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�¡ μ¤´μ³ ³¥Éμ¤¥ ¶·¨¡²¨¦¥´´μ- ´ ²¨É¨Î¥¸±μ£μ ·¥Ï¥´¨Ö ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ°
§ ¤ Î¨ É·¥Ì É¥²

�·¥¤²μ¦¥´ ³¥Éμ¤ ¨¸¸²¥¤μ¢ ´¨Ö ·¥Ï¥´¨° μ¤´μ° ±¢ ´Éμ¢μ-³¥Ì ´¨Î¥¸±μ° § -
¤ Î¨ É·¥Ì É¥². � ¸¸³μÉ·¥´  ±· ¥¢ Ö § ¤ Î  ¤²Ö ¸¨¸É¥³Ò ¨§ ¤¢ÊÌ Î ¸É¨Í, ¤¢¨-
¦ÊÐ¨Ì¸Ö ¢ ¶μÉ¥´Í¨ ²Ó´μ³ ¶μ²¥ É·¥ÉÓ¥° Î ¸É¨ÍÒ. �μÉ¥´Í¨ ²Ò ¢§ ¨³μ¤¥°¸É¢¨Ö
³¥¦¤Ê Î ¸É¨Í ³¨ ¢Ò¡· ´Ò ±¢ ¤· É¨Î´μ · ¸ÉÊÐ¨³¨. ‚ ÔÉμ³ ¸²ÊÎ ¥ § ¤ Î  ¤¢ÊÌ
É¥² ¨³¥¥É ÉμÎ´μ¥ ·¥Ï¥´¨¥. �¥Ï¥´¨¥ ¨¸Ìμ¤´μ° § ¤ Î¨ É·¥Ì É¥² ¶·¥¤¸É ¢²¥´μ ¢
¢¨¤¥ · §²μ¦¥´¨Ö ¶μ ·¥Ï¥´¨Ö³ § ¤ Î¨ ¤¢ÊÌ É¥². „²Ö ±μÔËË¨Í¨¥´Éμ¢ · §²μ¦¥´¨Ö
¶μ²ÊÎ¥´μ μ¤´μ·μ¤´μ¥ ²¨´¥°´μ¥ ³ É·¨Î´μ¥ Ê· ¢´¥´¨¥. �·¨· ¢´¨¢ Ö μ¶·¥¤¥²¨-
É¥²Ó ÔÉμ£μ Ê· ¢´¥´¨Ö ± ´Ê²Õ, ´ Ìμ¤¨³ ¸μ¡¸É¢¥´´Ò¥ §´ Î¥´¨Ö ¨¸Ìμ¤´μ° § ¤ Î¨
¨ ±μÔËË¨Í¨¥´ÉÒ · §²μ¦¥´¨Ö. ’ ± ± ± Ô²¥³¥´ÉÒ ³ É·¨ÍÒ  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢-
´¥´¨° ¸ ·¥Ï¥´¨Ö³¨ § ¤ Î¨ ¤¢ÊÌ É¥² ¢ÒÎ¨¸²ÖÕÉ¸Ö  ´ ²¨É¨Î¥¸±¨, ¸μ¡¸É¢¥´´Ò¥
§´ Î¥´¨Ö § ¤ Î¨ É·¥Ì É¥² Ö¢´Ò³ μ¡· §μ³ § ¢¨¸ÖÉ μÉ ¶ · ³¥É·μ¢ ¶μÉ¥´Í¨ ²μ¢.
Œ¥´ÖÖ ÔÉ¨ ¶ · ³¥É·Ò ¶·μ¨§¢μ²Ó´Ò³ μ¡· §μ³, ³μ¦´μ ¶μ²ÊÎ¨ÉÓ ¦¥² ¥³Ò¥ ¸¶¥±-
É·Ò, É. ¥. ³μ¦´μ Ê¶· ¢²ÖÉÓ ¸μ¡¸É¢¥´´Ò³¨ §´ Î¥´¨Ö³¨ ¨¸Ìμ¤´μ° § ¤ Î¨.

