(v)| < T (v) ≡ a0

∞∑
n=0

(2n − 1)!!
n!

(
v

β

)n

.

�μ ¶·¨§´ ±Ê „ ² ³¡¥·  [7, 8] ·Ö¤ T (v),   §´ Î¨É, ¨ ·Ö¤ S(v) ¸Ìμ¤¨É¸Ö · ¢-
´μ³¥·´μ ¶·¨ Ê¸²μ¢¨¨ v ≡ τ2−β

0 (s) < β/2. 
Éμ Ê¸²μ¢¨¥ ¢Ò¶μ²´Ö¥É¸Ö ¶·¨
¤μ¸É ÉμÎ´μ ³ ²ÒÌ §´ Î¥´¨ÖÌ  ·£Ê³¥´É  s, ¶μÉμ³Ê ÎÉμ ¸μ£² ¸´μ Ëμ·³Ê²¥ (25)
ËÊ´±Í¨Ö τ0(s) ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¶·¨ s → 0.

ˆÉ ±, ¥¸²¨ v < β/2, Éμ ·Ö¤ S(v) ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ. �μÔÉμ³Ê ¶·¨
τ0(s) → 0 ¢ Ëμ·³Ê² Ì (30) ÔÉμÉ ·Ö¤ ³μ¦´μ § ³¥´¨ÉÓ ¸Ê³³μ° ¥£μ ¸² £ ¥³ÒÌ ¸
´μ³¥· ³¨ n = 0, 1, 2 ¨ É ±¨³ μ¡· §μ³ ¢Ò¢¥¸É¨ ¸²¥¤ÊÕÐÊÕ ´¥Ö¢´ÊÕ  ¸¨³¶Éμ-
É¨±Ê ËÊ´±Í¨¨ h(s):

h(s) = τ
2−β

2
0 (s)

[
a0 −

1
2
a1τ

2−β
0 (s) +

3
8
a2τ

4−2β
0 (s) + O

(
τ6−3β
0 (s)

)]
,

τ0(s) → 0.

(32)

‘μ£² ¸´μ Ëμ·³Ê² ³ (31) ±μÔËË¨Í¨¥´ÉÒ an, n = 0, 1, 2, ÔÉμ°  ¸¨³¶ÉμÉ¨±¨
Ö¢²ÖÕÉ¸Ö ¨´É¥£· ² ³¨. ’ ±¨¥ ¨´É¥£· ²Ò Ê¤ ²μ¸Ó ¸´ Î ²  ¸¢¥¸É¨ ± É ¡²¨Î-
´Ò³ [9],   § É¥³ ¢Ò· §¨ÉÓ Î¥·¥§ ²¨´¥°´Ò¥ ±μ³¡¨´ Í¨¨ ¡¥É -ËÊ´±Í¨°
B(i/β, 1/2), i = 1, 3, 5, ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê² ³¨:

cn ≡ 1
βn+1

B

(
2n + 1

β
,
1
2

)
, a0 = c0, a1 =

β − 2
β

c0 + (6 − β)c1,

a2 =
(3β − 2)(β − 2)

3β2
c0 + 2

(β − 2)(6 − β)
β

c1 + (10 − 3β)(10 − β)c2.

(33)

’¥¶¥·Ó ´ °¤¥³ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ h(s). „²Ö ÔÉμ£μ ¢ · §²μ-
¦¥´¨¨ (32) § ³¥´¨³ ËÊ´±Í¨Õ τ0(s) ¥¥  ¸¨³¶ÉμÉ¨±μ° (25),   ±μÔËË¨Í¨¥´ÉÒ
an Å ¶· ¢Ò³¨ Î ¸ÉÖ³¨ · ¢¥´¸É¢ (33). ‡ É¥³ ¶· ¢ÊÕ Î ¸ÉÓ ¶μ²ÊÎ¥´´μ£μ ¶·¥¤-
¸É ¢²¥´¨Ö · §²μ¦¨³ ¢ ·Ö¤ Œ ±²μ·¥´  ¶μ  ·£Ê³¥´ÉÊ t = s/b ¨ ¶·¨¢¥¤¥³ ¶μ-
¤μ¡´Ò¥ ¸² £ ¥³Ò¥. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¨¸±μ³ÊÕ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê

h(s) = c0t+(β−6)c1
t3

2
+3(10−3β)(10−β)c2

t5

8
+O(t7), t ≡ s

b
→ 0. (34)
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„¨ËË¥·¥´Í¨·ÊÖ ¥¥ ¶μ ¶¥·¥³¥´´μ° s, ´ °¤¥³ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ¶·μ¨§¢μ¤-
´μ° ∂sh(s):

∂sh(s) =
1
bβ

B

(
1
β

,
1
2

)
+ O(t2), t =

s

b
→ 0. (35)

‘²ÊÎ ° α = −1, s → 0. ’¥¶¥·Ó, ¢ μÉ²¨Î¨¥ μÉ ¶·¥¤Ò¤ÊÐ¥£μ ¸²ÊÎ Ö (α = 1,
s → 0), ËÊ´±Í¨Ö τ0(s) · ¢´  ¥¤¨´¨Í¥ ¢ ÉμÎ±¥ s = 0. �μ± ¦¥³, ÎÉμ ¨³¥´´μ ÔÉμ
μ¡¸ÉμÖÉ¥²Ó¸É¢μ ´¥ ¶μ§¢μ²Ö¥É ¢Ò¢¥¸É¨ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ h(s) ¢ ¢¨¤¥
±μ´¥Î´μ° ¶μ¤¸Ê³³Ò ¥¥ ·Ö¤  Œ ±²μ·¥´ . �·μ¤¨ËË¥·¥´Í¨·Ê¥³ · ¢¥´¸É¢μ (20)
¶μ ¶¥·¥³¥´´μ° s, ¢ÒÎ¨¸²ÖÖ ¶·¨ ÔÉμ³ ¶·μ¨§¢μ¤´ÊÕ ¶μ¤ §´ ±μ³ ¨´É¥£· ² .
�μ²ÊÎ¥´´μ¥ ¶·¥¤¸É ¢²¥´¨¥

∂sh(s) =
1
2
(β − 2)τβ−3

0 (s)∂sτ0(s)I(s),

I(s) ≡
1∫

0

(1 − zβ)dz[
1 − z2 − τβ−2

0 (s)(1 − zβ)
]3/2

¸μ¤¥·¦¨É ¨´É¥£· ² I(s). …¸²¨ ¢ ÔÉμ³ ¨´É¥£· ²¥ § ³¥´¨ÉÓ ¶μ¤Ò´É¥£· ²Ó´ÊÕ
ËÊ´±Í¨Õ ¥¥ ¶·¥¤¥²μ³ ¶·¨ s → 0, Éμ ¢ ¸¨²Ê · ¢¥´¸É¢  τβ−2

0 (0) = 1 ¶μ²ÊÎ¨É¸Ö
· ¸Ìμ¤ÖÐ¨°¸Ö ¨´É¥£· ².

‘²¥¤μ¢ É¥²Ó´μ, ¶·μ¨§¢μ¤´ÊÕ ∂sh(s),   §´ Î¨É, ¨ ¶·μ¨§¢μ¤´Ò¥ ∂n
s h(s),

n > 1, ¢ ÉμÎ±¥ s = 0 ´¥²Ó§Ö ¢ÒÎ¨¸²ÖÉÓ, ¤¨ËË¥·¥´Í¨·ÊÖ ¶· ¢ÊÕ Î ¸ÉÓ · ¢¥´-
¸É¢  (20) ¶μ¤ §´ ±μ³ ¨´É¥£· ² . „·Ê£μ° ¸¶μ¸μ¡ ¢ÒÎ¨¸²¥´¨Ö É ±¨Ì ¶·μ¨§¢μ¤-
´ÒÌ ´ °É¨ ´¥ Ê¤ ²μ¸Ó. �μÔÉμ³Ê ¢ μ¡¸Ê¦¤¥´´μ³ ¸²ÊÎ ¥ (α = −1) ¶·¨¤¥É¸Ö
μ£· ´¨Î¨ÉÓ¸Ö §´ ´¨¥³ ¸É ·Ï¥£μ ¸² £ ¥³μ£μ h(0) = π/(2 − β)  ¸¨³¶ÉμÉ¨±¨
ËÊ´±Í¨¨ h(s) ¶·¨ s → 0.

‘²ÊÎ ° α = ±1, s → ∞. ‚ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨Ö τ0(s) ¶·¨ s → ∞ ¨³¥¥É

 ¸¨³¶ÉμÉ¨±Ê (27). �μÔÉμ³Ê ËÊ´±Í¨Ö τβ−2
0 (s) ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ± ± O((s/b)β).


Éμ ¶μ§¢μ²Ö¥É ¨¸¸²¥¤μ¢ ÉÓ ËÊ´±Í¨Õ h(s) ¶μ  ´ ²μ£¨¨ ¸ Ê¦¥ · ¸¸³μÉ·¥´´Ò³
¢ÒÏ¥ ¸²ÊÎ ¥³ α = 1, s → 0.

ˆ¸Ìμ¤´μ¥ ¨´É¥£· ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥ (20) ËÊ´±Í¨¨ h(s) § ¶¨Ï¥³ ¢ ¢¨¤¥

h(s) = S(v), S(v) ≡
1∫

0

dz√
(1 − z2) + (1 − zβ)v

, v ≡ ατβ−2
0 (s), s � 0.

(36)
� §²μ¦¨³ ¨´É¥£· ² S(v) ¢ ·Ö¤ Œ ±²μ·¥´ 

S(v) =
∞∑

n=0

(2n − 1)!!
2nn!

bn(−v)n, bn ≡
1∫

0

un(z)√
1 − z2

dz, u(z) ≡ 1 − zβ

1 − z2
.
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� °¤¥³ ³ ¦μ· ´ÉÊ T (v) É ±μ£μ ·Ö¤ . ‘´ Î ²  μÍ¥´¨³ ¸¢¥·ÌÊ ¨´É¥£· ²Ò bn.
‚ ÔÉ¨Ì ¨´É¥£· ² Ì u(z) ∈ [β/2, 1] ¶·¨ ∀z ∈ [0, 1]. �μÔÉμ³Ê bn < b0 ¶·¨ ²Õ¡μ³
n � 1. ‘²¥¤μ¢ É¥²Ó´μ,

|S(v)| < T (v) ≡ b0

∞∑
n=0

(2n − 1)!!
n!

|vn|n.

�μ ¶·¨§´ ±Ê „ ² ³¡¥·  ·Ö¤ T (v),   §´ Î¨É, ¨ ·Ö¤ S(v) ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ
¶·¨ Ê¸²μ¢¨¨ |v| = τβ−2

0 (s) < 1, ±μÉμ·μ¥ ¢Ò¶μ²´Ö¥É¸Ö ¶·¨ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏ¨Ì
§´ Î¥´¨ÖÌ ËÊ´±Í¨¨ τ0(s).

�μÔÉμ³Ê ¶·¨ τ0(s) → ∞ ¢ Ëμ·³Ê² Ì (36) ·Ö¤ S(v) ³μ¦´μ § ³¥´¨ÉÓ ¸Ê³-
³μ° ¥£μ ¸² £ ¥³ÒÌ ¸ ´μ³¥· ³¨ n = 0, 1, 2 ¨ É ±¨³ μ¡· §μ³ ¢Ò¢¥¸É¨ ´¥Ö¢´ÊÕ
 ¸¨³¶ÉμÉ¨±Ê ËÊ´±Í¨¨ h(s) = S(v):

h(s) =
π

2
−α

1
2
b1τ

β−2
0 (s)+

3
8
b2τ

2β−4
0 (s)+O

(
τ3β−6
0 (s)

)
, τ0(s) → ∞, (37)

¸ ±μÔËË¨Í¨¥´É ³¨ b1 ¨ b2, ±μÉμ·Ò¥ ¢Ò· ¦ ÕÉ¸Ö Î¥·¥§ ¡¥É -ËÊ´±Í¨¨ d1 ¨ d2

Ëμ·³Ê² ³¨

b1 =
β

2
d1, b2 =

β

3
[(2 − β)d1 + 2(β − 1)d2] ;

dn ≡ B

(
nβ + 1

2
,
1
2

)
, n = 1, 2.

(38)

’¥¶¥·Ó ¢ · ¢¥´¸É¢¥ (37) § ³¥´¨³ ËÊ´±Í¨Õ τ0(s) ¥¥  ¸¨³¶ÉμÉ¨±μ° (27),
  ±μÔËË¨Í¨¥´ÉÒ bn ¢Ò· §¨³ ¶μ Ëμ·³Ê² ³ (38). ‡ É¥³ ¶· ¢ÊÕ Î ¸ÉÓ ¶μ²Ê-
Î¥´´μ£μ ¶·¥¤¸É ¢²¥´¨Ö · §²μ¦¨³ ¢ ·Ö¤ Œ ±²μ·¥´  ¶μ  ·£Ê³¥´ÉÊ t = b/s ¨
¶·¨¢¥¤¥³ ¶μ¤μ¡´Ò¥ ¸² £ ¥³Ò¥. ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³ ¨¸±μ³ÊÕ Ö¢´ÊÕ  ¸¨³-
¶ÉμÉ¨±Ê ËÊ´±Í¨¨ h(s). ‡ ¶¨Ï¥³ ¥¥ ¢ ¢¨¤¥ · ¢¥´¸É¢ 

h(s) =
π

2
−αβ

d1

2
t+β(β−1)d2t

2+O(t3), α = ±1, t ≡ 1
2

(
b

s

)β

→ 0. (39)

„¨ËË¥·¥´Í¨·ÊÖ ÔÉμ · ¢¥´¸É¢μ ¶μ ¶¥·¥³¥´´μ° s, ´ °¤¥³ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê
ËÊ´±Í¨¨ ∂sh(s):

∂sh(s) = α
β2

4b
B

(
β + 1

2
,
1
2

)
(b/s)β+1 [1 + O

(
(b/s)β+1

)]
,

α = ±1,
s

b
→ ∞.

(40)
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3.4. Ÿ¢´Ò¥  ¸¨³¶ÉμÉ¨±¨ ËÊ´±Í¨° g(s) ¨ δm(q). �¸¨³¶ÉμÉ¨±¨ ËÊ´±-
Í¨¨ g(s) ¢Ò¢¥¤¥³ ¸¶μ¸μ¡μ³,  ´ ²μ£¨Î´Ò³ ¶μ¤·μ¡´μ ¨§²μ¦¥´´μ³Ê ¢ ¶·¥¤Ò-
¤ÊÐ¥³ ¶Ê´±É¥. ‚ ± Î¥¸É¢¥ ¨¸Ìμ¤´μ£μ ¨¸¶μ²Ó§Ê¥³ ¶·¥¤¸É ¢²¥´¨¥ (19) ËÊ´±-
Í¨¨ g(s), ¸μ¤¥·¦ Ð¥¥ ¨´É¥£· ². ‚ ¶·¥¤¥²¥ s → 0 ¨²¨ s → ∞ ÔÉμÉ ¨´É¥£· ²
¸´ Î ²  ¶·¥¤¸É ¢¨³ ·Ö¤μ³ Œ ±²μ·¥´  S(v) ¶μ ³ ²μ³Ê  ·£Ê³¥´ÉÊ v = τ2−β

0 (s)
¨²¨ v = ατβ−2

0 (s). ‡ É¥³ ¤μ± ¦¥³ · ¢´μ³¥·´ÊÕ ¸Ìμ¤¨³μ¸ÉÓ ·Ö¤  S(v) ¶·¨
Ê¸²μ¢¨¨ v ∈ [0, 1) ¨  ¶¶·μ±¸¨³¨·Ê¥³ ÔÉμÉ ·Ö¤ ¥£μ Î ¸É¨Î´μ° ¸Ê³³μ°. ‚ É ±μ°
¸Ê³³¥ § ³¥´¨³ ËÊ´±Í¨Õ τ0(s) ¥¥ ¸μμÉ¢¥É¸É¢ÊÕÐ¨³  ¸¨³¶ÉμÉ¨Î¥¸±¨³ · §²μ-
¦¥´¨¥³ (25), (26) ¨²¨ (27) ¶μ ³ ²μ³Ê  ·£Ê³¥´ÉÊ t. �μ²ÊÎ¥´´Ò¥ ¸μμÉ´μÏ¥´¨Ö
§ ¶¨Ï¥³ ¢ ¢¨¤¥ ¸É¥¶¥´´μ£μ ·Ö¤  ¶μ ÔÉμ³Ê  ·£Ê³¥´ÉÊ ¨ ¢ ¨Éμ£¥ ¢Ò¢¥¤¥³ Ö¢-
´Ò¥  ¸¨³¶ÉμÉ¨±¨ ¨¸¸²¥¤Ê¥³μ° ËÊ´±Í¨¨ g(s). ˆ¸¶μ²Ó§ÊÖ ±μÔËË¨Í¨¥´ÉÒ cn

¨ dn, μ¶·¥¤¥²¥´´Ò¥ Ëμ·³Ê² ³¨ (33) ¨ (38), ¶·¥¤¸É ¢¨³ É ±¨¥  ¸¨³¶ÉμÉ¨±¨
¸²¥¤ÊÕÐ¨³¨ · ¢¥´¸É¢ ³¨: ¢ ¸²ÊÎ ¥ α = 1, s → 0, t ≡ s/b,

g(s) = − b

2
B

(
β − 1

β
,
1
2

)
+

+
s

2

[
π − c0t − (β − 6)c1

t3

4
− (10 − 3β)(10 − β)c2

3t5

8
+ O(t7)

]
, (41)

¢ ¸²ÊÎ ¥ α = −1, s → 0

g(s) =
b

2
B

(
β − 1

β
,
2 − β

β

)
+

πβs

2(β − 2)
+ O(s2) (42)

¨, ´ ±μ´¥Í, ¢ ¸²ÊÎ ¥ α = ±1, s → ∞

g(s) = βs

[
α

2(1 − β)
d1t +

β − 1
2β − 1

d2t
2 + O(α3t3)

]
, t ≡ 1

2

(
b

s

)β

→ 0. (43)

’¥¶¥·Ó ¢ ¶·¥¤¸É ¢²¥´¨¨ (13) § ³¥´¨³ ËÊ´±Í¨Õ g(s) ¶· ¢Ò³¨ Î ¸ÉÖ³¨ · -
¢¥´¸É¢ (41)Ä(43) ¨ ¶μ²ÊÎ¨³ ¨¸±μ³Ò¥ Ö¢´Ò¥, ´μ ´¥· ¢´μ³¥·´Ò¥ ¶μ ´μ³¥·Ê m
´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥  ¸¨³¶ÉμÉ¨±¨ Ë §Ò ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö δm(q): ¢ ¸²Ê-
Î ¥ α = 1, q → 0 ¨ qνm → 0

δm(q) = − b

2qν
B

(
β − 1

β
,
1
2

)
+

πm

2
− qνm2

2bβ
B

(
1
β

,
1
2

)
+O

(
qν +

(
q2ν m3

b3

))
;

(44)
¢ ¸²ÊÎ ¥ α = −1, q → 0 ¨ qνm → 0

δm(q) =
b

2qν
B

(
β − 1

β
,
2 − β

β

)
+

πβm

2(β − 2)
+ O

(
qν(1 + m2)

)
; (45)
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¶·¨ Ê¸²μ¢¨ÖÌ α = ±1, q → 0 ¨ qνm → ∞ c ÉμÎ´μ¸ÉÓÕ ¶μ·Ö¤±  O(qν) +
O((b/(qνm))2β−1)

δm(q) ≈ bβ

4

(
b

qνm

)β−1{
α

1 − β
B

(
β + 1

2
,
1
2

)
+

+
1

2β − 1
B

(
2β + 1

2
,
1
2

)(
b

qνm

)β
}

. (46)

‘μ£² ¸´μ ¶μ²ÊÎ¥´´Ò³ Ëμ·³Ê² ³ (44)Ä(46) ¢ ¶·¥¤¥²¥ ´¨§±¨Ì Ô´¥·£¨° ³μ-
¤Ê²Ó Ë §Ò δm(q) ¸ ´¥¡μ²ÓÏ¨³ ´μ³¥·μ³ m � q−ν ´¥μ£· ´¨Î¥´´μ ¢μ§· -
¸É ¥É ± ± O(b/q−ν),   ¶·¨ ¡μ²ÓÏμ³ ´μ³¥·¥ m � q−ν ³¥¤²¥´´μ Ê¡Ò¢ ¥É
± ± O((b/(qνm))β−1).

4. �Œ�‹ˆ’“„� ��‘‘…Ÿ�ˆŸ

� ¸ÉμÖÐ¨° · §¤¥² ¶μ¸¢ÖÉ¨³ ¨¸¸²¥¤μ¢ ´¨Õ  ³¶²¨ÉÊ¤Ò f ¤¢Ê³¥·´μ£μ · ¸-
¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¸¨²μ¢Ò³ Í¥´É·μ³ O, ¢μ§¤¥°¸É¢ÊÕÐ¨³ ´  ÔÉÊ Î ¸É¨ÍÊ ¶μ-
¸·¥¤¸É¢μ³ ¶μÉ¥´Í¨ ²  (1). ‘´ Î ²  ¤μ± ¦¥³ ¸Ìμ¤¨³μ¸ÉÓ ¤¢ÊÌ ¡¥¸±μ´¥Î´ÒÌ
· §²μ¦¥´¨°  ³¶²¨ÉÊ¤Ò f ,   ¨³¥´´μ ±μ¸¨´Ê¸-·Ö¤  ”Ê·Ó¥ ¨ ·Ö¤ , ¸μ¤¥·¦ Ð¥£μ
μ¤´μ±· É´Ò¥ ¨´É¥£· ²Ò. ‡ É¥³ ¨§ ÔÉ¨Ì · §²μ¦¥´¨° ¢Ò¢¥¤¥³ ¤¢  ´¨§±μÔ´¥·£¥-
É¨Î¥¸±¨Ì ¶·¨¡²¨¦¥´¨Ö  ³¶²¨ÉÊ¤Ò f : ¶·¨¡²¨¦¥´¨¥ ¢ ¢¨¤¥ ¡¥¸±μ´¥Î´μ£μ ·Ö¤ 
¨ ¶·¨¡²¨¦¥´¨¥ ¢ ¢¨¤¥ ±μ´¥Î´μ° ¸Ê³³Ò.

4.1. ˆ¸Ìμ¤´μ¥ ¶·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. ˆ¸Ìμ¤´Ò³ ¤²Ö ´ -
Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° ¡Ê¤¥É ¨§¢¥¸É´μ¥ · §²μ¦¥´¨¥ [4,5]  ³¶²¨ÉÊ¤Ò f ¤¢Ê³¥·´μ£μ
· ¸¸¥Ö´¨Ö Î ¸É¨ÍÒ p1 ¸¨²μ¢Ò³ Í¥´É·μ³ O ¶μ ¶ ·Í¨ ²Ó´Ò³ Ë § ³:

f(ϕ, q) ≡ A(q, d) {Sδ(ϕ, q) − 1 + exp [2ıδ0(q)]} ,

A(q, d) ≡ exp
(
−ı

3
4
π

)√
d

2πq
, Sδ(ϕ, q) ≡ 2

∞∑
m=0

cosmϕ {1 − exp [2ıδm(q)]} .

(47)
“¸²μ¢¨Ö, ¤μ¸É ÉμÎ´Ò¥ ¤²Ö · ¢´μ³¥·´μ° ¸Ìμ¤¨³μ¸É¨ ÔÉμ£μ · §²μ¦¥´¨Ö,

´¥ Ê¤ ²μ¸Ó ´ °É¨ ´¨ ¢ ³μ´μ£· Ë¨ÖÌ [4, 5], ´¨ ¢ ¸É ÉÓÖÌ, ¶·μÍ¨É¨·μ¢ ´´ÒÌ
¢ ÔÉ¨Ì ³μ´μ£· Ë¨ÖÌ, ´¨ ¢ ¡μ²¥¥ ¸μ¢·¥³¥´´ÒÌ ¸É ÉÓÖÌ, ¶μ¸¢ÖÐ¥´´ÒÌ É¥μ·¨¨
¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö. �μÔÉμ³Ê ¤²Ö ¤ ²Ó´¥°Ï¥£μ · §¢¨É¨Ö ÔÉμ° É¥μ·¨¨ ¸Éμ¨É
¤μ± § ÉÓ É¥μ·¥³Ê μ · ¢´μ³¥·´μ° ¸Ìμ¤¨³μ¸É¨ ·Ö¤  Sδ(ϕ, q).

‘´ Î ²  ¤μ± ¦¥³ ¢¸¶μ³μ£ É¥²Ó´μ¥ ÊÉ¢¥·¦¤¥´¨¥.
‹¥³³ . …¸²¨ t ∈ (−∞,∞) ¨ ϕ ∈ (0, π], Éμ ¨³¥¥É ³¥¸Éμ Ëμ·³Ê²  ¸Ê³-

³¨·μ¢ ´¨Ö

2
n<∞∑
m=0

cos (m + t)ϕ = cosec (ϕ/2) {sin [(n + t + 1/2)ϕ] + sin [(1/2 − t)ϕ]} .

(48)
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„μ± § É¥²Ó¸É¢μ. ‡ ¶¨Ï¥³ Í¥¶μÎ±Ê · ¢¥´¸É¢

2
n<∞∑
m=0

cos (m + t)ϕ = exp (ıtϕ)L+
n (ϕ) + exp (−ıtϕ)L−

n (ϕ),

L±
n (ϕ) ≡

n∑
m=0

[exp (±ıϕ)]m .

(49)

‡ ³¥É¨³, ÎÉμ ËÊ´±Í¨¨ L+
n (ϕ) ¨ L−

n (ϕ) Ö¢²ÖÕÉ¸Ö ¸Ê³³ ³¨ Î²¥´μ¢ £¥μ³¥-
É·¨Î¥¸±¨Ì ¶·μ£·¥¸¸¨° ¸ ¶μ± § É¥²Ö³¨ eıϕ ¨ e−ıϕ. ‚ÒÎ¨¸²¨¢ ÔÉ¨ ¸Ê³³Ò ¶μ
¨§¢¥¸É´Ò³ Ëμ·³Ê² ³ [6], ¶μ²ÊÎ¨³ ¶·¥¤¸É ¢²¥´¨Ö

L±
n (ϕ) =

[
1 − [exp (±ıϕ)]n+1

]
/ [1 − exp (±ıϕ)] .

ˆ¸¶μ²Ó§ÊÖ ÔÉ¨ ¶·¥¤¸É ¢²¥´¨Ö,  ²£¥¡· ¨Î¥¸±¨³¨ ¶·¥μ¡· §μ¢ ´¨Ö³¨ ¸¢¥¤¥³ ¶¥·-
¢μ¥ ¨§ ¤¢ÊÌ · ¢¥´¸É¢ (49) ± · ¢¥´¸É¢Ê (48) ¨ É ±¨³ μ¡· §μ³ § ±μ´Î¨³ ¤μ± § -
É¥²Ó¸É¢μ.

� ¶μ³´¨³ ¶·¨§´ ± ¸Ìμ¤¨³μ¸É¨ �¡¥²Ö [8]: ·Ö¤ ¸μ ¸² £ ¥³Ò³¨ umvm,
m = 0, 1, . . ., ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ, ¥¸²¨ ²Õ¡ Ö ±μ´¥Î´ Ö ¶μ¤¸Ê³³  Ô²¥³¥´-
Éμ¢ um ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ {um}∞m=0 μ£· ´¨Î¥´  ¶μ ³μ¤Ê²Õ,   ¶μ¸²¥¤μ¢ -
É¥²Ó´μ¸ÉÓ {vm}∞m=0, ³μ´μÉμ´´μ Ê¡Ò¢ Ö, ¸Ìμ¤¨É¸Ö ± ´Ê²Õ.

’¥μ·¥³  1. �Ê¸ÉÓ ¶·¨ ´¥±μÉμ·μ³ Í¥²μ³ n ¢Ò¶μ²´Ö¥É¸Ö ´¥· ¢¥´¸É¢μ
|δn(q)| � 1,   ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {δm(q)}∞m=n Ë § · ¸¸¥Ö´¨Ö δm(q) ¸Ìμ-
¤¨É¸Ö ± ´Ê²Õ, ³μ´μÉμ´´μ Ê¡Ò¢ Ö ¨²¨ ³μ´μÉμ´´μ ¢μ§· ¸É Ö. ’μ£¤  ¢ μ¡² -
¸É¨ 0 < ϕ � π ·Ö¤ Sg(ϕ, q) ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ.

„μ± § É¥²Ó¸É¢μ. �·¥¤¸É ¢¨³ ·Ö¤ Sg(ϕ, q) ¢ ¸²¥¤ÊÕÐ¥³ ¢¨¤¥:

Sδ(ϕ, q) = S1(ϕ, q) + ıS2(ϕ, q),

S1(ϕ, q) ≡ 2
∞∑

m=0

cosmϕ [1 − cos 2δm(q)] ,

S2(ϕ, q) ≡ 2
∞∑

m=0

cosmϕ [sin 2δm(q)] .

(50)

‘´ Î ²  ¨¸¸²¥¤Ê¥³ ¡¥¸±μ´¥Î´ÊÕ ¶μ¤¸Ê³³Ê S1,n(ϕ, q) ·Ö¤  S1(ϕ, q). ‡ -
¶¨Ï¥³ ¥¥ ¢ ¢¨¤¥

S1,n(ϕ, q) ≡
∞∑

m=n

um(ϕ)vm(q), um(ϕ) ≡ 2 cosmϕ, vm(q) ≡ 1−cos 2δm(q).

(51)
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ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê (48) ¢ Î ¸É´μ³ ¸²ÊÎ ¥ t = 0 ¨ ¶·¨ Ê¸²μ¢¨¨ ϕ ∈ (0, π],
¶μ²ÊÎ¨³

∣∣∣∣∣
j<∞∑
m=n

um(ϕ)

∣∣∣∣∣ = cosec (ϕ/2) |sin [(j + 1/2)ϕ]−

− sin [(n − 1/2)ϕ]| � 2 cosec (ϕ/2). (52)

”Ê´±Í¨Ö 2cosec (ϕ/2) μ£· ´¨Î¥´ , ¥¸²¨ ϕ ∈ (0, π]. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨
Éμ³ ¦¥ Ê¸²μ¢¨¨ ¨ ²Õ¡μ³ ±μ´¥Î´μ³ j ¶μ¤¸Ê³³Ò Ô²¥³¥´Éμ¢ um(ϕ),
m = n, n + 1, . . . , j, ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ {um(ϕ)}∞n=m μ£· ´¨Î¥´Ò. ‡´ Î¨É,
¤²Ö ·Ö¤  (51) ´  ¶μ²Ê¨´É¥·¢ ²¥ 0 < ϕ � π ¢Ò¶μ²´Ö¥É¸Ö ¶¥·¢μ¥ Ê¸²μ¢¨¥ ¶·¨-
§´ ±  ¸Ìμ¤¨³μ¸É¨ �¡¥²Ö. “¡¥¤¨³¸Ö ¢ Éμ³, ÎÉμ ·¥ ²¨§Ê¥É¸Ö ¨ ¢Éμ·μ¥ Ê¸²μ¢¨¥
ÔÉμ£μ ¶·¨§´ ± . � ¸¸³μÉ·¨³ ¸²ÊÎ ° ³μ´μÉμ´´μ£μ Ê¡Ò¢ ´¨Ö ¶μ¸²¥¤μ¢ É¥²Ó-
´μ¸É¨ {δm(q)}∞n=m. ‚ ÔÉμ³ ¸²ÊÎ ¥ ¢¸¥ ¥¥ Ô²¥³¥´ÉÒ δm(q) Ê¤μ¢²¥É¢μ·ÖÕÉ
´¥· ¢¥´¸É¢ ³ 0 � δm(q) � 1. �μÔÉμ³Ê ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {vm(q)}∞m=n, ³μ-
´μÉμ´´μ Ê¡Ò¢ Ö, ¸Ìμ¤¨É¸Ö ± ´Ê²Õ. ‘²¥¤μ¢ É¥²Ó´μ, ¤²Ö ·Ö¤  (51) ¨³¥¥É ³¥¸Éμ
¨ ¢Éμ·μ¥ Ê¸²μ¢¨¥ ¶·¨§´ ±  ¸Ìμ¤¨³μ¸É¨ �¡¥²Ö. ‡´ Î¨É, ÔÉμÉ ·Ö¤ ¸Ìμ¤¨É¸Ö ¶·¨
²Õ¡μ³ ϕ ∈ (0, π]. �μ  ´ ²μ£¨¨ ¨¸¸²¥¤Ê¥³ ¸²ÊÎ ° ³μ´μÉμ´´μ£μ ¢μ§· ¸É ´¨Ö
¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ {δm(q)}∞n=m. ‚ ÔÉμ³ ¸²ÊÎ ¥ 0 � −δm(q) � 1, m � n,
´μ ¢ ¸¨²Ê Î¥É´μ¸É¨ ËÊ´±Í¨¨ cos 2δm(q) ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {vm(q)}∞m=n, ³μ-
´μÉμ´´μ Ê¡Ò¢ Ö, ¸Ìμ¤¨É¸Ö ± ´Ê²Õ. ‡´ Î¨É, ·Ö¤ (51) Ê¤μ¢²¥É¢μ·Ö¥É ¢Éμ·μ³Ê
Ê¸²μ¢¨Õ ¶·¨§´ ±  ¸Ìμ¤¨³μ¸É¨ �¡¥²Ö ¨ ¸Ìμ¤¨É¸Ö ¶·¨ ²Õ¡μ³ ϕ ∈ (0, π].

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¡¥¸±μ´¥Î´ÊÕ ¶μ¤¸Ê³³Ê S2,n(ϕ, q) ·Ö¤  S2(ϕ, q), ¸μ¤¥·-
¦ Ð¥£μ¸Ö ¢ Ëμ·³Ê² Ì (50). �·¥¤¸É ¢¨³ ÔÉÊ ¶μ¤¸Ê³³Ê ¢ ¢¨¤¥

S2,n(ϕ, q) ≡ ∓
∞∑

m=n

um(ϕ)vm(q), um(ϕ) ≡ 2 cosmϕ, ṽm(q) ≡ sin 2|δm(q)|.

‚ ÔÉμ³ ¶·¥¤¸É ¢²¥´¨¨ ¡¥·¥³ §´ ± ¶²Õ¸ ¨²¨ ³¨´Ê¸ ¢ ¸²ÊÎ ¥ ³μ´μÉμ´´μ£μ
Ê¡Ò¢ ´¨Ö ¨²¨ ¢μ§· ¸É ´¨Ö ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ {δm(q)}∞n=m. ‚ ²Õ¡μ³ ¨§
ÔÉ¨Ì ¸²ÊÎ ¥¢ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {ṽm(q)}∞m=n, ³μ´μÉμ´´μ Ê¡Ò¢ Ö, ¸Ìμ¤¨É¸Ö
± ´Ê²Õ. �μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {um(ϕ)}∞m=n μ¡² ¤ ¥É ¸¢μ°¸É¢μ³ (52). ‡´ Î¨É,
·Ö¤ S2,n(ϕ, q) ¸Ìμ¤¨É¸Ö ¶μ ¶·¨§´ ±Ê �¡¥²Ö ¶·¨ ²Õ¡μ³ ϕ ∈ (0, π].

ˆÉ ±, ¡¥¸±μ´¥Î´Ò¥ ¶μ¤¸Ê³³Ò S1,n(ϕ, q) ¨ S2,n(ϕ, q) ·Ö¤μ¢ S1(ϕ, q) ¨
S2(ϕ, q) ¸Ìμ¤ÖÉ¸Ö ¶·¨ ²Õ¡μ³ ϕ ∈ (0, π]. Ÿ¸´μ, ÎÉμ É ±¨³ ¦¥ ¸¢μ°¸É¢μ³
μ¡² ¤ ÕÉ ·Ö¤Ò S1(ϕ, q) ¨ ıS2(ϕ, q) ¨ ¨Ì ¸Ê³³  Sδ(ϕ, q), ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó
¤μ± § ÉÓ.

4.2. �·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö Î¥·¥§ μ¤´μ±· É´Ò¥ ¨´É¥-
£· ²Ò. ˆ¸Ìμ¤´μ¥ ¶·¥¤¸É ¢²¥´¨¥ (47)  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö f(ϕ, q) ¸μ¤¥·-
¦¨É Ë §Ò δm(q), m � 0, ¨ Ö¢²Ö¥É¸Ö ±μ¸¨´Ê¸-·Ö¤μ³ ”Ê·Ó¥. ‘¢¥¤¥³ É ±μ° ·Ö¤
± ¡¥¸±μ´¥Î´μ³Ê ·Ö¤Ê, ´¥ ¸μ¤¥·¦ Ð¥³Ê Ë §, ´μ ¸μ¤¥·¦ Ð¥³Ê μ¤´μ±· É´Ò¥ ¨´-
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É¥£· ²Ò ”Ê·Ó¥. �Ö¤ É ±μ£μ É¨¶  ¶μÉ·¥¡Ê¥É¸Ö ¢ ¸²¥¤ÊÕÐ¨Ì ¤¢ÊÌ ¶Ê´±É Ì ¤²Ö
¢Ò¢μ¤  ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±¨  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö.