� ¡μÉ  ¢Ò¶μ²´¥´  ¢ ‹ ¡μ· Éμ·¨¨ ¨´Ëμ·³ Í¨μ´´ÒÌ É¥Ì´μ²μ£¨° �ˆŸˆ.
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Amirkhanov I. V., Sarker N. R., Sarkhadov I. P11-2019-9
About One Method of Approximate-Analytical Solution of the Quantum-Mechanical
Three-Body Problem

A method is proposed for investigating the solutions of a single quantum-
mechanical three-body problem. The boundary value problem for a system of two
particles moving in the potential ˇeld of the third particle is studied. The interaction
potentials between the particles are chosen to be quadratically growing. In this case,
the two-body problem has an exact solution. The solution of the original three-body
problem is represented as an expansion in the solutions of the two-body problem.
The coefˇcients of the expansion yield a homogeneous linear matrix equation. Equa-
ting the determinant of this equation to zero, we ˇnd the eigenvalues of the original
problem and the coefˇcients of the expansion. Since the elements of the matrix of
algebraic equations with solutions of the two-body problem are calculated analyti-
cally, the eigenvalues of the three-body problem depend explicitly on the parameters
of the potentials. Changing these parameters in an arbitrary way, we can obtain the
desired spectra, i.e., one can control the eigenvalues of the original problem.

The investigation has been performed at the Laboratory of Information Tech-
nologies, JINR.
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�·¨ ¨¸¸²¥¤μ¢ ´¨¨ ·¥Ï¥´¨° ³´μ£μÎ ¸É¨Î´μ° § ¤ Î¨ Î ¸Éμ ¡Ò¢ ¥É Ê¤μ¡-
´Ò³ ¸¢¥¸É¨ ÔÉÊ § ¤ ÎÊ ± ·¥Ï¥´¨Ö³ § ¤ Î¨ É·¥Ì É¥². �μ¤μ¡´Ò¥ § ¤ Î¨ ¢μ§-
´¨± ÕÉ ¶·¨ ¨§ÊÎ¥´¨¨ Ô´¥·£¥É¨Î¥¸±¨Ì ¸μ¸ÉμÖ´¨° ¸¨¸É¥³Ò, ¸μ¸ÉμÖÐ¥° ¨§ ¤¢ÊÌ
Î ¸É¨Í, ¤¢¨¦ÊÐ¨Ì¸Ö ¢ ¶μÉ¥´Í¨ ²Ó´μ³ ¶μ²¥ É·¥ÉÓ¥° Î ¸É¨ÍÒ ¨²¨ ¢ ¸ ³μ¸μ-
£² ¸μ¢ ´´μ³ ¶μ²¥ ¤·Ê£¨Ì Î ¸É¨Í [1, 2]. Š É ±¨³ ¸¨¸É¥³ ³ μÉ´μ¸¨É¸Ö [3]  Éμ³
He, ¸μ¤¥·¦ Ð¨° ¤¢  Ô²¥±É·μ´ , ¤¢¨¦ÊÐ¨Ì¸Ö ¢ ±Ê²μ´μ¢¸±μ³ ¶μ²¥ Ö¤·  ¸ § ·Ö-
¤μ³ Z = 2. ‚ ¤ ´´μ° · ¡μÉ¥ ¶·¥¤² £ ¥³ ³¥Éμ¤ ·¥Ï¥´¨Ö ¶μ¤μ¡´μ° § ¤ Î¨ ¸
±¢ ¤· É¨Î´μ · ¸ÉÊÐ¨³ ¶μÉ¥´Í¨ ²μ³.