’¥μ·¥³  2. �Ê¸ÉÓ ¶·¨ ´¥±μÉμ·μ³ Í¥²μ³ n ¢¥·´μ ´¥· ¢¥´¸É¢μ |δn(q)| �
1,   ¢¸¥ Ë §Ò δm(q), m � n, ³μ´μÉμ´´μ Ê¡Ò¢ Ö, ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ ¢ ¶·¥¤¥²¥
m → ∞ ± ± O(m−ε), ε > 0. �·¥¤¶μ²μ¦¨³, ÎÉμ ´  ¶μ²Êμ¸¨ t � 0 ¸ÊÐ¥¸É¢Ê¥É
´¥¶·¥·Ò¢´ Ö ËÊ´±Í¨Ö φ(t, q), Ê¤μ¢²¥É¢μ·ÖÕÐ Ö Ê¸²μ¢¨Ö³ φ(t, q)|t=m = δm(q),
m = 0, 1, . . ., ¨ ³μ´μÉμ´´μ Ê¡Ò¢ ÕÐ Ö ¢ μ¡² ¸É¨ t � n. ’μ£¤  · §²μ¦¥´¨¥
 ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö

f(ϕ, q) = A(q, d)
∞∑

n=−∞
ηn(ϕ, q), ηn(ϕ, q) ≡

∞∫
0

exp (2ıπnt)ξ(t, ϕ, q) dt,

ξ(t, ϕ, q) ≡ 2 cos (tϕ) {1 − cos [2φ(t, q)] − ı sin [2φ(t, q)]} ,
(53)

¶μ μ¤´μ±· É´Ò³ ¨´É¥£· ² ³ ηn(ϕ, q) ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ ´  ¶μ²Ê¨´É¥·-
¢ ²¥ 0 < ϕ � π.

„μ± § É¥²Ó¸É¢μ. “± ¦¥³ ¸²¥¤¸É¢¨Ö μ£· ´¨Î¥´¨°, ´ ²μ¦¥´´ÒÌ ´  ¢¸¥ Ë §Ò
δm(q), m � 0, ¨ ËÊ´±Í¨Õ φ(t, q). “¸²μ¢¨Ö É¥μ·¥³Ò 1 ¢Ò¶μ²´¥´Ò, ¨ ¶μÔÉμ³Ê
·Ö¤ Sg(ϕ, q), ¸μ¤¥·¦ Ð¨°¸Ö ¢ ¶·¥¤¸É ¢²¥´¨¨ (47)  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö, ¸Ìμ-
¤¨É¸Ö ¶·¨ ²Õ¡μ³ ϕ ∈ (0, π]. ”Ê´±Í¨Ö φ(t, q) ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ± ± O(t−ε),
ε > 0, ¥¸²¨ t → ∞. ”Ê´±Í¨Ö ξ(t, ϕ, q) ´¥¶·¥·Ò¢´  ¶·¨ t � 0 ¨ ϕ ∈ [0, π],   ¢
¸²ÊÎ ¥ t = m ¶·¨ ²Õ¡μ³ m · ¢´  ¸² £ ¥³μ³Ê ·Ö¤  Sg(ϕ, q):

ξ(t, ϕ, q)|t=m = 2 cosmϕ {1 − exp [2ıδm(q)]} , m = 0, 1, . . . , ϕ ∈ [0, π],

¸²¥¤μ¢ É¥²Ó´μ, ¨³¥ÕÉ ³¥¸Éμ · ¢¥´¸É¢ 

Sg(ϕ, q) =
∞∑

m=0

ξ(m, ϕ, q),

∞∑
m=0

ξ(1 + m, ϕ, q) = Sδ(ϕ, q) − 2 {1 − exp [2ıδ0(q)]} .

(54)

’¥¶¥·Ó Ê¡¥¤¨³¸Ö ¢ ¸ÊÐ¥¸É¢μ¢ ´¨¨ ¨´É¥£· ²  ηn(ϕ, q) ¶·¨ Ê¸²μ¢¨¨
ϕ ∈ (0, π]. „²Ö ÔÉμ£μ ¤μ¸É ÉμÎ´μ ¶μ± § ÉÓ, ÎÉμ ¢±² ¤ Pn(s) ¢ ÔÉμÉ ¨´É¥£· ²
μÉ μ¡² ¸É¨ t � s > 0 ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ¶·¥¤¥²¥ s → ∞. ‚ ÔÉμ° μ¡² ¸É¨

φ(t, q) = O(t−ε), 1 − cos [2φ(t)] = O(t−2ε), sin [2φ(t)] = O(t−ε).

‘²¥¤μ¢ É¥²Ó´μ, ¶μ ¶μ·Ö¤±Ê ¢¥²¨Î¨´Ò ¢±² ¤ Pn(s) · ¢¥´ ¸Ê³³¥ ËÊ´±Í¨° T +
n (s)

¨ T−
n (s), § ¤ ´´ÒÌ Ëμ·³Ê² ³¨

T±
n (s) ≡

∞∫
s

exp [ı (2πn ± ϕ) t] t−ε dt, s → ∞, ϕ ∈ (0, π].
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ˆ´É¥£·¨·μ¢ ´¨¥³ ¶μ Î ¸ÉÖ³ ¶·¥¤¸É ¢¨³ ËÊ´±Í¨¨ T +
n (s) ¨ T−

n (s) ¢ ¢¨¤¥
¸Ê³³:

T±
n (s) =

1
ı [(2πn ± ϕ) t]

×

×

⎧⎨
⎩exp [ı (2πn ± ϕ) s] s−ε + ε

∞∫
s

exp [ı (2πn ± ϕ) t] t−ε−1dt

⎫⎬
⎭ .

‚ ¨´É¥£· ² Ì, ¸μ¤¥·¦ Ð¨Ì¸Ö ¢ É ±¨Ì ¸Ê³³ Ì, ³μ¤Ê²¨ ¶μ¤Ò´É¥£· ²Ó´ÒÌ ËÊ´±-
Í¨° ´¥ ¶·¥¢ÒÏ ÕÉ ËÊ´±Í¨¨ t−ε−1. �μÔÉμ³Ê μ¡¸Ê¦¤ ¥³Ò¥ ¨´É¥£· ²Ò,   §´ -
Î¨É, μ¡¥ ËÊ´±Í¨¨ T +

n (s), T−
n (s) ¨ ¢±² ¤ Pn(s) ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ ± ± O(s−ε)

¢ ¶·¥¤¥²¥ s → ∞. ‘²¥¤μ¢ É¥²Ó´μ, ¢¸¥ ¨´É¥£· ²Ò ηn(ϕ, q), n � 0, ¸ÊÐ¥¸É¢ÊÕÉ,
ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¶μ± § ÉÓ.

�·μ¤μ²¦¨³ ¨¸¸²¥¤μ¢ ´¨¥ ¨´É¥£· ²μ¢ ηn(ϕ, q), n � 0. �É³¥É¨³, ÎÉμ
¢¸²¥¤¸É¢¨¥ Éμ¦¤¥¸É¢

1∫
0

ξ(m + z, ϕ) exp(ı2πnz) dz =

m+1∫
m

ξ(z, ϕ) exp(ı2πnz) dz, m = 0, 1, . . . ,

± ¦¤Ò° ¨´É¥£· ² ηn(ϕ, q) · ¢¥´ ¸Ê³³¥ ¡¥¸±μ´¥Î´μ£μ ·Ö¤  ¨´É¥£· ²μ¢ ¶μ μÉ-
·¥§±Ê [0, 1]:

ηn(ϕ, q) =
∞∑

m=0

m+1∫
m

ξ(z, ϕ, q) exp (ı2πnz) dz =

=
∞∑

m=0

1∫
0

ξ(z + m, ϕ, q) exp (ı2πnz) dz.

(55)

�¥·¥°¤¥³ ± ¨¸¸²¥¤μ¢ ´¨Õ ¢¸¶μ³μ£ É¥²Ó´μ£μ ·Ö¤ 

Sξ(z, ϕ, q) ≡
∞∑

m=0

ξ(z + m, ϕ, q), z ∈ [0, 1], ϕ ∈ (0, π]. (56)

‘´ Î ²  ¸¶μ¸μ¡μ³, ¨§²μ¦¥´´Ò³ ¶·¨ ¤μ± § É¥²Ó¸É¢¥ É¥μ·¥³Ò 1, ¶μ± ¦¥³, ÎÉμ
É ±μ° ·Ö¤ Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥°. ‚ ¸¨²Ê ¶μ¸²¥¤´¥° ¨§ Ëμ·³Ê² (53)
¨³¥¥³

ξ(z+m, ϕ, q) = 2 cos [(z + m)ϕ] {1 − cos [2φ(z + m, q)] + ı sin [2φ(z + m, q)]} .

�μÔÉμ³Ê ¤²Ö ¡¥¸±μ´¥Î´μ° ¶μ¤¸Ê³³Ò Sξ,n(z, ϕ, q) ·Ö¤  Sξ(z, ϕ, q) ¨³¥¥É ³¥¸Éμ
¶·¥¤¸É ¢²¥´¨¥

Sξ,n(z, ϕ, q) = S1,n(z, ϕ, q) + ıS2,n(z, ϕ, q),
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¢ ±μÉμ·μ³

S1,n(z, ϕ, q) ≡
∞∑

m=n

um(z, ϕ)vm(q), S2,n(z, ϕ, q) ≡
∞∑

m=n

um(z, ϕ)ṽm(z, q),

um(z, ϕ) ≡ 2 cos [(z + m)ϕ] , vm(z, q) = 1 − cos [2φ(z + m, q)] ,
ṽm(z, q) = sin [2φ(z + m, q)] .

ˆ¸¶μ²Ó§ÊÖ Ëμ·³Ê²Ê (48) ¤²Ö ¸²ÊÎ Ö t = z, ϕ ∈ (0, π], ¶μ²ÊÎ¨³

∣∣∣∣∣
j<∞∑
m=n

um(z, ϕ)

∣∣∣∣∣ =
= cosec (ϕ/2) |sin [(j + 1/2)(z + ϕ)] − sin [(n − 1/2)(z + ϕ)]| � 2cosec (ϕ/2).

”Ê´±Í¨Ö 2cosec (ϕ/2) μ£· ´¨Î¥´ , ¥¸²¨ ϕ ∈ (0, π]. ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨
Éμ³ ¦¥ Ê¸²μ¢¨¨ ¨ ²Õ¡μ³ ±μ´¥Î´μ³ j ¶μ¤¸Ê³³Ò Ô²¥³¥´Éμ¢ um(z, ϕ), m =
n, n + 1, . . . , j, ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨ {um(z, ϕ)}∞n=m μ£· ´¨Î¥´Ò. ‡´ Î¨É, ¤²Ö
·Ö¤μ¢ S1,n(z, ϕ, q) ¨ S2,n(z, ϕ, q) ¢ μ¡² ¸É¨ ϕ ∈ (0, π], z ∈ [0, 1] ¢Ò¶μ²´Ö¥É¸Ö
¶¥·¢μ¥ Ê¸²μ¢¨¥ ¶·¨§´ ±  ¸Ìμ¤¨³μ¸É¨ �¡¥²Ö. ‘¶μ¸μ¡μ³, ¶μ¤·μ¡´μ ¨§²μ¦¥´-
´Ò³ ¶·¨ ¤μ± § É¥²Ó¸É¢¥ É¥μ·¥³Ò 1, Ê¡¥¤¨³¸Ö ¢ Éμ³, μ¡¥ ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨
{vm(z, q)}∞m=n ¨ {ṽm(z, q)}∞m=n, ¶·¨ ²Õ¡μ³ z ∈ [0, 1] ³μ´μÉμ´´μ Ê¡Ò¢ ÕÉ
¨ ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ. ‘²¥¤μ¢ É¥²Ó´μ, ·Ö¤Ò S1,n(z, ϕ, q) ¨ S2,n(z, ϕ, q) Ê¤μ¢²¥-
É¢μ·ÖÕÉ ¨ ¢Éμ·μ³Ê Ê¸²μ¢¨Õ ¶·¨§´ ±  ¸Ìμ¤¨³μ¸É¨ �¡¥²Ö. �μÔÉμ³Ê ¢ μ¡² ¸É¨
Gzϕ ≡ {ϕ ∈ (0, π], z ∈ [0, 1]} ·Ö¤ Sξ(z, ϕ, q) ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ. ‚¸¥ ¸² £ -
¥³Ò¥ ·Ö¤  Sξ(z, ϕ, q) Å ´¥¶·¥·Ò¢´Ò¥ ËÊ´±Í¨¨. ‡´ Î¨É, ¢ Éμ° ¦¥ μ¡² ¸É¨ ·Ö¤
Sξ(z, ϕ, q) Ö¢²Ö¥É¸Ö ´¥¶·¥·Ò¢´μ° ËÊ´±Í¨¥°, ÎÉμ ¨ É·¥¡μ¢ ²μ¸Ó ¶μ± § ÉÓ.

�·μ¤μ²¦¨³ ¨¸¸²¥¤μ¢ ´¨¥ ËÊ´±Í¨¨ Sξ(z, ϕ, q). ’ ± ± ± ÔÉ  ËÊ´±Í¨Ö ´¥-
¶·¥·Ò¢´ Ö, Éμ ¥¥ ³μ¦´μ · §²μ¦¨ÉÓ ¢ ·Ö¤ ”Ê·Ó¥ ¶μ ¶¥·¥³¥´´μ° z ∈ [0, 1]:

Sξ(z, ϕ, q) =
∞∑

n=−∞
e−ı2πnz

1∫
0

eı2πntSξ(t, ϕ, q) dt, z ∈ [0, 1], ϕ ∈ (0, π].

(57)
�μ É¥μ·¥³¥ „¨·¨Ì²¥ [8] É ±μ° ·Ö¤ ¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ ± ËÊ´±Í¨¨ Sξ(z, ϕ, q)
´  ¨´É¥·¢ ²¥ 0 < z < 1,   ¢ ÉμÎ±¥ z = 0 · ¢¥´ ¶μ²Ê¸Ê³³¥ §´ Î¥´¨° ÔÉμ°
ËÊ´±Í¨¨ ¢ ÉμÎ± Ì z = 0 ¨ z = 1:

1
2

[Sξ(0, ϕ, q) + Sξ(1, ϕ, q)] =
∞∑

n=−∞

1∫
0

eı2πntSξ(t, ϕ, q) dt. (58)

‚Ò· §¨³ ÔÉÊ ¦¥ ¶μ²Ê¸Ê³³Ê Î¥·¥§ ·Ö¤ Sδ(ϕ, q). 	² £μ¤ ·Ö Ëμ·³Ê² ³ (47), (54),
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(56) ¨ · ¢´μ³¥·´μ° ¸Ìμ¤¨³μ¸É¨ ·Ö¤μ¢ Sδ(ϕ, q) ¨ Sξ(z, ϕ, q) ¢¥·´Ò · ¢¥´¸É¢ 

Sξ(0, ϕ, q) = Sδ(ϕ, q), Sξ(1, ϕ, q) =

=
∞∑

m=0

ξ(1 + m, ϕ) = Sδ(ϕ, q) − 2 {1 − exp [2ıδ0(q)]} .

ˆ§ ÔÉ¨Ì · ¢¥´¸É¢ ¸²¥¤Ê¥É ¨¸±μ³μ¥ ¶·¥¤¸É ¢²¥´¨¥

1
2

[Sξ(0, ϕ, q) + Sξ(1, ϕ, q)] = Sδ(ϕ, q) + 1 − exp [2ıδ0(q)] , ϕ ∈ (0, π].

ˆ¸¶μ²Ó§ÊÖ ¥£μ ¨ · ¢¥´¸É¢  (47), ¶·¥¤¸É ¢¨³  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö f(ϕ, q)
¢ ¢¨¤¥

f(ϕ, q) = A(q, d) [Sξ(0, ϕ, q) + Sξ(1, ϕ, q)] . (59)

’¥¶¥·Ó ÉÊ ¦¥ ¶μ²Ê¸Ê³³Ê ËÊ´±Í¨° Sξ(0, ϕ, q) ¨ Sξ(1, ϕ, q) ¢Ò· §¨³ Î¥·¥§ ¡¥¸-
±μ´¥Î´Ò° ·Ö¤, ¸μ¤¥·¦ Ð¨° ¸Ìμ¤ÖÐ¨¥¸Ö ¨´É¥£· ²Ò ηn(ϕ, q). „²Ö ÔÉμ£μ ¢
¶· ¢μ° Î ¸É¨ · ¢¥´¸É¢  (58) § ³¥´¨³ ËÊ´±Í¨Õ Sξ(z, ϕ, q) ¥¥ ·Ö¤μ³ (56) ¨
¶μ²μ¦¨³ z = 0. �μ²ÊÎ¨¢Ï¨°¸Ö ·Ö¤ ¸Ìμ¤¨É¸Ö ¶·¨ ²Õ¡μ³ ϕ ∈ (0, π]. �μÔÉμ³Ê
¥£μ ³μ¦´μ ¶·μ¨´É¥£·¨·μ¢ ÉÓ ¶μÎ²¥´´μ, ¨¸¶μ²Ó§ÊÖ ¤²Ö ÔÉμ£μ Ëμ·³Ê²Ò (55).
‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨É¸Ö ¨¸±μ³μ¥ ¶·¥¤¸É ¢²¥´¨¥

1
2

[Sξ(0, ϕ, q) + Sξ(1, ϕ, q)] =
∞∑

n=−∞
ηn(ϕ, q) =

=
∞∑

n=−∞

∞∫
0

exp(ı2πnt)ξ(t, ϕ, q) dt.

ˆ¸¶μ²Ó§ÊÖ ¥£μ, ¸¢¥¤¥³ · ¢¥´¸É¢μ (59) ± ¶·¥¤¸É ¢²¥´¨Õ (53), ±μÉμ·μ¥ ¨ É·¥¡μ-
¢ ²μ¸Ó ¤μ± § ÉÓ.

‘Ëμ·³Ê²¨·Ê¥³ ¢ ¦´Ò¥ § ³¥Î ´¨Ö. „²Ö ¤μ± § É¥²Ó¸É¢  É¥μ·¥³Ò 2 ¢ ¸²ÊÎ ¥
³μ´μÉμ´´μ£μ Ê¡Ò¢ ´¨Ö Ë § δm(q), m � n, ¨ ËÊ´±Í¨¨ φ(t, q) ¤μ¸É ÉμÎ´μ
¢Ò¶μ²´¨ÉÓ § ³¥´Ò S2n → −S2n ¨ ṽm → −ṽm. �·¨ § ¤ ´´ÒÌ §´ Î¥´¨ÖÌ Ë §
±Ê¸μÎ´μ-²¨´¥°´ Ö ËÊ´±Í¨Ö

φ(t, q) = δm(q)+ (t−m) [δm+1(q) − δm+1(q)] , m = 0, 1, . . . , t ∈ [m, m+1],

Ê¤μ¢²¥É¢μ·Ö¥É ¢¸¥³ ¤μ¸É ÉμÎ´Ò³ Ê¸²μ¢¨Ö³ É¥μ·¥³Ò 2. �·¥¤¸É ¢²¥´¨¥ (53)
 ³¶²¨ÉÊ¤Ò f(ϕ, q) Î¥·¥§ ¨´É¥£· ²Ò ηn(ϕ, q) μ± ¦¥É¸Ö ¡μ²¥¥ Ê¤μ¡´Ò³ ¶μ ¸· ¢-
´¥´¨Õ ¸ ¥¥ ¨¸Ìμ¤´Ò³ ¶·¥¤¸É ¢²¥´¨¥³ (47) Î¥·¥§ Ë §Ò δm(q), ¥¸²¨ ·Ö¤, ¸μ-
¤¥·¦ Ð¨° É ±¨¥ ¨´É¥£· ²Ò, ¸Ìμ¤¨É¸Ö ¡Ò¸É·¥¥, Î¥³ ·Ö¤ Sδ(ϕ, q). ‚ É¥μ·¥³¥ 2
¸Ìμ¤¨³μ¸ÉÓ ·Ö¤  (56) ¤μ± §Ò¢ ² ¸Ó,   ¢ · ¡μÉ¥ [3] ¸Ìμ¤¨³μ¸ÉÓ ·Ö¤  Éμ£μ ¦¥
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É¨¶  ¶·¥¤¶μ² £ ² ¸Ó. …¸²¨ ¢³¥¸Éμ ´¥¶·¥·Ò¢´μ¸É¨ ËÊ´±Í¨¨ φ(t, q) ¶μÉ·¥¡μ-
¢ ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¨ ´¥¶·¥·Ò¢´μ¸É¨ ¥¥ ¶¥·¢μ° ¶·μ¨§¢μ¤´μ° ∂tφ(t, q), t � 0,
¨, ±·μ³¥ Éμ£μ, ¶·¥¤¶μ²μ¦¨ÉÓ ¸ÊÐ¥¸É¢μ¢ ´¨¥ ¶·μ¨§¢μ¤´μ° ·Ö¤  (56) ¶μ ¶¥-
·¥³¥´´μ° z, Éμ ¤²Ö ¢Ò¢μ¤  ¶·¥¤¸É ¢²¥´¨Ö (53) ³μ¦´μ ¡Ê¤¥É ¢μ¸¶μ²Ó§μ¢ ÉÓ¸Ö
¸É ´¤ ·É´μ° Ëμ·³Ê²μ° ¸Ê³³¨·μ¢ ´¨Ö �Ê ¸¸μ´  [10]. ‘Éμ¨É ¶μ¤Î¥·±´ÊÉÓ, ÎÉμ
¤μ± § ´´Ò¥ É¥μ·¥³Ò 1 ¨ 2 ¸¶· ¢¥¤²¨¢Ò ¶·¨ ²Õ¡μ³ ´¥ μ¡Ö§ É¥²Ó´μ ³ ²μ³, ´μ
¶μ²μ¦¨É¥²Ó´μ³ §´ Î¥´¨¨ ¢μ²´μ¢μ£μ Î¨¸²  q.

4.3. �¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¶·¥¤¸É ¢²¥´¨Ö  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö. ‘Î¨-
É ¥³, ÎÉμ q → 0+, ¨ ¤²Ö ¸μ±· Ð¥´¨Ö § ¶¨¸¨ ¨¸¶μ²Ó§Ê¥³ ¡μ²ÓÏμ° ¶ · ³¥É·
μ ≡ q−ν . ‡ ³¥´¨¢ ¢ ¨¸Ìμ¤´μ³ ¶·¥¤¸É ¢²¥´¨¨ (47)  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö
f(ϕ, q) ¢¸¥ Ë §Ò δm(q) ¶· ¢Ò³¨ Î ¸ÉÖ³¨ · ¢¥´¸É¢ (13), ¶μ²ÊÎ¨³ ¸²¥¤ÊÕÐ¥¥
Ëμ·³ ²Ó´μ¥ ¶·¥¤¸É ¢²¥´¨¥:

f(ϕ, q) ≡ A(q, d)
{
Sg(ϕ, q) − 1 + exp [2ıμg(0)] + O(μ−1)

}
, q → 0+,

(60)

Sg(ϕ, q) ≡ 2
∞∑

m=0

cosmϕ {1 − exp [2ıμg(m/μ)]} .


Éμ ¶·¥¤¸É ¢²¥´¨¥ ¡Ê¤¥É ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±μ°  ³¶²¨ÉÊ¤Ò
f(ϕ, q), ¥¸²¨ ¸μ¤¥·¦ Ð¨°¸Ö ¢ ´¥³ ·Ö¤ Sg(ϕ, q) ¸Ìμ¤¨É¸Ö. „μ± ¦¥³ É¥μ·¥³Ê μ
¸Ìμ¤¨³μ¸É¨ ÔÉμ£μ ·Ö¤ .

’¥μ·¥³  3. �Ê¸ÉÓ ¢μ²´μ¢μ¥ Î¨¸²μ q ´ ¸Éμ²Ó±μ ³ ²μ, ÎÉμ ¢Ò¶μ²´ÖÕÉ¸Ö
 ¸¨³¶ÉμÉ¨Î¥¸±¨¥ ¸μμÉ´μÏ¥´¨Ö (46). ’μ£¤  ¢ μ¡² ¸É¨ 0 < ϕ � π ·Ö¤ Sg(ϕ, q)
¸Ìμ¤¨É¸Ö · ¢´μ³¥·´μ.

„μ± § É¥²Ó¸É¢μ. ‚¸²¥¤¸É¢¨¥  ¸¨³¶ÉμÉ¨Î¥¸±¨Ì ¸μμÉ´μÏ¥´¨° (46) ¶·¨
´¥±μÉμ·μ³ ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ³ ¨ Í¥²μ³ n ¢Ò¶μ²´Ö¥É¸Ö ´¥· ¢¥´¸É¢μ
|μg(m/μ)| � 1,   ¶μ¸²¥¤μ¢ É¥²Ó´μ¸ÉÓ {μg(m/μ)}∞m=n ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ, ³μ-
´μÉμ´´μ Ê¡Ò¢ Ö ¢ ¸²ÊÎ ¥ α = −1 ¨ ³μ´μÉμ´´μ ¢μ§· ¸É Ö ¢ ¸²ÊÎ ¥ α = 1.
‘²¥¤μ¢ É¥²Ó´μ, ¢¸¥ Ô²¥³¥´ÉÒ μg(m/μ), m � n, ÔÉμ° ¶μ¸²¥¤μ¢ É¥²Ó´μ¸É¨
Ê¤μ¢²¥É¢μ·ÖÕÉ ¢¸¥³ Ê¸²μ¢¨Ö³, ´ ²μ¦¥´´Ò³ ¢ É¥μ·¥³¥ 1 ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥
Ë §Ò δm(q), m � n. �μÔÉμ³Ê ¢ ¤μ± § É¥²Ó¸É¢¥ É¥μ·¥³Ò 1 ³μ¦´μ § ³¥´¨ÉÓ ± -
¦¤ÊÕ ¨§ Ë § δm(q) ¥¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨¥³ μg(m/μ) ¨ É ±¨³
μ¡· §μ³ Ê¡¥¤¨É¸Ö ¢ · ¢´μ³¥·´μ° ¸Ìμ¤¨³μ¸É¨ ·Ö¤  Sg(ϕ, q) ´  ¶μ²Ê¨´É¥·¢ ²¥
0 < ϕ � π. ’¥μ·¥³  ¤μ± § ´ .

‘μ£² ¸´μ Ëμ·³Ê² ³ (46) Ë §Ò δm(q) ¢ ¶·¥¤¥²¥ m → ∞ Ê¡Ò¢ ÕÉ ¸²¨Ï-
±μ³ ³¥¤²¥´´μ. �μÔÉμ³Ê, ¨¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ (60)  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö
f(ϕ, q), ´¥¢μ§³μ¦´μ ´ °É¨ ¸É ·Ï¥¥ ¸² £ ¥³μ¥ ¥¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³-
¶ÉμÉ¨±¨. „²Ö ¶μ¸É·μ¥´¨Ö É ±μ£μ ¸² £ ¥³μ£μ ³¥Éμ¤μ³ ¸É Í¨μ´ ·´μ° Ë §Ò [10]
¶·¨¤¥É¸Ö ¤μ± § ÉÓ  ´ ²μ£ É¥μ·¥³Ò 2.

’¥μ·¥³  4. ˆ§ ¶·¥¤¸É ¢²¥´¨Ö (60)  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö f(ϕ, q) ¸²¥-
¤Ê¥É ¥¥ ¶·¥¤¸É ¢²¥´¨¥ ¢ ¢¨¤¥ ¸Ìμ¤ÖÐ¥£μ¸Ö ¶·¨ ²Õ¡μ³ ϕ ∈ (0, π] · §²μ¦¥´¨Ö
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¶μ μ¤´μ±· É´Ò³ ¨´É¥£· ² ³:

f(ϕ, q) = A(q, d)

{ ∞∑
n=−∞

η̃n(ϕ, q) + O(μ−1)

}
,

η̃n(ϕ, q) ≡
∞∫
0

exp (2ıπnt)ξ̃(t, ϕ, q) dt, (61)

ξ̃(t, ϕ, q) ≡ 2 cos(tϕ)
{

1 − exp
[
2ıφ̃(t, q)

]}
, φ̃(t, q) ≡ μg(t/μ), q → 0 + .

„μ± § É¥²Ó¸É¢μ. Š ± ¶μÖ¸´Ö²μ¸Ó ¶·¨ ¤μ± § É¥²Ó¸É¢¥ É¥μ·¥³Ò 3, ¶·μ¨§¢¥-
¤¥´¨Ö μg(t), t = m/μ, m � n, Ê¤μ¢²¥É¢μ·ÖÕÉ ¢¸¥³ Ê¸²μ¢¨Ö³, ´ ²μ¦¥´´Ò³ ¢
É¥μ·¥³¥ 1 ´  ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ Ë §Ò δm(q), m � n. ‘μ£² ¸´μ Ëμ·³Ê²¥ (46)
ÔÉ¨ ¦¥ ¶·μ¨§¢¥¤¥´¨Ö ¢ ¶·¥¤¥²¥ m → ∞ Ê¡Ò¢ ÕÉ ± ± O(t−ε), ε = β − 1 > 0.
	² £μ¤ ·Ö μ¶·¥¤¥²¥´¨Õ ËÊ´±Í¨¨ g(s) ¨ ¥¥  ¸¨³¶ÉμÉ¨±¥ (43) ¶·¨ ¡μ²ÓÏ¨Ì
§´ Î¥´¨ÖÌ  ·£Ê³¥´É  s ËÊ´±Í¨Ö φ̃(t, q) = μg(t/μ) μ¡² ¤ ¥É ¸²¥¤ÊÕÐ¨³¨ ¸¢μ°-
¸É¢ ³¨. 
É  ËÊ´±Í¨Ö ´¥¶·¥·Ò¢´  ´  ¶μ²Êμ¸¨ s � 0, ¢ ÉμÎ±¥ t = m/μ,
m = 0, 1, . . ., ¸μ¢¶ ¤ ¥É ¸ ¶·¨¡²¨¦¥´¨¥³ μg(t/μ) Ë §Ò · ¸¸¥Ö´¨Ö δm(q), ¢
μ¡² ¸É¨ t � n ³μ´μÉμ´´μ Ê¡Ò¢ ¥É ¨²¨ ¦¥ ¢μ§· ¸É ¥É ¢ ¸²ÊÎ ¥ α = −1 ¨²¨
α = 1. ‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨Ö φ̃(t, q) ¶μ¤Î¨´Ö¥É¸Ö ¢¸¥³ μ£· ´¨Î¥´¨Ö³, ´ ²μ-
¦¥´´Ò³ ¢ É¥μ·¥³¥ 2 ´  ËÊ´±Í¨Õ φ(t, q). �μÔÉμ³Ê ¢ Ëμ·³Ê²¨·μ¢±¥ É¥μ·¥³Ò 2
³μ¦´μ ¢Ò¶μ²´¨ÉÓ § ³¥´Ò

δm(q) → μg(m/μ), φ(t, q) → φ̃(t, q), ξ(t, q) → ξ̃(t, q).

�μ¸²¥ É ±¨Ì § ³¥´ ¶·¥¤¸É ¢²¥´¨¥ (53)  ³¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö f(ϕ, q) ¸É ´¥É
¶·¥¤¸É ¢²¥´¨¥³ (61), ±μÉμ·μ¥ ¨ É·¥¡μ¢ ²μ¸Ó ¤μ± § ÉÓ.

’¥¶¥·Ó ¨¸¶μ²Ó§Ê¥³ Ëμ·³Ê²Ò (61) ¤²Ö ¢Ò¢μ¤  ¸É ·Ï¥£μ ¸² £ ¥³μ£μ ´¨§±μ-
Ô´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±¨  ³¶²¨ÉÊ¤Ò f(ϕ, q).

‘´ Î ²  ¢ μ¶·¥¤¥²¥´¨¨ ËÊ´±Í¨¨ ξ̃(t, ϕ, q) ¶·¥¤¸É ¢¨³ ËÊ´±Í¨Õ cos(tϕ)
¶μ²Ê¸Ê³³μ° ËÊ´±Í¨° exp(ıtϕ) ¨ exp(−ıtϕ), § É¥³ ¢ ¨´É¥£· ² Ì η̃n(t, ϕ, q) ¸¤¥-
² ¥³ § ³¥´Ê ¶¥·¥³¥´´ÒÌ t → s/μ. ’ ±¨³ μ¡· §μ³, ¶μ²ÊÎ¨³  ¸¨³¶ÉμÉ¨Î¥¸±μ¥
¶·¥¤¸É ¢²¥´¨¥  ³¶²¨ÉÊ¤Ò f(ϕ, q)

f(ϕ, q) = μA(q, d)

{ ∞∑
n=−∞

[
F+

n (ϕ, μ) + F−
n (ϕ, μ)

]
+ O(μ−2)

}
, q → 0+,

(62)
Î¥·¥§ ¸Ìμ¤ÖÐ¨¥¸Ö ¨´É¥£· ²Ò ¸ ¡μ²ÓÏ¨³ ¶ · ³¥É·μ³ μ:

F±
n (ϕ, μ) ≡

∞∫
0

{
exp
[
ıμQ±

n (s, ϕ)
]
− exp [ıμs (2πn ± ϕ)]

}
ds, ϕ ∈ (0, π].
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ˆ¸¸²¥¤Ê¥³ ÔÉ¨ ¨´É¥£· ²Ò. ˆÌ ¶μ¤Ò´É¥£· ²Ó´Ò¥ ËÊ´±Í¨¨ ¸μ¤¥·¦ É Ë §Ò
s (2πn ± ϕ) ¨

Q±
n (s, ϕ) ≡ s (2πn ± ϕ) + 2g(s).

�·μ¨§¢μ¤´ Ö ¶¥·¢μ° ¨§ ÔÉ¨Ì Ë § ¶μ  ·£Ê³¥´ÉÊ s ´¥ ¨³¥¥É ´Ê²¥°, ¶μÉμ³Ê ÎÉμ
ϕ �= 0. 	² £μ¤ ·Ö μ¶·¥¤¥²¥´¨Õ ∂sg(s) = π/2 − h(s) ËÊ´±Í¨¨ h(s) ´Ê²¨ ¶·μ-
¨§¢μ¤´μ° ∂sQ

±
n (s, ϕ) Ö¢²ÖÕÉ¸Ö ±μ·´Ö³¨ s±n (ϕ) ¸μμÉ¢¥É¸É¢ÊÕÐ¥£μ Ê· ¢´¥´¨Ö

2
π

h(s) = 2n +
(
1 ± ϕ

π

)
, s � 0, ϕ ∈ (0, π]. (63)

�μ Éμ° ¦¥ ¶·¨Î¨´¥ ¢¥·´μ · ¢¥´¸É¢μ ∂2
sQ±

n (s, ϕ) = −∂sh(s). …£μ ¶· ¢ Ö,  
¸²¥¤μ¢ É¥²Ó´μ, ¨ ²¥¢ Ö Î ¸ÉÓ ´¨±μ£¤  ´¥ μ¡· Ð ¥É¸Ö ¢ ´Ê²Ó.

�¡¸Ê¤¨³ Ê· ¢´¥´¨¥ (63). 	² £μ¤ ·Ö ´¥· ¢¥´¸É¢Ê ∂sh(s) �= 0, s � 0, ¥£μ
¶· ¢ Ö Î ¸ÉÓ ´¥ ¨³¥¥É ²μ± ²Ó´ÒÌ Ô±¸É·¥³Ê³μ¢. �μÔÉμ³Ê ¶·¨ ¤ ´´μ³ n ³μ¦¥É
¸ÊÐ¥¸É¢μ¢ ÉÓ Éμ²Ó±μ μ¤¨´, ¶·¨Î¥³ ¶·μ¸Éμ° ±μ·¥´Ó s±n (ϕ). ’ ±μ° ±μ·¥´Ó
¸ÊÐ¥¸É¢Ê¥É Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  μ¡² ¸É¨ ¤μ¶Ê¸É¨³ÒÌ §´ Î¥´¨° μ¡¥¨Ì
Î ¸É¥° μ¡¸Ê¦¤ ¥³μ£μ Ê· ¢´¥´¨Ö ¶¥·¥¸¥± ÕÉ¸Ö. 
É¨ μ¡² ¸É¨ μ¶·¥¤¥²ÖÕÉ¸Ö
´¥· ¢¥´¸É¢ ³¨ (29).