‘´ Î ²  · ¸¸³μÉ·¨³ ¸¨¸É¥³Ê ¤¢ÊÌ ´¥Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í. �¶¥· Éμ·
ƒ ³¨²ÓÉμ´  ¸¨¸É¥³Ò ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

H = H1 + H2 + V12, (1)

H1 = − �
2

2μ1
∇2

1 + C1 r2
1 ,

H2 = − �
2

2μ2
∇2

2 + C2 r2
2 , V12(|r1 − r2|) = C3|r1 − r2|2,

£¤¥ H1, H2 Å μ¶¥· Éμ· ƒ ³¨²ÓÉμ´  ± ¦¤μ° Î ¸É¨ÍÒ ¸ ±¢ ¤· É¨Î´μ · ¸ÉÊÐ¨³
¶μÉ¥´Í¨ ²μ³; V12 Å ¶μÉ¥´Í¨ ² ¢§ ¨³μ¤¥°¸É¢¨Ö ³¥¦¤Ê Î ¸É¨Í ³¨; C1, C2 ¨
C3 Å ¶ · ³¥É·Ò § ¤ Î¨.

��‘’���‚Š� ‡�„�—ˆ

‡ ¤ Î  ¸¢μ¤¨É¸Ö ± ´ Ìμ¦¤¥´¨Õ ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ¨ ¸μ¡¸É¢¥´´ÒÌ §´ -
Î¥´¨° ¸É Í¨μ´ ·´μ£μ Ê· ¢´¥´¨Ö ˜·¥¤¨´£¥· 

Hψ = Eψ (2)

¶·¨ Ê¸²μ¢¨¨ ¸μÌ· ´¥´¨Ö ´μ·³¨·μ¢±¨∫
dr1dr2|ψ(r1, r2)|2 = 1. (3)

‡ ¤ Î  ¤¢ÊÌ É¥²

H1ϕ1n(r1) = E1nϕ1n(r1), H2ϕ2m(r2) = E2mϕ2m(r2),
n, m = 1, 2, 3, . . . ,

(4)

¨³¥¥É ÉμÎ´μ¥ ·¥Ï¥´¨¥. ’ ± ± ± ·¥Ï¥´¨Ö ϕ1n ¨ ϕ2m Ö¢²ÖÕÉ¸Ö ¶μ²´Ò³ ´ ¡μ·μ³
μ·Éμ´μ·³¨·μ¢ ´´ÒÌ ËÊ´±Í¨°, Éμ ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (2) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥

ψ =
N,M∑

n,m=1

Bnmϕ1nϕ2m, (5)

1



£¤¥ N , M Å ³ ±¸¨³ ²Ó´Ò¥ ±μ²¨Î¥¸É¢  Î²¥´μ¢, Ê¤¥·¦¨¢ ¥³ÒÌ ¢ · §²μ¦¥´¨¨.
‚ ± Î¥¸É¢¥ ϕ1n(r1) ¨ ϕ2m(r2) ¢Ò¡¨· ¥³ ¸Ë¥·¨Î¥¸±¨-¸¨³³¥É·¨Î´Ò¥ ·¥Ï¥´¨Ö,
É. ¥. l = 0. �μ¤¸É ¢²ÖÖ (5) ¢ (2), ¶μ²ÊÎ ¥³ μ¤´μ·μ¤´ÊÕ ¸¨¸É¥³Ê  ²£¥¡· ¨Î¥¸±¨Ì
Ê· ¢´¥´¨° ¤²Ö ´ Ìμ¦¤¥´¨Ö E ¨ Bnm:

[E − E1n − E2m] Bnm =
N,M∑

n′,m′=1

Wnm n′m′Bn′m′ , (6)

£¤¥

Wnm n′m′ =
∫

dr1

∫
dr2 ϕ1n(r1)ϕ2m(r2)V12ϕ1n′(r1)ϕ2m′(r2).

�μ¸²¥ ¨´É¥£·¨·μ¢ ´¨Ö ¶μ Ê£² ³ ¶μ²ÊÎ ¥³

[E − E1n − E2m] Bnm = C3

[∑
m′

Amm′Bnm′ +
∑
n′

Dnn′Bn′m

]
, (7)

£¤¥

Amm′ =
∫

dr2r
2
2 ϕ2m(r2)ϕ2m′(r2), Dnn′ =

∫
dr1r

2
1 ϕ1n(r1)ϕ1n′(r1).