’¥¶¥·Ó ¶·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ¤ ´´μ³ n Ê· ¢´¥´¨¥ (63) ¨³¥¥É ±μ·¥´Ó
s±n (ϕ). ’ ±μ° ±μ·¥´Ó ¶·μ¸Éμ°, ¨, ±·μ³¥ Éμ£μ, ∂2

sQ±
n (s, ϕ) �= 0. �μÔÉμ³Ê ¨´É¥-

£· ² F±
n (ϕ, μ) ¸ ¡μ²ÓÏ¨³ ¶ · ³¥É·μ³ μ ³μ¦´μ ´ °É¨ ³¥Éμ¤μ³ ¸É Í¨μ´ ·´μ°

Ë §Ò [10]. ‘μ£² ¸´μ ÔÉμ³Ê ³¥Éμ¤Ê

F±
n (ϕ, μ) =

√
π

μϑ±
n (ϕ)

exp
{

ı
[
ω±

n (ϕ, μ) − π

4
α
]}

+ O

(
1

μ3/2

)
, μ → ∞,

(64)
£¤¥ ¤²Ö ±· É±μ¸É¨ ¨¸¶μ²Ó§μ¢ ²¨¸Ó ¸²¥¤ÊÕÐ¨¥ μ¡μ§´ Î¥´¨Ö:

ϑ±
n (ϕ) ≡ |∂2

sQ±
n (s, ϕ)| = α∂sh(s), ω±

n (ϕ, μ) ≡ μ [2g(s) + s(2πn ± ϕ)] ,

s = s±n (ϕ).
(65)

ˆÉ ±, ¥¸²¨ ¶·¨ ¤ ´´μ³ n Ê· ¢´¥´¨¥ (63) ¨³¥¥É ±μ·¥´Ó s±n (ϕ), Éμ ¢ ¸¨²Ê
· ¢¥´¸É¢  (64) ¢ ¶·¥¤¥²¥ μ → ∞ ¨´É¥£· ² F±

n (ϕ, μ) Ê¡Ò¢ ¥É ± ± O(μ−1/2).
‚ ¶·μÉ¨¢´μ³ ¸²ÊÎ ¥ ∂sQ

±
n �= 0, ¨, ¸μ£² ¸´μ ³μ´μ£· Ë¨¨ [10], ¨´É¥£· ²

F±
n (ϕ, μ) ¢ ¶·¥¤¥²¥ μ → ∞ Ê¡Ò¢ ¥É ¡Ò¸É·¥¥,   ¨³¥´´μ ± ± O(μ−1). �μÔÉμ³Ê

¸É ·Ï¥¥ ¸² £ ¥³μ¥  ¸¨³¶ÉμÉ¨±¨ ·Ö¤  (62) · ¢´μ ¸Ê³³¥ ¢¸¥Ì ¨´É¥£· ²μ¢ (64)
¸ ´μ³¥·μ³ n, ¶·¨ ±μÉμ·μ³ Ê· ¢´¥´¨¥ (63) ¨³¥¥É ·¥Ï¥´¨¥.

�·¨cÉÊ¶¨³ ± ¢Ò¢μ¤Ê É ±μ£μ ¸² £ ¥³μ£μ ¤²Ö ¸²ÊÎ Ö α = 1,   § É¥³ ¤²Ö
¸²ÊÎ Ö α = −1.

‘²ÊÎ ° α = 1. ‘μ£² ¸´μ ¶¥·¢μ³Ê ¨§ ¤¢ÊÌ ´¥· ¢¥´¸É¢ (29) ²¥¢ Ö Î ¸ÉÓ
Ê· ¢´¥´¨Ö (63) Ê¤μ¢²¥É¢μ·Ö¥É Ê¸²μ¢¨Õ (2/π)h(s) ∈ [0, 1), s � 0. ‘²¥¤μ¢ -
É¥²Ó´μ, Ê· ¢´¥´¨¥ (63) ¨³¥¥É ·¥Ï¥´¨¥, ¥¸²¨ ¥£μ ¶· ¢ Ö Î ¸ÉÓ Ê¤μ¢²¥É¢μ·Ö¥É
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É ±μ³Ê ¦¥ Ê¸²μ¢¨Õ. 
Éμ ¢μ§³μ¦´μ ¢ ¥¤¨´¸É¢¥´´μ³ ¸²ÊÎ ¥: ¢ Ê· ¢´¥´¨¨ (63)
¢Ò¡· ´ §´ ± ³¨´Ê¸ ¨ ¶μ²μ¦¥´μ n = 0. �μÔÉμ³Ê ¨³¥¥É¸Ö ¥¤¨´¸É¢¥´´Ò° ±μ·¥´Ó
s−0 (ϕ). ‘²¥¤μ¢ É¥²Ó´μ, £² ¢´μ¥ ¸² £ ¥³μ¥ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±¨
·Ö¤  (62) μ¶·¥¤¥²Ö¥É¸Ö ¨´É¥£· ²μ³ F−

0 (ϕ, μ). ˆ¸¶μ²Ó§ÊÖ ¶·¥¤¸É ¢²¥´¨¥ (64)
É ±μ£μ ¨´É¥£· ² , § ¶¨Ï¥³  ¸¨³¶ÉμÉ¨±Ê μ¡¸Ê¦¤ ¥³μ£μ ·Ö¤  ¢ ¢¨¤¥

f(ϕ, q) =
ı

q1/β

{√
d

2ϑ−
0 (ϕ)

exp
[
ıω−

0 (ϕ, μ)
]
+ O(qν)

}
,

q → 0+, ϕ ∈ (0, π].

(66)

‘²ÊÎ ° α = −1. ‘μ£² ¸´μ ¢Éμ·μ³Ê ¨§ ¤¢ÊÌ ´¥· ¢¥´¸É¢ (29) ²¥¢ Ö Î ¸ÉÓ
Ê· ¢´¥´¨Ö (63) ³μ¦¥É ¶·¨´¨³ ÉÓ ¢¸¥ §´ Î¥´¨Ö ¡μ²ÓÏ¥ ¥¤¨´¨ÍÒ ¨ ³¥´ÓÏ¥ ¨²¨
· ¢´Ò¥ 2/(2 − β). ‘²¥¤μ¢ É¥²Ó´μ, ÔÉμ Ê· ¢´¥´¨¥ · §·¥Ï¨³μ ¶·¨ Ê¸²μ¢¨ÖÌ

1 < 2n +
(
1 ± ϕ

π

)
� 2

2 − β
, ϕ ∈ (0, π].

�¥·¥Î¨¸²¨³ ¸²¥¤¸É¢¨Ö ÔÉ¨Ì Ê¸²μ¢¨°. �·¨ ¢Ò¡μ·¥ §´ ±  ¶²Õ¸ ¨²¨ ³¨´Ê¸ Ê· ¢-
´¥´¨¥ (63) ¨³¥¥É ±μ·´¨ s+

n (ϕ) ¸ ´μ³¥· ³¨ n = 0, 1, . . . , n+ ¨²¨ ±μ·´¨ s−n (ϕ)
¸ ´μ³¥· ³¨ n = 1, . . . , n−. —¨¸²μ n+ μ¶·¥¤¥²Ö¥É¸Ö Î¥·¥§ Í¥²ÊÕ [γ] ¨ ¤·μ¡-
´ÊÕ {γ} Î ¸É¨ Î¨¸²  γ ≡ 1/(2 − β) Ëμ·³Ê² ³¨

n+ ≡
{

[γ], ϕ � ϕ+,

[γ] − 1, ϕ > ϕ+,
ϕ+ ≡ π(2{γ} − 1), γ ≡ 1

2 − β
. (67)

—¨¸²μ n− § ¢¨¸¨É μÉ Í¥²μ° [γ−1/2] ¨ ¤·μ¡´μ° {γ−1/2} Î ¸É¥° Î¨¸²  γ−1/2:

n− ≡
{

[γ − 1/2], ϕ < ϕ−,

[γ − 1/2] + 1, ϕ � ϕ−,
ϕ− ≡ 2π(1 − {γ − 1/2}), γ ≡ 1

2 − β
.

(68)
ˆÉ ±, ¢ · ¸¸³ É·¨¢ ¥³μ³ ¸²ÊÎ ¥ (α = −1) Ê· ¢´¥´¨¥ (63) ¨³¥¥É ±μ´¥Î´μ¥

Î¨¸²μ ±μ·´¥° s±n (ϕ). ‘²¥¤μ¢ É¥²Ó´μ, ¢±² ¤ ¢ £² ¢´μ¥ ¸² £ ¥³μ¥ ´¨§±μÔ´¥·£¥-
É¨Î¥¸±μ°  ¸¨³¶ÉμÉ¨±¨ ·Ö¤  (62) ¤ ÕÉ ¨´É¥£· ²Ò F+

n (ϕ, μ), n = 0, 1, . . . , n+,
¨ ¨´É¥£· ²Ò F−

n (ϕ, μ), n = 1, 2, . . . , n−. ˆ¸¶μ²Ó§ÊÖ  ¸¨³¶ÉμÉ¨±¨ (64) É ±¨Ì
¨´É¥£· ²μ¢, ¶·¥¤¸É ¢¨³ μ¡¸Ê¦¤ ¥³Ò° ·Ö¤ ¶·¨ q → 0+ ¢ ¢¨¤¥

f(ϕ, q) =
ı
√

d

q1/β

⎡
⎣ n+∑

n=0

exp [ıω+
n (ϕ, μ)]√

2ϑ+
n (ϕ)

+
n−∑
n=1

exp [ıω−
n (ϕ, μ)]√

2ϑ−
n (ϕ)

+ O(qν)

⎤
⎦ ,

ϕ ∈ (0, π].

(69)

‡ ¢¥·Ï¨³ ´ ¸ÉμÖÐ¨° · §¤¥² ¢ ¦´Ò³ ¢Ò¢μ¤μ³. ‚ ¶·¥¤¥²¥ q → 0+ ²Õ¡ Ö
±μ´¥Î´ Ö (m = 0, 1, . . . , n < ∞) ¶μ¤¸Ê³³  ¨¸Ìμ¤´μ£μ · §²μ¦¥´¨Ö (47)  ³-
¶²¨ÉÊ¤Ò · ¸¸¥Ö´¨Ö f(ϕ, q) ¢μ§· ¸É ¥É ´¥ ¡Ò¸É·¥¥, Î¥³ O(q−1/2). ‘μ£² ¸´μ
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· ¢¥´¸É¢Ê (69) ¢ Éμ³ ¦¥ ¶·¥¤¥²¥ ¢¥¸Ó ¡¥¸±μ´¥Î´Ò° ·Ö¤ (47) · ¸É¥É ¡Ò¸É·¥¥,
  ¨³¥´´μ ± ± O(q−1/β), β ∈ (1, 2). ‘²¥¤μ¢ É¥²Ó´μ, ¶·¨ q → 0+ μ¸´μ¢´μ°
¢±² ¤ ¢  ³¶²¨ÉÊ¤Ê · ¸¸¥Ö´¨Ö f(ϕ, q) ¤ ÕÉ ¸μ¸ÉμÖ´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¸
¡μ²ÓÏ¨³¨ ´μ³¥· ³¨ m.

5. �‘ˆŒ�’�’ˆŠˆ „ˆ””…�…�–ˆ�‹œ��ƒ� ‘…—…�ˆŸ

ˆ¸¶μ²Ó§Ê¥³ μ¡μ§´ Î¥´¨Ö (65) ¨ ¨§¢¥¸É´μ¥ μ¶·¥¤¥²¥´¨¥ [4] ¤¨ËË¥·¥´Í¨-
 ²Ó´μ£μ ¸¥Î¥´¨Ö · ¸¸¥Ö´¨Ö ∂ϕσ(ϕ, q) ≡ |f(ϕ, q)|2 Î¥·¥§  ³¶²¨ÉÊ¤Ê f(ϕ, q).
‘´ Î ²  μ¡¸Ê¤¨³ ´¨§±μÔ´¥·£¥É¨Î¥¸±μ¥ ¶·¥¤¸É ¢²¥´¨¥ ¸¥Î¥´¨Ö ∂ϕσ(ϕ, q) Î¥-
·¥§ ËÊ´±Í¨¨ n±(ϕ, β), s±n (ϕ) ¨ ϑ±

n (ϕ), § É¥³ ¢ÒÖ¢¨³ μ¸´μ¢´Ò¥ ¸¢μ°¸É¢  ÔÉ¨Ì
ËÊ´±Í¨° ¨, ´ ±μ´¥Í, ¨¸¸²¥¤Ê¥³ ¶μ¢¥¤¥´¨¥ ¸¥Î¥´¨Ö ∂ϕσ(ϕ, q) ¢ ´ ¶· ¢²¥´¨¨
· ¸¸¥Ö´¨Ö ´ § ¤ (ϕ → π−) ¨ ¢¶¥·¥¤ (ϕ → 0+).

5.1. �¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ ¶·¨¡²¨¦¥´¨Ö ¸¥Î¥´¨Ö ∂ϕσ(ϕ, q).
‘²ÊÎ ° α = 1. �³¶²¨ÉÊ¤  (66) ¶μ·μ¦¤ ¥É ¤¨ËË¥·¥´Í¨ ²Ó´μ¥ ¸¥Î¥´¨¥

∂ϕσ(ϕ, q) =
1

q2/β

{
d

2ϑ−
0 (ϕ)

+ O(qν)
}

, q → 0+, ϕ ∈ (0, π]. (70)

‘²ÊÎ ° α = −1. �³¶²¨ÉÊ¤¥ (69) ¸μμÉ¢¥É¸É¢Ê¥É ¸¥Î¥´¨¥

∂ϕσ(ϕ, q) =
n+∑
n=0

∂ϕσ+
n (ϕ, q) +

n−∑
n=1

∂ϕσ−
n (ϕ, q) + ∂ϕσint(ϕ, q) + O(q−1),

ϕ ∈ (0, π].

(71)

‚ É ±μ³ ¸¥Î¥´¨¨ ± ¦¤μ¥ ¸² £ ¥³μ¥

∂ϕσ±
n (ϕ, q) ≡ 1

q2/β

d

2ϑ±
n (ϕ)

(72)

¶μ·μ¦¤ ¥É¸Ö ¸μμÉ¢¥É¸É¢ÊÕÐ¥° ¸É Í¨μ´ ·´μ° ÉμÎ±μ° s±n (ϕ),   ¸² £ ¥³μ¥

∂ϕσint(ϕ, q) ≡ d

q2/β

⎧⎨
⎩

n+∑
i<j

cos
[
ω+

i (ϕ, μ) − ω+
j (ϕ, μ)

]
√

ϑ+
i (ϕ)ϑ+

j (ϕ)
+

+
n−∑
i<j

cos
[
ω−

i (ϕ, μ) − ω−
j (ϕ, μ)

]
√

ϑ−
i (ϕ)ϑ−

j (ϕ)
+

n−∑
i=0

n−∑
j=1

cos
[
ω+

i (ϕ, μ) − ω−
j (ϕ, μ)

]
√

ϑ+
i (ϕ)ϑ−

j (ϕ)

⎫⎬
⎭
(73)

Ö¢²Ö¥É¸Ö ¨´É¥·Ë¥·¥´Í¨μ´´Ò³ ¢±² ¤μ³ μÉ ¢¸¥Ì ¸É Í¨μ´ ·´ÒÌ ÉμÎ¥±.
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ˆ§ μ¶·¥¤¥²¥´¨Ö (65) ¸²¥¤Ê¥É, ÎÉμ ¢¸¥ ËÊ´±Í¨¨ ω±
n (ϕ, μ) ´¥μ£· ´¨Î¥´´μ

¢μ§· ¸É ÕÉ, ¥¸²¨ q → 0+. �μÔÉμ³Ê ËÊ´±Í¨¨ ∂ϕσint(ϕ, q) ¨ ∂ϕσ(ϕ, q) μ¸Í¨²-
²¨·ÊÕÉ ´  ¶μ²Ê¨´É¥·¢ ²¥ 0 < ϕ � π,   Î¨¸²μ ²μ± ²Ó´ÒÌ Ô±¸É·¥³Ê³μ¢ ÔÉ¨Ì
ËÊ´±Í¨° · ¸É¥É, ¥¸²¨  ·£Ê³¥´É q Ê³¥´ÓÏ ¥É¸Ö.

5.2. ‘¢μ°¸É¢  ËÊ´±Í¨° n±(ϕ, β), s±n (ϕ) ¨ ϑ±
n (ϕ).

‘²ÊÎ ° α = 1. ‚ ÔÉμ³ ¸²ÊÎ ¥ n = 0 Ê· ¢´¥´¨¥ (63) ¸É ´μ¢¨É¸Ö Ê· ¢´¥´¨¥³

2
π

h(s) = 1 − ϕ

π
, s � 0, ϕ ∈ [0, π], (74)

±μÉμ·μ¥ ¶·¨ ²Õ¡μ³ ϕ ∈ [0, π] ¨³¥¥É ¥¤¨´¸É¢¥´´Ò° ±μ·¥´Ó s−0 (ϕ). ‹¥¢ Ö Î ¸ÉÓ
Ê· ¢´¥´¨Ö (74) Å ³μ´μÉμ´´μ ¢μ§· ¸É ÕÐ Ö ËÊ´±Í¨Ö  ·£Ê³¥´É  s. �μÔÉμ³Ê
±μ·¥´Ó s−0 (ϕ) Ö¢²Ö¥É¸Ö ³μ´μÉμ´´μ Ê¡Ò¢ ÕÐ¥° ËÊ´±Í¨¥° Ê£²  ϕ, ±μÉμ· Ö ¸Ìμ-
¤¨É¸Ö ± ´Ê²Õ, ¥¸²¨ ϕ → π−, ¨ ¡¥¸¶·¥¤¥²Ó´μ ¢μ§· ¸É ¥É, ¥¸²¨ ϕ → 0+.