„²Ö ¢ÒÎ¨¸²¥´¨Ö Amm′ ¨ Dnn′ ¶·¨¢¥¤¥³ Ö¢´Ò° ¢¨¤ ϕ1n ¨ ϕ2m. �¥¸±μ²Ó±μ
´¨¦´¨Ì ¸μ¡¸É¢¥´´ÒÌ ËÊ´±Í¨° ϕ1n ¨ ¸μ¡¸É¢¥´´ÒÌ §´ Î¥´¨° E1n (n = 1, 2, 3)
¨³¥ÕÉ ¢¨¤ [4]

ϕ11 = N11 r e−β1r2
, ϕ12 = N12 r(r2 − a1) e−β1r2

,

ϕ13 = N13 r(r2 − a2)(r2 − a3) e−β1r2,

£¤¥ N1i (i = 1, 2, 3) Å ´μ·³¨·μ¢μÎ´Ò¥ ¶μ¸ÉμÖ´´Ò¥,

N11 = 2
(

C3
1

π

)1/4

, N12 = N11

√
2C1

3
, N13 = N11

√
2
15

C1,

E11 = 3
√

C1, E12 = 7
√

C1, E13 = 11
√

C1,

a1 =
3

2
√

C1

, a2 =
5 −

√
10

2
√

C1

, a3 =
5 +

√
10

2
√

C1

, β1 =
√

C1

2
,

D11 =
3

2
√

C1

, D22 =
7

2
√

C1

, D33 =
11

2
√

C1

,

D12 = D21 =
√

3
2C1

, D23 = D32 =
√

5
2C1

.

�¥Ï¥´¨Ö ϕ2m ¨ Amm′ ¶μ²ÊÎ ÕÉ¸Ö § ³¥´μ° C1 ´  C2.
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� ¸¸³μÉ·¨³ ·Ö¤ Î ¸É´ÒÌ ¸²ÊÎ ¥¢.
�·¨ C3 = 0 ¶μ²ÊÎ ¥³ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¤¢ÊÌ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í

¢ ¶μ²¥ É·¥ÉÓ¥° Î ¸É¨ÍÒ E = E1n + E2m.
�Ê¸ÉÓ M = N = 1.
’μ£¤  ·¥Ï¥´¨¥ ¸¨¸É¥³Ò (7) ¡Ê¤¥É

E = 3
√

C1 + 3
√

C2 + C3

(
3

2
√

C1

+
3

2
√

C2

)
.

�Ê¸ÉÓ N = 2, M = 2 (Ei, i = 1, 2, 3, 4).
‚ ÔÉμ³ ¸²ÊÎ ¥ ¸¨¸É¥³  (7) ¨³¥¥É ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¶·¨ ¶·μ¨§¢μ²Ó´ÒÌ C1,

C2, C3. �¤´ ±μ ÔÉ¨ ·¥Ï¥´¨Ö ¨³¥ÕÉ μÎ¥´Ó £·μ³μ§¤±¨° ¢¨¤, ¶μÔÉμ³Ê ´¨¦¥
¶·¨¢μ¤¨³ ·¥§Ê²ÓÉ ÉÒ ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ §´ Î¥´¨ÖÌ ÔÉ¨Ì ¶ · ³¥É·μ¢.

�·¨ C1 = C2 = C3 = 1 E1, E2, E3, E4 ¶·¨´¨³ ÕÉ ¸²¥¤ÊÕÐ¨¥ §´ Î¥´¨Ö:

E1 = 15 −
√

42, E2 = 15, E3 = 15, E4 = 15 +
√

42,

¨²¨

E1 = 8,5192593015921398, E2 = 15, E3 = 15, E4 = 21,480740698407860;

¶·¨ C1 = C2 = 1, C3 = 0,6

E1 = 7,5962975655574816, E2 = 13, E3 = 13, E4 = 18,403702434442518;

¶·¨ C1 = C2 = 1, C3 = 0,3

E1 = 6,8416741204591536, E2 = 11,5, E3 = 11,5,

E4 = 16,158325879540846,

  ¶·¨ C1 = C2 = 1, C3 = 0

E1 = 6, E2 = 10, E3 = 10, E4 = 14.

ˆ§ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¸²¥¤Ê¥É, ÎÉμ ¶·¨ C3 → 0 ¶¥·¥Ìμ¤¨³ ± ÉμÎ´Ò³
·¥Ï¥´¨Ö³ § ¤ Î¨ ¤¢ÊÌ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í.

�Ê¸ÉÓ N = 3, M = 3 (Ei, i = 1, 2, 3 . . . , 9).
�·¨ C1 = C2 = C3 = 1

E1 = 8,4953478419492323, E2 = 14,254816359887296,

E3 = 14,593440654981999, E4 = 20,352909172920062,

E5 = 21,141787021126772, E6 = 21,505303805953166,

E7 = 26,901255539064835, E8 = 27,603396618985933,

E9 = 34,151742985130706;
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¶·¨ C1 = C2 = 1, C3 = 0,6

E1 = 7,5913238112972174, E2 = 12,673119948048569,

E3 = 12,829075272660092, E4 = 17,910871410235905,

E5 = 18,264047670585620, E6 = 18,425080919190408,

E7 = 23,345843809931447, E8 = 23,662832378763668,

E9 = 29,097804779287073;

¶·¨ C1 = C2 = 1, C3 = 0,3

E1 = 6,5727414176233215, E2 = 10,977354277817807,

E3 = 10,977354277817807, E4 = 15,381967138012292,

E5 = 15,409016430993854, E6 = 15,409016430993854,

E7 = 19,813629291188339, E8 = 19,813629291188339,

E9 = 24,24529144436438,

  ¶·¨ C1 = C2 = 1, C3 = 0

E1 = 6, E2 = 10, E3 = 10, E4 = 14, E5 = 14,

E6 = 14, E7 = 18, E8 = 18, E9 = 22.

ˆ§ ¶μ²ÊÎ¥´´ÒÌ ·¥§Ê²ÓÉ Éμ¢ ¸²¥¤Ê¥É, ÎÉμ ¶·¨ C3 → 0 ¶¥·¥Ìμ¤¨³ ± ÉμÎ´Ò³
·¥Ï¥´¨Ö³ § ¤ Î¨ ¤¢ÊÌ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì Î ¸É¨Í.

ŠμÔËË¨Í¨¥´ÉÒ Bnm ´ Ìμ¤¨³ ¸ ÊÎ¥Éμ³ Ê¸²μ¢¨Ö ´μ·³¨·μ¢±¨ (3).
� ¸¸³μÉ·¨³ ¸¨¸É¥³Ê ¤¢ÊÌ Éμ¦¤¥¸É¢¥´´ÒÌ Î ¸É¨Í.
‚ ´¥·¥²ÖÉ¨¢¨¸É¸±μ³ ¶·¨¡²¨¦¥´¨¨ (¨ ¢ μÉ¸ÊÉ¸É¢¨¥ ¢´¥Ï´¥£μ ³ £´¨É´μ£μ

¶μ²Ö) μ¶¥· Éμ· ƒ ³¨²ÓÉμ´  ¸¨¸É¥³Ò ¤¢ÊÌ μ¤¨´ ±μ¢ÒÌ Î ¸É¨Í, ´¥ ¸μ¤¥·¦ Ð¨°
μ¶¥· Éμ·μ¢ ¸¶¨´  Î ¸É¨Í, ³μ¦´μ § ¶¨¸ ÉÓ ¢ ¢¨¤¥

H = H1 + H2 + V12,

£¤¥

H1 = − �
2

2μ1
∇2

1 + C1r
2
1 , H2 = − �

2

2μ2
∇2

2 + C2r
2
2 ,

V12(|r1 − r2|) = C3|r1 − r2|2
(8)

¶·¨ μ1 = μ2 ¨ C1 = C2.
�μÔÉμ³Ê ¢μ²´μ¢ Ö ËÊ´±Í¨Ö ¤¢ÊÌ Î ¸É¨Í ³μ¦¥É ¡ÒÉÓ § ¶¨¸ ´  ¢ ¢¨¤¥ ¶·μ-