� °¤¥³ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ±μ·´Ö s−0 (ϕ) ¶·¨ ϕ → π−. „²Ö ÔÉμ£μ ¢ Ê· ¢-
´¥´¨¨ (74) § ³¥´¨³ ËÊ´±Í¨Õ h(s) ¥¥  ¸¨³¶ÉμÉ¨±μ° (34) ¶·¨ s =
s−0 (ϕ) → 0. �¥Ï¥´¨¥ s−0 (ϕ) ¶μ²ÊÎ¥´´μ£μ Ê· ¢´¥´¨Ö ¶·¥¤¸É ¢¨³ ¢ ¢¨¤¥

s−0 (ϕ) =
bβ

2

[
B

(
1
β

,
1
2

)]−1

(π − ϕ) + O
(
(π − ϕ)3

)
, ϕ → π − . (75)

‘μ£² ¸´μ ÔÉμ³Ê ¶·¥¤¸É ¢²¥´¨Õ ÉμÎ±  ϕ = π Ö¢²Ö¥É¸Ö ´Ê²¥³ ËÊ´±Í¨¨ s−0 (ϕ).
’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨¨ ϑ−

0 (ϕ) ¶·¨ ϕ → π−. �μ μ¶·¥¤¥-
²¥´¨Õ (65) ÔÉ  ËÊ´±Í¨Ö · ¢´  ³μ¤Ê²Õ ¶·μ¨§¢μ¤´μ° ∂sh(s), ¢§ÖÉμ° ¢ ÉμÎ±¥
s = s−0 (ϕ). ’ ± ± ± ¢ ¨¸¸²¥¤Ê¥³μ³ ¶·¥¤¥²¥ s−0 (ϕ) → 0, Éμ ¸²¥¤Ê¥É ¢μ¸¶μ²Ó§μ-
¢ ÉÓ¸Ö  ¸¨³¶ÉμÉ¨±μ° (35) ¶·μ¨§¢μ¤´μ° ∂sh(s) ¶·¨ s → 0. ‚ ÔÉμ°  ¸¨³¶ÉμÉ¨±¥
¶μ²μ¦¨³ s = s−0 (ϕ),   § É¥³ § ³¥´¨³ ËÊ´±Í¨Õ s−0 (ϕ) ¶· ¢μ° Î ¸ÉÓÕ · ¢¥´-
¸É¢  (75). ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³ ¨¸±μ³μ¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¸μμÉ´μÏ¥´¨¥

ϑ−
0 (ϕ) =

1
bβ

B

(
1
β

,
1
2

)
+ O

(
(π − ϕ)2

)
, ϕ → π − . (76)

‚ ¸¨²Ê ÔÉμ£μ ¸μμÉ´μÏ¥´¨Ö ¢ ÉμÎ±¥ ϕ = π ËÊ´±Í¨Ö ϑ−
0 (ϕ) μ£· ´¨Î¥´  ¨

μÉ²¨Î´  μÉ ´Ê²Ö.
‘²ÊÎ ° α = −1. �¥·¥Î¨¸²¨³ ¸¢μ°¸É¢  ËÊ´±Í¨° n+ ¨ n− ¶¥·¥³¥´´ÒÌ

ϕ ∈ [0, π] ¨ β ∈ (0, 1), ¶μ·μ¦¤¥´´Ò¥ μ¶·¥¤¥²¥´¨Ö³¨ (67) ¨ (68). �É³¥É¨³,
ÎÉμ ¢¸¥£¤  n+ + n− � 1.

�Ê¸ÉÓ j Å ´¥±μÉμ·μ¥ Í¥²μ¥ Î¨¸²μ ¨ ¢Ò¶μ²´Ö¥É¸Ö μ¤´μ ¨ ¤¢ÊÌ Ê¸²μ¢¨°

2j − 1
j

� β <
4j

2j + 1
,

4j

2j + 1
� β <

2j + 1
j + 1

,

Éμ£¤  [γ] = j. �·¨ ¶¥·¢μ³ ¨§ ÔÉ¨Ì Ê¸²μ¢¨° {γ} < 1/2,   ϕ+ ∈ [−π, 0), ¨

¶μÔÉμ³Ê n+ = j − 1 < n− = j ¤²Ö ²Õ¡μ£μ ϕ ∈ [0, π]. �·¨ ¢Éμ·μ³ ¨§ É¥Ì ¦¥
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Ê¸²μ¢¨° {γ} � 1/2,   ϕ+ ∈ [0, π), ¨ ¶μÔÉμ³Ê n+ = j < n− = j + 1 ¢ ¸²ÊÎ ¥
ϕ ≤ ϕ+ ¨ n+ = j − 1 > n− = j ¢ ¸²ÊÎ ¥ ϕ > ϕ+.

’¥¶¥·Ó ¶·¥¤¶μ²μ¦¨³, ÎÉμ ¶·¨ ´¥±μÉμ·μ³ Í¥²μ³ j ¢¥·´μ μ¤´μ ¨§ ¤¢ÊÌ
Ê¸²μ¢¨°

4j

2j + 1
� β <

2j + 1
j + 1

,
2j + 1
j + 1

� β < 4
j + 1
2j + 3

,

Éμ£¤  [γ − 1/2] = j. �·¨ ¶¥·¢μ³ ¨§ ÔÉ¨Ì Ê¸²μ¢¨° {γ − 1/2} < 1/2,   ϕ− ∈
(π, 2π], ¨ ¶μÔÉμ³Ê n− = j ¤²Ö ²Õ¡μ£μ ϕ ∈ [0, π]. �·¨ ¢Éμ·μ³ ¨§ É¥Ì ¦¥
Ê¸²μ¢¨° {γ − 1/2} � 1/2,   ϕ− ∈ (0, π], ¨ ¶μÔÉμ³Ê n− = j ¢ ¸²ÊÎ ¥ ϕ < ϕ−

¨ n− = j + 1 ¢ ¸²ÊÎ ¥ ϕ � ϕ−.
‚ÒÖ¢¨³ ¢ ¦´Ò¥ ¸¢μ°¸É¢  ±μ·´¥° s+

n (ϕ) ¨ s−n (ϕ) Ê· ¢´¥´¨Ö (63). �¡¥
Î ¸É¨ Ê· ¢´¥´¨Ö (63) ³μ´μÉμ´´μ · ¸ÉÊÉ, ¥¸²¨ Ê³¥´ÓÏ ¥É¸Ö  ·£Ê³¥´É s ¨²¨
´μ³¥· n. …¸²¨ ´μ³¥· n Ë¨±¸¨·μ¢ ´,    ·£Ê³¥´É ϕ ¢μ§· ¸É ¥É, Éμ ¶· ¢ Ö Î ¸ÉÓ
Ê· ¢´¥´¨Ö (63) ¶·¨ §´ ±¥ ¶²Õ¸ · ¸É¥É   ¶·¨ ¢Ò¡μ·¥ §´ ±  ³¨´Ê¸ Å Ê¡Ò¢ ¥É.
‚¸²¥¤¸É¢¨¥ Ê¶μ³Ö´ÊÉÒÌ ¸¢μ°¸É¢ Ê· ¢´¥´¨Ö (63) ¢¸¥ ¥£μ ±μ·´¨ s+

n (ϕ) Å ³μ´μ-
Éμ´´μ Ê¡Ò¢ ÕÐ¨¥,   ¢¸¥ ±μ·´¨ s−n (ϕ) Å ³μ´μÉμ´´μ ¢μ§· ¸É ÕÐ¨¥ ËÊ´±Í¨¨
Ê£²  ϕ, Ê¤μ¢²¥É¢μ·ÖÕÐ¨¥ ¸²¥¤ÊÕÐ¨³ ¸μμÉ´μÏ¥´¨Ö³:

s+
0 (ϕ) → ∞, ϕ → 0; 0 < s±n (ϕ) < ∞, n � 1, ϕ ∈ [0, π];

s+
n (0) = s−n (0), s+

n (π) = s−n+1(π), n � 1;

s+
0 (ϕ) > s−1 (ϕ) > s+

1 (ϕ) > s−2 (ϕ) > . . . > z(ϕ), ϕ ∈ (0, π),

£¤¥ z(ϕ) = s+
n+(ϕ) ¨²¨ z(ϕ) = s−n−(ϕ), ¥¸²¨ n+ > n− ¨²¨ ¦¥ n+ < n−.

‘²¥¤μ¢ É¥²Ó´μ, ¢¸¥ μÉ·¥§±¨ [s+
n (π), s+

n (0)] ¨ [s−n+1(0), s−n+1(π)] ¶¥·¥³¥¦ ÕÉ¸Ö,
  μ¡Ñ¥¤¨´¥´¨¥ ¢¸¥Ì É ±¨Ì μÉ·¥§±μ¢ Ö¢²Ö¥É¸Ö ¶μ²Êμ¸ÓÕ s � 0. ‚¸¥ ±μ·´¨
s±n (ϕ), n � 1, μ£· ´¨Î¥´Ò ´  μÉ·¥§±¥ 0 � ϕ � π ¨ ´¥ ¶·¥¢ÒÏ ÕÉ §´ Î¥´¨Ö
±μ·´Ö s+

0 (ϕ) ¢ ÉμÎ±¥ ϕ = π, ÔÉμ §´ Î¥´¨¥ ¢¸¥£¤  μÉ²¨Î´μ μÉ ´Ê²Ö.
‘²ÊÎ ° α = ±1, ϕ → 0. � °¤¥³  ¸¨³¶ÉμÉ¨±Ê ±μ·´¥° s−0 (ϕ) ¨ s+

0 (ϕ) ¢
¶·¥¤¥²¥ ϕ → 0. ‚ ÔÉμ³ ¶·¥¤¥²¥ s±0 (ϕ) → ∞. �μÔÉμ³Ê ¨¸¶μ²Ó§Ê¥³  ¸¨³-
¶ÉμÉ¨±Ê (39) ËÊ´±Í¨¨ h(s). ‚ ¶· ¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö (63), n = 0, § ³¥´¨³
ËÊ´±Í¨Õ h(s) ÔÉμ°  ¸¨³¶ÉμÉ¨±μ°, ¶μ²μ¦¨³ s = s±0 (ϕ) ¨ · §·¥Ï¨³ ¶μ²ÊÎ¥´-
´μ¥ Ê· ¢´¥´¨¥ μÉ´μ¸¨É¥²Ó´μ ËÊ´±Í¨¨ s±0 (ϕ). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³

s±0 (ϕ) = b

[
β

2ϕ
B

(
β + 1

2
,
1
2

)]1/β

+ O(ϕ(β−1)/β), ϕ → 0. (77)

‘²¥¤μ¢ É¥²Ó´μ, ËÊ´±Í¨¨ s−0 (ϕ) ¨ s+
0 (ϕ) ¢μ§· ¸É ÕÉ ± ± O(ϕ−1/β), ¥¸²¨

ϕ → 0+.
’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¶μ¢¥¤¥´¨¥ ËÊ´±Í¨° ϑ−

0 (ϕ) ¨ ϑ+
0 (ϕ) ¢ ¶·¥¤¥²¥ ϕ → 0.

„²Ö ÔÉμ£μ ¢  ¸¨³¶ÉμÉ¨±¥ (40) ¶·μ¨§¢μ¤´μ° ∂sh(s) ¶μ²μ¦¨³ s = s±0 (ϕ),   § É¥³
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§ ³¥´¨³ ËÊ´±Í¨Õ s±0 (ϕ) ¶· ¢μ° Î ¸ÉÓÕ · ¢¥´¸É¢  (77). ‚ ¨Éμ£¥ ¶μ²ÊÎ¨³
¨¸±μ³μ¥  ¸¨³¶ÉμÉ¨Î¥¸±μ¥ ¸μμÉ´μÏ¥´¨¥

ϑ±
0 (ϕ) =

1
b

[(
β

2ϕ

)1+β

B

(
β + 1

2
,
1
2

)]−1/β

+ O(ϕ2+1/β), ϕ → 0. (78)

�´μ μ§´ Î ¥É, ÎÉμ ¶·¨ ϕ → 0 ËÊ´±Í¨¨ ϑ−
0 (ϕ) ¨ ϑ+

0 (ϕ) ¸Ìμ¤ÖÉ¸Ö ± ´Ê²Õ ± ±
O(ϕ1+1/β).

5.3. “£²μ¢Ò¥ μ¸μ¡¥´´μ¸É¨ ¸¥Î¥´¨Ö ∂ϕσ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ. ˆ¸¸²¥¤Ê¥³
§ ¢¨¸¨³μ¸ÉÓ ¸¥Î¥´¨Ö ∂ϕσ(ϕ, q) ´¨§±μÔ´¥·£¥É¨Î¥¸±μ£μ (q → 0+) · ¸¸¥Ö´¨Ö μÉ
Ê£²  ϕ.

‘²ÊÎ ° α = 1. �μ± ¦¥³, ÎÉμ ¢ ÉμÎ±¥ ϕ = π ¸¥Î¥´¨¥ (70) ¶·¨´¨³ ¥É
±μ´¥Î´μ¥ ¨ μÉ²¨Î´μ¥ μÉ ´Ê²Ö §´ Î¥´¨¥. „¥°¸É¢¨É¥²Ó´μ, ¢ ¸¨²Ê ¶·¥¤¸É ¢²¥-
´¨Ö (76) ËÊ´±Í¨¨ ϑ−

0 (ϕ) ¨³¥¥³

∂ϕσ(ϕ, q)|ϕ=π =
dbβ

2q2/β

{[
B

(
1
β

,
1
2

)]−1

+ O(qν)

}
, q → 0 + . (79)

� °¤¥³ Ö¢´ÊÕ  ¸¨³¶ÉμÉ¨±Ê ¸¥Î¥´¨Ö (70) ¢ ¶·¥¤¥²¥ q → 0+ ¨ ϕ → 0.
‚ É ±μ³ ¶·¥¤¥²¥ ¤²Ö ËÊ´±Í¨¨ ϑ−

0 (ϕ) ¢¥·´μ ¶·¥¤¸É ¢²¥´¨¥ (78). �´μ ¶μ·μ-
¦¤ ¥É ¨¸±μ³ÊÕ  ¸¨³¶ÉμÉ¨±Ê

∂ϕσ(ϕ, q) =
db

2q2/β

(
β

2ϕ

)1+1/β [
B

(
β + 1

2
,
1
2

)]1/β

[1 + O(ϕ) + O(qν )] ,

ϕ → 0.
(80)

‘μ£² ¸´μ É ±μ°  ¸¨³¶ÉμÉ¨±¥ ¸¥Î¥´¨¥ ∂ϕσ(ϕ, q) ¢μ§· ¸É ¥É ± ± O(ϕ−1−1/β),
¥¸²¨ ϕ → 0.

‘²ÊÎ ° α = −1. ˆ¸¸²¥¤Ê¥³ ¶μ¢¥¤¥´¨¥ ¸¥Î¥´¨Ö (71) ¢ ¶·¥¤¥²¥ ϕ → π−.
� ¶μ³´¨³ ¸¢μ°¸É¢  ËÊ´±Í¨° ∂sh(s) ¨ s±n (ϕ). �·μ¨§¢μ¤´ Ö ∂sh(s) μ£· ´¨Î¥´ 
´  ¢¸¥° ¶μ²Êμ¸¨ s � 0 ¨ ¸Ìμ¤¨É¸Ö ± ´Ê²Õ Éμ²Ó±μ ¢ ¸²ÊÎ ¥ s → ∞. ‚ ÉμÎ±¥ ϕ =
π ¢¸¥ ±μ·´¨ s±n (ϕ), n � 0, ¶·¨´¨³ ÕÉ ±μ´¥Î´Ò¥ §´ Î¥´¨Ö. �μÔÉμ³Ê ¢ Éμ° ¦¥
ÉμÎ±¥ ¢¸¥ ËÊ´±Í¨¨ ϑ±

n (ϕ) μ£· ´¨Î¥´Ò ¨ ´¥ · ¢´Ò ´Ê²Õ. ‘²¥¤μ¢ É¥²Ó´μ, ¢¸¥

¸² £ ¥³Ò¥ ∂ϕσ±
n ¨ ∂ϕσ+

int,   §´ Î¨É, ¨ ¨Ì ¸Ê³³  ∂ϕσ Ö¢²ÖÕÉ¸Ö ´¥¶·¥·Ò¢´Ò³¨
ËÊ´±Í¨Ö³¨ ¢ ¶·¥¤¥²¥ ϕ → π−. �μÔÉμ³Ê §´ Î¥´¨¥ ¸¥Î¥´¨Ö ∂ϕσ ¢ ÔÉμ³ ¶·¥¤¥²¥
³μ¦´μ ´ °É¨ ¶μ Ëμ·³Ê² ³ (65) ¨ (71)Ä(73), ¶μ²μ¦¨¢ ¢ ÔÉ¨Ì Ëμ·³Ê² Ì ϕ = π.

’¥¶¥·Ó ¨¸¸²¥¤Ê¥³ ¶μ¢¥¤¥´¨¥ ¸¥Î¥´¨Ö (71) ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ Ê£²  · ¸-
¸¥Ö´¨Ö ϕ. ‡ ³¥É¨³, ÎÉμ ¢ ¨¸¸²¥¤Ê¥³μ³ ¶·¥¤¥²¥ ϕ → 0 ¢¸¥ ±μ·´¨ s±n (ϕ), n � 1,
μ£· ´¨Î¥´Ò, ¶μÔÉμ³Ê ¢¸¥ ËÊ´±Í¨¨ ϑ±

n (ϕ), n � 1, ¸Ìμ¤ÖÉ¸Ö ± ¨Ì ´¥´Ê²¥¢Ò³

¶·¥¤¥²Ó´Ò³ §´ Î¥´¨Ö³, ´μ ËÊ´±Í¨Ö ϑ+
0 (ϕ) ¸μ£² ¸´μ Ëμ·³Ê²¥ (78) ¸Ìμ¤¨É¸Ö

± ´Ê²Õ. ‘²¥¤μ¢ É¥²Ó´μ, ¢¸¥ ¸² £ ¥³Ò¥ ¸¥Î¥´¨Ö (71), ´¥ ¸μ¤¥·¦ Ð¨¥ ËÊ´±-
Í¨Õ ϑ+

0 (ϕ), ¢ ¶·¥¤¥²¥ ϕ → 0 μ£· ´¨Î¥´Ò. ’μ²Ó±μ μ¤´μ ¸² £ ¥³μ¥ ∂sσ
+
0 (ϕ, q)
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μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´μ ËÊ´±Í¨¨ ϑ+
0 (ϕ) ¨ ¶μÔÉμ³Ê Ö¢²Ö¥É¸Ö ¸É ·Ï¨³ Î²¥-

´μ³  ¸¨³¶ÉμÉ¨±¨ ¸¥Î¥´¨Ö (71) ¢ ¶·¥¤¥²¥ ϕ → 0. ‘Ê³³  ¢¸¥Ì ¸² £ ¥³ÒÌ

¸¥Î¥´¨Ö (71), μ¡· É´μ ¶·μ¶μ·Í¨μ´ ²Ó´ÒÌ ËÊ´±Í¨¨
√

ϑ+
0 (ϕ), Ö¢²Ö¥É¸Ö ¸²¥¤Ê-

ÕÐ¨³ Î²¥´μ³ Éμ° ¦¥  ¸¨³¶ÉμÉ¨±¨. ˆ¸¶μ²Ó§ÊÖ ¶¥·¥Î¨¸²¥´´Ò¥ ¢ÒÏ¥ ¸¢μ°¸É¢ 
¸² £ ¥³ÒÌ ¸¥Î¥´¨Ö (71) ¨ § ³¥´¨¢ ¢ Ëμ·³Ê² Ì (71)Ä(73) ËÊ´±Í¨Õ ϑ+

0 (ϕ) ¶· -
¢μ° Î ¸ÉÓÕ · ¢¥´¸É¢  (78), ¶μ²ÊÎ¨³ ¨¸±μ³ÊÕ  ¸¨³¶ÉμÉ¨±Ê ¢ ¶·¥¤¥²¥ ϕ → 0.
�·¥¤¸É ¢¨³ ¥¥ Ëμ·³Ê² ³¨

∂ϕσ(ϕ, q) =
db

2q2/β
t

[
B

(
β + 1

2
,
1
2

)]1/β [
1 + O(

√
t) + O(qν)

]
,

t ≡
(

β

2ϕ

)1+1/β

.