¨§¢¥¤¥´¨Ö ËÊ´±Í¨¨ ψ(r1, r2), § ¢¨¸ÖÐ¥° Éμ²Ó±μ μÉ ¶·μ¸É· ´¸É¢¥´´ÒÌ ±μμ·-
¤¨´ É (±μμ·¤¨´ É´μ° ËÊ´±Í¨¨), ¨ ËÊ´±Í¨¨ χ(s1z , s2z), § ¢¨¸ÖÐ¥° Éμ²Ó±μ μÉ
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¸¶¨´μ¢ÒÌ ±μμ·¤¨´ É (¸¶¨´μ¢μ° ËÊ´±Í¨¨):

Ψ(r1, r2, s1z, s2z) = χ(s1z , s2z)ψ(r1, r2).

…¸²¨ μ¡μ§´ Î¨ÉÓ ¢μ²´μ¢Ò¥ ËÊ´±Í¨¨ ¤¢ÊÌ ¢μ§³μ¦´ÒÌ ¸¶¨´μ¢ÒÌ ¸μ¸ÉμÖ´¨°
Î ¸É¨ÍÒ ¸μ ¸¶¨´μ³ 1/2 ¸μμÉ¢¥É¸É¢¥´´μ Î¥·¥§ χ(1) ¨ χ(2), Éμ  ´É¨¸¨³³¥É·¨Î-
´ Ö ËÊ´±Í¨Ö (¸Ê³³ ·´Ò° ¸¶¨´ · ¢¥´ ´Ê²Õ) ¡Ê¤¥É ¨³¥ÉÓ ¢¨¤

χa(1, 2) =
1√
2
(χ(1)χ(2) − χ(2)χ(1)),

  ¸¨³³¥É·¨Î´ÊÕ ¸¶¨´μ¢ÊÕ ËÊ´±Í¨Õ (¸Ê³³ ·´Ò° ¸¶¨´ · ¢¥´ ¥¤¨´¨Í¥) ³μ¦´μ
§ ¶¨¸ ÉÓ ± ±

χs(1, 2) =
1√
2
(χ(1)χ(2) + χ(2)χ(1)).

�´ ²μ£¨Î´μ ¸¨³³¥É·¨Î´Ò¥ (ψs) ¨  ´É¨¸¨³³¥É·¨Î´Ò¥ (ψa) ±μμ·¤¨´ É´Ò¥ ËÊ´±-
Í¨¨ ¨³¥ÕÉ ¢¨¤

ψs =
1√
2

(ϕ1(r1)ϕ2(r2) + ϕ1(r2)ϕ2(r1)),

ψa =
1√
2

(ϕ1(r1)ϕ2(r2) − ϕ1(r2)ϕ2(r1)).

’μ£¤  χaψs μ¶¨¸Ò¢ ¥É ¶ · ¸μ¸ÉμÖ´¨¥ ¸μ ¸¶¨´μ³ s = 0,   χsψa μ¶¨¸Ò¢ ¥É
μ·Éμ¸μ¸ÉμÖ´¨¥ ¸μ ¸¶¨´μ³ s = 1.

“Î¨ÉÒ¢ Ö ¢ÒÏ¥¸± § ´´μ¥, ·¥Ï¥´¨Ö Ê· ¢´¥´¨Ö (2) ¡Ê¤¥³ ¨¸± ÉÓ ¢ ¢¨¤¥

ψ =
N,M∑

n,m=1

Bnm(ϕ1n(r1)ϕ2m(r2) ± ϕ1n(r2)ϕ2m(r1)). (9)

�μ¤¸É ¢²ÖÖ (9) ¢ (2), ¶μ²ÊÎ ¥³ μ¤´μ·μ¤´ÊÕ ¸¨¸É¥³Ê  ²£¥¡· ¨Î¥¸±¨Ì Ê· ¢´¥´¨°
¤²Ö ´ Ìμ¦¤¥´¨Ö E ¨ Bnm:

(E − E1n − E2m)Bnm = C3

(∑
n′

(Dnn′Bn′m ± Amn′Bn′n)+

+
∑
m′

(Amm′Bnm′ ± Dnm′Bmm′)

)
. (10)

�·¨ C3 = 0 ¶μ²ÊÎ ¥³ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö § ¤ Î¨ ¤¢ÊÌ ´¥¢§ ¨³μ¤¥°¸É¢ÊÕÐ¨Ì
Î ¸É¨Í ¢ ¶μ²¥ É·¥ÉÓ¥° Î ¸É¨ÍÒ E = E1n + E2m.