(81)

‘²¥¤μ¢ É¥²Ó´μ, ¸¥Î¥´¨¥ ∂ϕσ(ϕ, q) ¢μ§· ¸É ¥É ± ± O(ϕ−1−1/β), ¥¸²¨ ϕ → 0,
  ¸É ·Ï¥¥ ¸² £ ¥³μ¥  ¸¨³¶ÉμÉ¨±¨ ÔÉμ£μ ¸¥Î¥´¨Ö · ¢´μ ¸É ·Ï¥³Ê ¸² £ ¥³μ³Ê
 ¸¨³¶ÉμÉ¨±¨ (80).

�·¨³¥·. � ¸¸³μÉ·¨³ ¸²ÊÎ ° α = ±1, β = 4/3. ‚ ÔÉμ³ ¸²ÊÎ ¥ ËÊ´±Í¨¨
τ0(s), h(s) ¨ ∂sh(s) ´¥É·Ê¤´μ ¢ÒÎ¨¸²¨ÉÓ ¸ ¢Ò¸μ±μ° ÉμÎ´μ¸ÉÓÕ ¶μ Ëμ·³Ê-
² ³ (20)Ä(22),   ¸μ£² ¸´μ · ¢¥´¸É¢ ³ (67) ¨ (68) Î¨¸²  n+ ¨ n− ¶·¨´¨³ ÕÉ
¨Ì ´ ¨³¥´ÓÏ¨¥ §´ Î¥´¨Ö: n+ = 0 ¨ n− = 1 ¶·¨ ²Õ¡μ³ ϕ ∈ (0, π]. �μ-
ÔÉμ³Ê ¶·¥¤¸É ¢²¥´¨¥ (71)Ä(73) ¸¥Î¥´¨Ö ∂ϕσ(ϕ, q) ¸μ¤¥·¦¨É ³¨´¨³ ²Ó´μ ¢μ§-
³μ¦´μ¥ Î¨¸²μ ¸² £ ¥³ÒÌ, · ¢´μ¥ É·¥³. ˆ³¨ Ö¢²ÖÕÉ¸Ö ¢±² ¤Ò ∂ϕσ+

0 (ϕ, q) ¨
∂ϕσ−

1 (ϕ, q) μÉ ¸É Í¨μ´ ·´ÒÌ ÉμÎ¥± s+
0 (ϕ), s−1 (ϕ) ¨ ¨´É¥·Ë¥·¥´Í¨μ´´Ò° ¢±² ¤

∂ϕσint(ϕ, q) μÉ ÔÉ¨Ì ÉμÎ¥±. �μ μ¶·¥¤¥²¥´¨Õ (73) ¶·¨ n+ = 0 ¨ n− = 1 ÔÉμÉ
¢±² ¤ ¸μ¸Éμ¨É ¨§ μ¤´μ£μ ¸² £ ¥³μ£μ.

ƒ· Ë¨±¨ ¸¥Î¥´¨Ö ∂ϕσ(ϕ, q), ¢ÒÎ¨¸²¥´´μ£μ ¶μ Ëμ·³Ê² ³ (20)Ä(22)
¨ (70)Ä(73) ¶·¨ §´ Î¥´¨ÖÌ α = ±1, d = 1, b = 2, β = 4/3 ¨ q = 0, 1,
¨§μ¡· ¦¥´Ò ´  ·¨¸. 2. 
É¨ £· Ë¨±¨ ´ £²Ö¤´μ ¨²²Õ¸É·¨·ÊÕÉ § ¢¨¸¨³μ¸ÉÓ

�¨¸. 2. ‘²ÊÎ ° d = 1 Ë³, b = 2, β = 4/3, q = 0, 1. ƒ· Ë¨± ËÊ´±Í¨¨ zc(ϕ) ≡ 0 Å
Éμ´± Ö ¶·Ö³ Ö. ƒ· Ë¨± ËÊ´±Í¨¨ q3/2∂ϕσ(ϕ, q) Å ¸¶²μÏ´ Ö ±·¨¢ Ö: a) α = 1,
¡) α = −1
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¸¥Î¥´¨Ö ∂ϕσ(ϕ, q) μÉ Ê£²  · ¸¸¥Ö´¨Ö ϕ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ. Š ± ¢¨¤´μ, ¸¥-
Î¥´¨¥ ∂ϕσ(ϕ, q) ¢ ¸²ÊÎ ¥ μÉÉ ²±¨¢ ÕÐ¥£μ ¶μÉ¥´Í¨ ²  (1), α = 1, ³μ´μÉμ´´μ
Ê¡Ò¢ ¥É ¸ ·μ¸Éμ³ Ê£² ,   ¢ ¸²ÊÎ ¥ ¶·¨ÉÖ£¨¢ ÕÐ¥£μ ¶μÉ¥´Í¨ ²  (1), α = −1,
Ê¡Ò¢ ¥É μ¸Í¨²²¨·ÊÖ. ‚ μ¡μ¨Ì ¸²ÊÎ ÖÌ α = 1 ¨ α = −1 ¸¥Î¥´¨¥ ∂ϕσ(ϕ, q)
´¥μ£· ´¨Î¥´´μ ¢μ§· ¸É ¥É ¶·¨ ϕ → 0 ¨ Ö¢²Ö¥É¸Ö ±μ´¥Î´Ò³ ¢ ÉμÎ±¥ ϕ = π.

6. ��…�ƒˆˆ ‘‹�	�‘‚Ÿ‡���›• ‘�‘’�Ÿ�ˆ‰

‚ ´ ¸ÉμÖÐ¥³ · §¤¥²¥ ¶·¥¤¶μ² £ ¥É¸Ö, ÎÉμ ±¢ ´Éμ¢ Ö Î ¸É¨Í  p1 ¤¢¨¦¥É¸Ö
¢ ¶μ²¥ ¶·¨ÉÖ£¨¢ ÕÐ¥£μ (α = −1) ¶μÉ¥´Í¨ ²  (1). ‚ É ±μ³ ¶μÉ¥´Í¨ ²¥ Î -
¸É¨Í  p1 ¨³¥¥É ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö. ‘μ£² ¸´μ ±¢ ´Éμ¢μ° ³¥Ì ´¨±¥ ¶μ²-
´ Ö Ô´¥·£¨Ö Ea ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö μÉ·¨Í É¥²Ó´ Ö, É ±μ° Ô´¥·£¨¨ ¸μμÉ¢¥É-
¸É¢Ê¥É ³´¨³μ¥ ¢μ²´μ¢μ¥ Î¨¸²μ ıka, ka > 0,   ¢ ¸²ÊÎ ¥ ³ ²μ° ¢ μ¶·¥¤¥²¥´´μ³
¸³Ò¸²¥ Ô´¥·£¨¨ ¸¢Ö§¨ |Ea| ¸¢Ö§ ´´μ¥ ¸μ¸ÉμÖ´¨¥ ´ §Ò¢ ¥É¸Ö ¸² ¡μ¸¢Ö§ ´´Ò³.
� Ï  § ¤ Î  Å ´ °É¨ ¶·μ¸ÉÊÕ  ¶¶·μ±¸¨³ Í¨Õ Ô´¥·£¨¨ Ea ¸² ¡μ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö.

6.1. � ¤¨ ²Ó´Ò¥ § ¤ Î¨ ´  ¸¢Ö§ ´´Ò¥ ¸μ¸ÉμÖ´¨Ö ¢ ¤¢Ê³¥·´μ° ¶²μ¸±μ-
¸É¨. �Ê¸ÉÓ d Å ´¥±μÉμ·μ¥ Ë¨±¸¨·μ¢ ´´μ¥ ´¥´Ê²¥¢μ¥ · ¸¸ÉμÖ´¨¥. ”μ·³Ê² ³¨

qa ≡ kad, x ≡ r

d
, ρa ≡ kar = qax, b ≡

(
2m1

�2
d2−βV0

)1/β

(82)

μ¶·¥¤¥²¨³ ¡¥§· §³¥·´Ò° ³μ¤Ê²Ó qa ¢μ²´μ¢μ£μ Î¨¸²  ıqa ¨ ¡¥§· §³¥·´Ò¥  ·£Ê-
³¥´ÉÒ x, ρ ¨ ¶ · ³¥É· b. �·¨¢¥¤¥³ Ëμ·³Ê²Ò ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ¶μ²´μ° Ô´¥·£¨¨

Ea = − (�ka)2

2m1
, Ea = − 1

2m1

(
�qa

d

)2

. (83)

‘μ£² ¸´μ ÔÉ¨³ Ëμ·³Ê² ³ qa → 0+ Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ , ±μ£¤  Ea → 0− ¨
´ μ¡μ·μÉ.

�Ê¸ÉÓ uλ(x, qa) Å · ¤¨ ²Ó´ Ö ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¸¢Ö§ ´´μ£μ ¸μ¸ÉμÖ´¨Ö
|q, λ〉 Î ¸É¨ÍÒ p1 ¸ ±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ q = ıqa ¨ λ = m − 1/2, m =
0, 1, . . . ‚ μ¡μ§´ Î¥´¨ÖÌ (82) ±· ¥¢ Ö § ¤ Î  ˜·¥¤¨´£¥·  ¤²Ö É ±μ° ËÊ´±Í¨¨
§ ¶¨¸Ò¢ ¥É¸Ö ± ± Ê· ¢´¥´¨¥[

∂2
x − λ(λ + 1)

x2
− q2

a +
(

b

x

)β
]

ũλ(x, qa) = 0, x > 0, qa � 0, (84)

c Ê¸²μ¢¨¥³
ũλ(x, qa) = O(xλ+1), x → 0, (85)

¨ Ê¸²μ¢¨¥³
ũλ(x, qa) = o (ρ−1/2

a ), ρa → ∞. (86)
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’¥¶¥·Ó ¶·¥¤¸É ¢¨³ ±· ¥¢ÊÕ § ¤ ÎÊ (84)Ä(86) ¢ ´ ¨¡μ²¥¥ Ê¤μ¡´μ³ ¤²Ö ´ -
Ï¨Ì ¨¸¸²¥¤μ¢ ´¨° ¢¨¤¥. „²Ö ÔÉμ£μ ¸´ Î ²  ¶μ²μ¦¨³ ¶μ μ¶·¥¤¥²¥´¨Õ

p2
a(y, s) ≡

(
b

y

)β

−
(

s

y

)2

− 1, y � 0, s � 0, β ∈ (1, 2). (87)

‡ É¥³ ¶μ¤¸É ´μ¢±μ°

x = q−2/β
a y, ũλ(x, q) = uλ(y, q), ν = (2/β) − 1 > 0,

s = qν
a

√
λ(λ + 1), ρa = yq−ν

a

¸¢¥¤¥³ Ê· ¢´¥´¨¥ (84) ± Ê· ¢´¥´¨Õ

Ta ≡
[
q2ν
a ∂2

y + p2
a(y, s)

]
, Tauλ(y, qa) = 0, (88)

  ¨§ £· ´¨Î´ÒÌ Ê¸²μ¢¨° (85) ¨ (86) ¢Ò¢¥¤¥³ Ê¸²μ¢¨¥

uλ(y, qa) = O(yλ+1), q2/β
a y → 0, (89)

¨ Ê¸²μ¢¨¥
uλ(y, qa) = o (ρ−1/2

a ), ρa → ∞, ρ = q−ν
a y. (90)

�·¥¤¥²μ³ ³ ²μ° Ô´¥·£¨¨ ¸¢Ö§¨ ´ §μ¢¥³ ¶·¥¤¥² qa → 0+ ¶·¨ Ë¨±¸¨·μ-
¢ ´´ÒÌ §´ Î¥´¨ÖÌ ±¢ ´Éμ¢μ£μ Î¨¸²  λ, ¶ · ³¥É·  d ¨ ¶ · ³¥É·μ¢ V0 ¨ β
¶·¨ÉÖ£¨¢ ÕÐ¥£μ (α = −1) ¶μÉ¥´Í¨ ²  (1). ‘μ¸ÉμÖ´¨Ö |q, λ〉 Î ¸É¨ÍÒ p1 ¸
±¢ ´Éμ¢Ò³¨ Î¨¸² ³¨ q = ıqa, 0 < qa � 1, ¨ λ = m − 1/2, m = 0, 1, . . .,
¸Î¨É ¥³ ¸² ¡μ¸¢Ö§ ´´Ò³¨.

6.2. �·¨¡²¨¦¥´´Ò¥ Ô´¥·£¨¨ ¸² ¡μ¸¢Ö§ ´´ÒÌ ¸μ¸ÉμÖ´¨°. ‘´ Î ²  ´¥-
μ¡Ìμ¤¨³μ μ¶·¥¤¥²¨ÉÓ ËÊ´±Í¨¨ y1(s), y2(s) ¨ pa(y, s). „²Ö ÔÉμ£μ ¶¥·¥¶¨Ï¥³
Ê· ¢´¥´¨¥ p2

a(y, s) = 0 ¢ ¢¨¤¥ Ê· ¢´¥´¨Ö

bβy2−β − y2 = s2, y � 0, s � 0, β ∈ (1, 2). (91)

…£μ ²¥¢ÊÕ ¨ ¶· ¢Ò¥ Î ¸É¨ ¸Î¨É ¥³ ËÊ´±Í¨Ö³¨ fa(y) ¨ s2 � 0  ·£Ê³¥´É  y ¢
μ¡² ¸É¨ y � 0. ”Ê´±Í¨Ö fa(y) · ¢´  ´Ê²Õ ¢ ÉμÎ± Ì y = 0, y = b ¨ Ö¢²Ö¥É¸Ö
¶μ²μ¦¨É¥²Ó´μ° ´  ¨´É¥·¢ ²¥ 0 < y < b. �  ÔÉμ³ ¨´É¥·¢ ²¥ ¶·μ¨§¢μ¤´ Ö
∂yfa(y) ¨³¥¥É μ¤¨´ ¶·μ¸Éμ° ´Ê²Ó yc. ‘²¥¤μ¢ É¥²Ó´μ, ´  Éμ³ ¦¥ ¨´É¥·¢ ²¥
ËÊ´±Í¨Ö fa(y) ¨³¥¥É ¥¤¨´¸É¢¥´´Ò° ²μ± ²Ó´Ò° ³ ±¸¨³Ê³ ¨ ¤μ¸É¨£ ¥É ¸¢μ¥£μ
³ ±¸¨³ ²Ó´μ£μ §´ Î¥´¨Ö fa(yc) ¢ ÉμÎ±¥ yc. �μ¸É·μ¨¢ £· Ë¨±¨ ËÊ´±Í¨° fa(y)
¨ s2 � 0, ³μ¦´μ Ê¡¥¤¨ÉÓ¸Ö ¢ Éμ³, ÎÉμ ±·¨¢ Ö fa(y) ¶¥·¥¸¥± ¥É ¶·Ö³ÊÕ s2 > 0
Éμ²Ó±μ ¢ ¤¢ÊÌ ÉμÎ± Ì ¶·¨ Ê¸²μ¢¨¨ 0 � s2 < fa(yc). �¡¸Í¨¸¸Ò y1(s) ¨ y2(s)
ÔÉ¨Ì ÉμÎ¥± Ö¢²ÖÕÉ¸Ö ¶·μ¸ÉÒ³¨ ¨ ´¥μÉ·¨Í É¥²Ó´Ò³¨ ±μ·´Ö³¨ Ê· ¢´¥´¨Ö (91).
„²Ö μ¶·¥¤¥²¥´´μ¸É¨ ¶μ²μ¦¨³ y1(s) < y2(s). ’μ£¤  y1(s) → 0+,   y2(s) → b−,
¥¸²¨ s → 0. � ¢¥´¸É¢μ y1(s) = y2(s) ¤μ¸É¨£ ¥É¸Ö ¢ ÉμÎ±¥ s = sc, £¤¥ sc Å
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±μ·¥´Ó Ê· ¢´¥´¨Ö s2 = fa(yc). �¥É·Ê¤´μ ¶μ¸²¥¤μ¢ É¥²Ó´μ ´ °É¨ yc, fa(yc)
¨ sc,   § É¥³ ¸¢¥¸É¨ Ê¸²μ¢¨¥ 0 � s2 < fa(yc) ¸ÊÐ¥¸É¢μ¢ ´¨Ö ¤¢ÊÌ ¶·μ¸ÉÒÌ
±μ·´¥° y1(s) ¨ y2(s) μ¡¸Ê¦¤ ¥³μ£μ Ê· ¢´¥´¨Ö (91) ± Ê¸²μ¢¨Õ

0 � s < sc, sc ≡ b

(
β

2

)1/β

νν/2. (92)

‘μ£² ¸´μ μ¶·¥¤¥²¥´¨Õ (87) ËÊ´±Í¨Ö p2
a(y, s) ´¥μÉ·¨Í É¥²Ó´ Ö, ¥¸²¨

y ∈ [y1(s), y2(s)] ¨ 0 � s � sc. ’μ²Ó±μ ¶·¨ É ±¨Ì Ê¸²μ¢¨ÖÌ ËÊ´±Í¨Ö

pa(y, s) ≡
√

p2
a(y, s) Ö¢²Ö¥É¸Ö ¢¥Ð¥¸É¢¥´´μ° ¨ ´¥μÉ·¨Í É¥²Ó´μ°.

Š ± ¨§¢¥¸É´μ [1], ¶·¨ ± ¦¤μ³ §´ Î¥´¨¨ λ § ¤ Î  (88)Ä(90) ¨³¥¥É ´¥É·¨¢¨-
 ²Ó´Ò¥ ·¥Ï¥´¨Ö ¶·¨ ¢¶μ²´¥ μ¶·¥¤¥²¥´´ÒÌ ¤¨¸±·¥É´ÒÌ §´ Î¥´¨ÖÌ qa = qa,n,
É ±¨Ì ÎÉμ qa,n < qa,n+1, n = 0, 1, . . ., ¨ qa,n → 0+, n → ∞.

�μ²μ¦¨³ qa → 0+. ’μ£¤  ´ Ï  § ¤ Î  (88)Ä(90) ¸É ´¥É § ¤ Î¥° ¶μ-
¸É·μ¥´¨¨ ³ ²ÒÌ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° qa,n ¨ μÉ¢¥Î ÕÐ¨Ì ¨³ ¸μ¡¸É¢¥´´ÒÌ
ËÊ´±Í¨° uλ(y, qa,n) μ¶¥· Éμ·  Ta ¢ ¶·μ¸É· ´¸É¢¥ ËÊ´±Í¨° uλ(y, qa), Ê¤μ-
¢²¥É¢μ·ÖÕÐ¨Ì £· ´¨Î´Ò³ Ê¸²μ¢¨Ö³ (89) ¨ (90). ‘μ£² ¸´μ ³μ´μ£· Ë¨¨ [1]
¨¸±μ³μ¥ ³ ²μ¥ ¸μ¡¸É¢¥´´μ¥ §´ Î¥´¨¥ qa,n É ±μ£μ μ¶¥· Éμ·  Ö¢²Ö¥É¸Ö ±μ·´¥³
Ê· ¢´¥´¨Ö

q−ν
a ga(s) = π

(
n +

1
2

)
+O

(
1
n

)
, n → ∞, s = qν

am, m = λ+1/2, (93)

¢ ±μÉμ·μ³ Î¨¸²μ n ¶·¨´¨³ ¥É ¡μ²ÓÏ¨¥ Í¥²Ò¥ §´ Î¥´¨Ö ¨ ¶μ μ¶·¥¤¥²¥´¨Õ

ga(s) ≡
y2(s)∫

y1(s)

pa(y, s) dy. (94)

�·¨¸ÉÊ¶¨³ ±  ´ ²¨§Ê Ê· ¢´¥´¨Ö (93). ‚ ÔÉμ³ Ê· ¢´¥´¨¨ s = qν
am, ´μ

¶·¥¤¥²Ò y1(s) ¨ y2(s) ¨´É¥£· ²  (94), · ¢´Ò¥ ¶μ μ¶·¥¤¥²¥´¨Õ ±μ·´Ö³ Ê· ¢-
´¥´¨Ö p2

a(y, s) = 0, ¸ÊÐ¥¸É¢ÊÕÉ ¶·¨ Ê¸²μ¢¨¨ (92). �μ²μ¦¨¢ ¢ ÔÉμ³ Ê¸²μ¢¨¨
s = qν

a,nm, ¢Ò¢¥¤¥³ ´¥· ¢¥´¸É¢ 

0 � qν
a,nm < b

(
β

2

)1/β

νν/2. (95)


É¨ ´¥· ¢¥´¸É¢  μ¶·¥¤¥²ÖÕÉ ¤μ¶Ê¸É¨³Ò¥ Í¥²Ò¥ §´ Î¥´¨Ö ±¢ ´Éμ¢μ£μ Î¨¸² 
m, ¶·¨ ±μÉμ·ÒÌ ¨¸¸²¥¤Ê¥³μ¥ Ê· ¢´¥´¨¥ (93) ¨³¥¥É ¸³Ò¸².

’¥¶¥·Ó ¶·¥¤¶μ²μ¦¨³, ÎÉμ ËÊ´±Í¨Ö ga(s) ¨ ¥¥ ¶·μ¨§¢μ¤´Ò¥ ∂sga(s) ¨
∂2

sga(s) ´¥¶·¥·Ò¢´Ò ¢ ´¥±μÉμ·μ° ³ ²μ° ¶· ¢μ° ¶μ²Êμ±·¥¸É´μ¸É¨ ÉμÎ±¨ s = 0
¨ ¢ ÔÉμ° ÉμÎ±¥ § ¢¨¸ÖÉ Éμ²Ó±μ μÉ ¶ · ³¥É·μ¢ b ¨ β. ’μ£¤  ¶·¨ ¤μ¸É ÉμÎ´μ
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³ ²ÒÌ §´ Î¥´¨ÖÌ  ·£Ê³¥´É  s ¢ ²¥¢μ° Î ¸É¨ Ê· ¢´¥´¨Ö (93) ³μ¦´μ ¶·¥¤¸É ¢¨ÉÓ
ËÊ´±Í¨Õ ga(s) ¥¥ ·Ö¤μ³ Œ ±²μ·¥´ 

ga(s) = ga(0) + s∂sga(s)|s=0 + O(s2),

§ É¥³ ¶μ²μ¦¨ÉÓ s = qν
am � 1 ¨ ´ °É¨ ¶·¨¡²¨¦¥´´μ¥ ·¥Ï¥´¨¥ qν

a,n ≈ qν
a

¶μ²ÊÎ¨¢Ï¥£μ¸Ö Ê· ¢´¥´¨Ö. �·¥¤¸É ¢¨³ É ±μ¥ ·¥Ï¥´¨¥ ¨ Ê¸²μ¢¨Ö ¥£μ ¶·¨³¥-
´¨³μ¸É¨ ¸²¥¤ÊÕÐ¨³¨ Ëμ·³Ê² ³¨:

qν
a,n ≈ ga(0)

π(n + 1/2)− m∂sga(s)|s=0
, n � 1, qν

a,nm � 1. (96)

‚ ¸¨²Ê ÔÉ¨Ì Ëμ·³Ê² Ê¸²μ¢¨¥ qν
a,nm � 1 ¢Ò¶μ²´Ö¥É¸Ö Éμ£¤  ¨ Éμ²Ó±μ Éμ£¤ ,

±μ£¤  m � n ¨ n � 1. �·¨ É ±¨Ì ¦¥ μ£· ´¨Î¥´¨ÖÌ ´  §´ Î¥´¨Ö n ¨ m
¢Ò¶μ²´Ö¥É¸Ö ¨ Ê¸²μ¢¨¥ (95).

�¥·¥°¤¥³ ± ¨¸¸²¥¤μ¢ ´¨Õ ËÊ´±Í¨¨ ga(s) ¨ ¥¥ ¶·μ¨§¢μ¤´ÒÌ. ‘´ Î ² 
´ °¤¥³ ¶·μ¨§¢μ¤´ÊÕ ∂sga(s). �μ μ¶·¥¤¥²¥´¨Õ ËÊ´±Í¨¨ y1(s) ¨ y2(s) Å
±μ·´¨ Ê· ¢´¥´¨Ö p2

a(y, s) = 0. �μÔÉμ³Ê ¨§ ¶·¥¤¸É ¢²¥´¨Ö (94) ¸²¥¤Ê¥É, ÎÉμ

∂sga(s) = −s

y2(s)∫
y1(s)

dy

y2

1
pa(y, s)

. (97)

‡ ³¥É¨³, ÎÉμ ¢ ¨´É¥£· ² Ì (93) ¨ (97) ¶μ¤Ò´É¥£· ²Ó´Ò¥ ËÊ´±Í¨¨ ¨ ¶·¥¤¥²Ò
¨´É¥£·¨·μ¢ ´¨Ö § ¢¨¸ÖÉ μÉ ¶¥·¥³¥´´μ° s. �μÔÉμ³Ê ¢ ÔÉ¨Ì ¨´É¥£· ² Ì ´¥
¶·¥¤¸É ¢²Ö¥É¸Ö ¢μ§³μ¦´Ò³ ¶¥·¥°É¨ ± ¶·¥¤¥²Ê s → 0. ‚Ò¢¥¤¥³ ¨´É¥£· ²Ó´Ò¥
¶·¥¤¸É ¢²¥´¨Ö,  ¤ ¶É¨·μ¢ ´´Ò¥ ¤²Ö ¢ÒÎ¨¸²¥´¨Ö ËÊ´±Í¨° ga(s) ¨ ∂sga(s) ¢
ÉμÎ±¥ s = 0. „²Ö ÔÉμ£μ ¶μ¤¸É ´μ¢±μ°

y =
1

τa(s)

(
s2

bβ

) 1
2−β

(98)

¸¢¥¤¥³ Ê· ¢´¥´¨¥ (91) ± Ê· ¢´¥´¨Õ

τβ
a (s) − τ2

a (s) =
(s

b

)2/ν

, s � 0. (99)

ƒ· Ë¨Î¥¸±¨³ ¸¶μ¸μ¡μ³ Ê¡¥¤¨³¸Ö ¢ Éμ³, ÎÉμ ¶·¨ Ê¸²μ¢¨¨ (92) ÔÉμ Ê· ¢´¥-
´¨¥ ¨³¥¥É ¤¢  ¶·μ¸ÉÒÌ ±μ·´Ö τ1(s) ¨ τ2(s). �μ²μ¦¨³ ¤²Ö μ¶·¥¤¥²¥´´μ¸É¨
τ1(s) < τ2(s). ’μ£¤  ¢ ¶·¥¤¥²¥ s → 0 ±μ·¥´Ó τ1(s) ¸Ìμ¤¨É¸Ö ± ´Ê²Õ ± ±
ËÊ´±Í¨Ö (s/b)2/(2−β),   ±μ·¥´Ó τ2(s) ¸É·¥³¨É¸Ö ± ¥¤¨´¨Í¥. ‘ÊÐ¥¸É¢μ¢ ´¨¥ ¨
´¥¶·¥·Ò¢´μ¸ÉÓ ¶·μ¨§¢μ¤´ÒÌ μ¡μ¨Ì ±μ·´¥° ¶·¨ ³ ²ÒÌ §´ Î¥´¨ÖÌ  ·£Ê³¥´É  s
´¥É·Ê¤´μ ¤μ± § ÉÓ ¸¶μ¸μ¡ ³¨, ¶μ¤·μ¡´μ ¨§²μ¦¥´´Ò³¨ ¢ ¶. 3.1.
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’ ± ± ± Ê· ¢´¥´¨¥ (91) § ³¥´μ° (98) ¸¢¥²μ¸Ó ± Ê· ¢´¥´¨Õ (99), Éμ ¸Ê-
Ð¥¸É¢Ê¥É μ¤´μ§´ Î´ Ö ¸¢Ö§Ó ³¥¦¤Ê ±μ·´Ö³¨ yj(s) ¨ τj(s), j = 1, 2, ÔÉ¨Ì
Ê· ¢´¥´¨°. „¥°¸É¢¨É¥²Ó´μ, ¥¸²¨ ¢ ¶· ¢μ° Î ¸É¨ · ¢¥´¸É¢  (98) § ³¥´¨ÉÓ ËÊ´±-
Í¨Õ τa(s) ±μ·´¥³ τ1(s) ¨²¨ ±μ·´¥³ τ2(s) Ê· ¢´¥´¨Ö (99), Éμ ²¥¢ Ö Î ¸ÉÓ ÔÉμ£μ
¦¥ · ¢¥´¸É¢  ¡Ê¤¥É ±μ·´¥³ y2(s) ¨²¨ ±μ·´¥³ y1(s) Ê· ¢´¥´¨Ö (91). ˆ¸¶μ²Ó§ÊÖ
Ê± § ´´ÊÕ ¸¢Ö§Ó ¨ ¶μ¤¸É ´μ¢±¨

y =
1

zτ1(s)

(s

b

)2/ν

, y =
1

zτ2(s)

(s

b

)2/ν

,

¶·¥μ¡· §Ê¥³ ¸μμÉ¢¥É¸É¢ÊÕÐ¨¥ ¨´É¥£· ²Ò (94) ¨ (97). ‚ ·¥§Ê²ÓÉ É¥ ¶μ²ÊÎ¨³
¶·¥¤¸É ¢²¥´¨¥

ga(s) =
s

2

t1(s)∫
1

βzβ−2τβ−2
1 (s) − 2√

1 − z2 − τβ−2
1 (s)(1 − zβ)

dz, t1(s) ≡
τ2(s)
τ1(s)

, s � 0,

¨ ¶·¥¤¸É ¢²¥´¨¥

∂sga(s) = −
1∫

t2(s)

dz√
1 − z2 − τβ−2

2 (s)(1 − zβ)
, t2(s) ≡

τ1(s)
τ2(s)

, s � 0.

‚ ÔÉ¨Ì ¶·¥¤¸É ¢²¥´¨ÖÌ ¶μ²μ¦¨³ s → 0. ˆ¸¶μ²Ó§ÊÖ ¶μ²ÊÎ¥´´Ò¥ ¶·¥¤¥²Ó´Ò¥
¸μμÉ´μÏ¥´¨Ö

ga(0) =
b

β
B

(
2 − β

2β
,
3
2

)
, ∂sga(s)|s=0 =

π

β − 2

¨ Ëμ·³Ê²Ò (83) ¨ (96), ´ °¤¥³ ¶·¨¡²¨¦¥´¨¥ Ô´¥·£¨¨ Ea,n ¸² ¡μ¸¢Ö§ ´´μ£μ
¸μ¸ÉμÖ´¨Ö |ıqa,n, λ〉 ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ p1 ¢ ¶μ²¥ ¶·¨ÉÖ£¨¢ ÕÐ¥£μ (α = −1)
¶μÉ¥´Í¨ ²  (1). �·¥¤¸É ¢¨³ ÔÉμ ¶·¨¡²¨¦¥´¨¥ ¢ ¢¨¤¥

Ea,n ≈ − 1
2m1

(
�

d

)2 [
b

πβ
B

(
2 − β

2β
,
3
2

)
1

n + 1/2 + m/(2 − β)

]2/ν

. (100)

Š ± ¶μÖ¸´Ö²μ¸Ó ¢ÒÏ¥, ¶μ²ÊÎ¥´´μ¥ ¶·¨¡²¨¦¥´¨¥ (100) ¨³¥¥É ³¥¸Éμ ¶·¨
¸²¥¤ÊÕÐ¨Ì Ê¸²μ¢¨ÖÌ: Í¥²μ¥ Î¨¸²μ n ¤μ¸É ÉμÎ´μ ¡μ²ÓÏμ¥,   §´ Î¥´¨Ö ±¢ ´-
Éμ¢μ£μ Î¨¸²  m μ£· ´¨Î¥´Ò ¸¢¥·ÌÊ Ê¸²μ¢¨¥³ m � n. ‘Éμ¨É μÉ³¥É¨ÉÓ, ÎÉμ
¶·¨ É ±¨Ì ¦¥ μ£· ´¨Î¥´¨ÖÌ ´  ´μ³¥·  n ¨ m ¶·¨¡²¨¦¥´¨¥ (100) ¢¥·´μ ¢
¸²ÊÎ ¥ ¶μÉ¥´Í¨ ²  (1) ¸ ¶ · ³¥É· ³¨ α = −1 ¨ β ∈ (0, 1). ˆ´É¥·¥¸´Ò³
Ö¢²Ö¥É¸Ö ¨ ¸²¥¤ÊÕÐ¨° Ë ±É: ¢ ¸²ÊÎ ¥ β = 1 ¶· ¢ Ö Î ¸ÉÓ Ëμ·³Ê²Ò (100) ¶·¨
²Õ¡ÒÌ Í¥²ÒÌ n = 0, 1, . . . ¨ m = 0, 1, . . . ¢μ¸¶·μ¨§¢μ¤¨É ÉμÎ´Ò¥ Ô´¥·£¨¨ ¢¸¥Ì
±¢ ´Éμ¢ÒÌ ¸μ¸ÉμÖ´¨° ¤¢Ê³¥·´μ£μ  Éμ³  ¢μ¤μ·μ¤  [5].

36



‡�Š‹
—…�ˆ…

�¥·¥Î¨¸²¨³ £² ¢´Ò¥ ·¥§Ê²ÓÉ ÉÒ ¢Ò¶μ²´¥´´ÒÌ ¨¸¸²¥¤μ¢ ´¨° ¤¢Ê³¥·´μ£μ
¤¢¨¦¥´¨Ö ³¥¤²¥´´μ° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢ ¶μ²¥ ¤ ²Ó´μ¤¥°¸É¢ÊÕÐ¥£μ ¶μÉ¥´-
Í¨ ²  (1).

�μ²ÊÎ¥´Ò ¨ ¨¸¸²¥¤μ¢ ´Ò · ¢´μ³¥·´Ò¥ ¨ ´¥· ¢´μ³¥·´Ò¥ ¶μ ±¢ ´Éμ¢μ³Ê
Î¨¸²Ê m ´¨§±μÔ´¥·£¥É¨Î¥¸±¨¥ (q → 0+)  ¸¨³¶ÉμÉ¨±¨ (13), (14) ¨ (44)Ä(46)
¶ ·Í¨ ²Ó´ÒÌ Ë § δm(q) ¤¢Ê³¥·´μ£μ · ¸¸¥Ö´¨Ö ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¶μÉ¥´Í¨-
 ²μ³ (1). „μ± § É¥²Ó¸É¢μ³ É¥μ·¥³ 1Ä4 Ê¸É ´μ¢²¥´  · ¢´μ³¥·´ Ö ´  ¶μ²Ê¨´-
É¥·¢ ²¥ 0 < ϕ � π ¸Ìμ¤¨³μ¸ÉÓ · §²μ¦¥´¨° (47), (53), (60) ¨ (61)  ³¶²¨ÉÊ¤Ò
· ¸¸¥Ö´¨Ö f(ϕ, q) ¶μ Ë § ³ δm(q), ¨´É¥£· ² ³ ηn(ϕ, q), η̃n(ϕ, q) ¨ ´¨§±μÔ´¥·-
£¥É¨Î¥¸±¨³ ¶·¨¡²¨¦¥´¨Ö³ q−νg(qνm) Ë § δm(q).

� °¤¥´Ò £² ¢´Ò¥ ¸² £ ¥³Ò¥ (66), (69) ¨ (70)Ä(73) ´¨§±μÔ´¥·£¥É¨Î¥¸±¨Ì
 ¸¨³¶ÉμÉ¨±  ³¶²¨ÉÊ¤Ò f(ϕ, q) ¨ ¤¨ËË¥·¥´Í¨ ²Ó´μ£μ ¸¥Î¥´¨Ö ∂ϕσ(ϕ, q) ¤¢Ê-
³¥·´μ£μ · ¸¸¥Ö´¨Ö. �μ± § ´μ, ÎÉμ É ±μ¥ ¸¥Î¥´¨¥ ¶·¨ ´¨§±¨Ì Ô´¥·£¨ÖÌ · ¸Ìμ-
¤¨É¸Ö ¢ ´ ¶· ¢²¥´¨¨ · ¸¸¥Ö´¨Ö ¢¶¥·¥¤ (ϕ → 0+) ± ± O(ϕ−1−1/β) ¨ μ£· ´¨-
Î¥´μ ¢ ´ ¶· ¢²¥´¨¨ · ¸¸¥Ö´¨Ö ´ § ¤ (ϕ → π−).

‚Ò¢¥¤¥´μ Ö¢´μ¥, ´μ ´¥· ¢´μ³¥·´μ¥ (m � n) ¶μ ´μ³¥·Ê m ¶·¥¤¸É ¢²¥-
´¨¥ (100) Ô´¥·£¨° ¸² ¡μ¸¢Ö§ ´´ÒÌ (n � 1) ¸μ¸ÉμÖ´¨° ±¢ ´Éμ¢μ° Î ¸É¨ÍÒ ¢
¶μ²¥ ¶·¨ÉÖ£¨¢ ÕÐ¥£μ (α = −1) ¶μÉ¥´Í¨ ²  (1).
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