�Ê¸ÉÓ M = N = 1. ’μ£¤  ¸ ÊÎ¥Éμ³ Éμ£μ, ÎÉμ A11 = D11 ¨ E11 = E21,
¶μ²ÊÎ ¥³ E+ = 2E11 + 4C3D11 Å μ·Éμ¸μ¸ÉμÖ´¨¥ ¸μ ¸¶¨´μ³ s = 1,   E− =
2E11 Å ¶ · ¸μ¸ÉμÖ´¨¥ ¸μ ¸¶¨´μ³ s = 0.
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�¨¦¥ ¶·¥¤¸É ¢²¥´Ò §´ Î¥´¨Ö E+ ¨ E− ¶·¨ · §²¨Î´ÒÌ §´ Î¥´¨ÖÌ C3.
„²Ö E+i (i = 1, 2, 3, 4):
10, 0,619168480353141, 20, 29,380831519646859 ¶·¨ C1 = C2 = 1,

C3 = 1,
8,5192593015921398, 10, 15, 21,480740698407860 ¶·¨ C1 = C2 = 1,

C3 = 0,5,
6, 10, 10, 14 ¶·¨ C1 = C2 = 1, C3 = 0,

  ¤²Ö E−i (i = 1, 2, 3, 4):
6, 10, 14, 20 ¶·¨ C1 = C2 = 1, C3 = 1,
6, 10, 14, 15 ¶·¨ C1 = C2 = 1, C3 = 0,5,
6, 10, 10, 14 ¶·¨ C1 = C2 = 1, C3 = 0.

‡�Š‹�—…�ˆ…

�¥Ï¥´¨Ö ¨¸Ìμ¤´μ° § ¤ Î¨ É·¥Ì É¥² ¸¢¥¤¥´Ò ± ·¥Ï¥´¨Ö³ μ¤´μ·μ¤´ÒÌ ³ -
É·¨Î´ÒÌ Ê· ¢´¥´¨° (7) ¨ (10). …¸²¨ ¢ · §²μ¦¥´¨ÖÌ (5), (9) μ¸É ¢²ÖÉÓ ´¥-
¸±μ²Ó±μ Î²¥´μ¢, Éμ Ê· ¢´¥´¨Ö (7) ¨ (10) ¡Ê¤ÊÉ ¨³¥ÉÓ ÉμÎ´Ò¥ ·¥Ï¥´¨Ö ¶·¨
¶·μ¨§¢μ²Ó´ÒÌ ¶ · ³¥É· Ì C1, C2 ¨ C3,   ¢ μ¡Ð¥³ ¸²ÊÎ ¥ ¤²Ö ²Õ¡ÒÌ N, M
Ê· ¢´¥´¨Ö (7) ¨ (10) ´¥μ¡Ìμ¤¨³μ ·¥Ï ÉÓ Î¨¸²¥´´μ ¶·¨ Ë¨±¸¨·μ¢ ´´ÒÌ ¶ · -
³¥É· Ì C1, C2 ¨ C3, ÎÉμ Ö¢²Ö¥É¸Ö ¶·¥¤³¥Éμ³ ¤ ²Ó´¥°Ï¥° · ¡μÉÒ.

� ¡μÉ  ¢Ò¶μ²´¥´  ¶·¨ Ë¨´ ´¸μ¢μ° ¶μ¤¤¥·¦±¥ �””ˆ, £· ´ÉÒ º17-01-
00661  ¨ 19-01-00645 .
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